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Abstract: This paper describes a modification of the computed-torque method of motion control of robot
manipulators, which utilizes inner feedback to partially decouple inertial effects of individual links, but at the
same time it minimizes the influence of the inner feedback component of the control input. In this way it is
possible to increase the control efficiency for given magnitude of the control signals, which are also more easily
kept within saturation limits. It is shown that uniform asymptotical stability of the control error during reference
trajectory tracking can be ensured by choosing sufficiently high controller gains, and that the region of attraction
can be made arbitrarily large. For the situations when some robot model parameters are not known precisely, an
adaptive extension of the algorithm preserving asymptotical stability of the control error is proposed.
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1. Introduction

In literature the approaches to motion control of robot manipulators are divided into
decentralized and centralized ones [1, 2]. In the decentralized control architecture, the motion
of each link is controlled separately from the others. The centralized robot control algorithms,
where the robot dynamics is considered in full complexity, are more suitable in the cases of
fast motions or direct drives, where nonlinearities in the equations of motion have strong
influence. On the other hand, the centralized control poses much higher demands on the

control system hardware performance.
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The computed-torque control method [2, 3], also known as the inverse dynamics method
[1], utilizes inner nonlinear feedback loop to transform the robot dynamics into linear and
decoupled one. The outer-loop controller then can be designed in the same way as for a linear
plant, and for each axis independently. Another advantage in comparison to simpler
approaches, such as the PD or PID control [1-4], is easy incorporation of the information
about the reference trajectory in the control law. This makes this approach effective especially
for the reference trajectory tracking, which is a typical task in the case of motion control of
robot manipulators.

An alternative to the computed-torque method is the PD+ motion control algorithm [3, 5],
based on multivariable PD controller with nonlinear terms that compensate the gravity effects
and the reference trajectory influence. Unlike the computed-torque method, the error
dynamics remains nonlinear and coupled. In [6] and [7] the PD+ algorithm performance is
improved by using fractional derivative operators.

Since applicability of the computed-torque method depends on precision of the robot
mathematical model, which often cannot be fully guaranteed, extensions are needed in real
cases. One possibility is an adaptive approach, where estimates of the model parameters are
improved in real time. The classical adaptive algorithm by Craig et al. [8] ensures global
asymptotical stability, but can fail due to the singularity of the inertia matrix estimate. This
problem can be fixed by resetting the parameter estimates, but in [9] a more effective solution,
based on additional feedback signal, is proposed. The method in [10] removes the need for
acceleration measurements in the adaptation law. The mentioned difficulties are also avoided
by using the inertia-related and passivity-based approaches [11, 12]. A fractional-order
passivity-based adaptive controller of a robot manipulator is described in [13].

Alternatively, the control law can also be modified to preserve the closed-loop asymptotical
stability even in the case of the model inaccuracies. One possible approach utilizes additional
component in the controller that draws the system state to a sliding surface, where decreasing
trend of a Lyapunov function is preserved [14, 1-2]. In more recent works [15-17] the
computed-torque approach has been utilized for control of robots with uncertain dynamics.

A drawback of the computed-torque method may be the fact that the control inputs
generated by the inner linearizing feedback are not included in the outer-loop controller
design objectives. Available ranges of the control signals are not utilized efficiently, and it is
possible to reach saturation limits of the actuators. This could cause the inner feedback
malfunction with impacts on the control performance or closed-loop stability. Robot control

algorithms with bounded inputs have been treated in literature extensively — for instance, in



[18] simple extensions of the PD control with gravity compensation are described. A modified
computed-torque algorithm considering bounded control signals is proposed in [19]. In [20]
the problem of finite-time tracking with saturated inputs is addressed.

In this paper the problem with limited ranges of the control signals is approached indirectly.
A goal of this work is to modify the computed-torque method to utilize the available ranges of
the control signals more effectively. The presented method utilizes the inner feedback to
partially decouple the robot dynamics, which enhances controllability and enables efficient
reference trajectory tracking. At the same time, however, the inner feedback influence is
minimized by a suitable setting of the inner-loop system inertia parameter. The control signals
thus predominantly depend on the control error, which increases the control efficiency for
given magnitude of the control input, and helps to keep the control signals within saturation
limits.

The basic idea of partial decoupling and reduction of the inner feedback influence has been
presented in [21], but the corresponding analysis was simplified and considered only fixed
inner-loop inertia settings and only the target position regulation problem. In this paper, the
inner-loop inertia is considered time-variable, which required some modifications of the
control signal generation to ensure uniform asymptotical stability of the control error. In
addition, adaptive extensions have been proposed for the situations with uncertainties in the
model parameters. The proposed control algorithm is described and analyzed in Section 3.
Section 4 describes the adaptive extensions. Section 5 shows simulated results in comparison

with the computed-torque control method and the PD+ algorithm.

2. Preliminaries

A rigid fully actuated serial robot manipulator consisting of # links in an open chain and
moving freely in the operational space is considered. The position in the joint space is
described by an n-dimensional vector of joint coordinates. The robot equations of motion can

be written in the general form [1, 2]

B(q)4+C(q.9)q+g(q)=7, (1)
where q is the vector of joint positions and T the vector of generalized force effects of the
actuators. If K(q,q) and P(q) denote the arm total kinetic and potential energy,

respectively, B(q) = 0°K /04’ is a symmetric positive definite position-dependent inertia

matrix,



C(q.9)4=B(q)q-0K/dq (2)

is a nonlinear term corresponding to the effects of centrifugal and Coriolis forces and g(q) is
the vector function corresponding to the gravity-force effects. The symbols 0K /dq and
OP/0q denote column vectors of partial derivatives. The matrix C(q,q) cannot be expressed
uniquely from (2), but by substituting K (q,q4)=q"B(q)q/2 into (2) one realization of
C(q.q) can be obtained in the form
T
c(a.q)=3 24, —1{5—Bq LB q} . G)

o1 0q; 2| oq, ) %

1

Total force effects of the actuators can be expressed in the form
t=Ku-F, q—F_.sig(q), (4)

where u is the control variable,

sig(q)=[sign(q'1),...,sign(q'n )]T, (5)

and K>0, F, >0 and F. >0 are diagonal matrices. The last term in (4) corresponds to the
Coulomb friction effects in joints, whereas F,q corresponds to the viscous and electro-

magnetic friction. Note, however, that the Coulomb friction model is simplified and does not
consider possible dependence on position.

Consequently, the robot model can be hereafter considered in the form
B(q)i+Z(q.q)q+g(q)+F.sig(q)=Ku, 6)

where Z(q,q)=C(q,q)+F, . The variables ¢ and u are actually functions of time, but the

time argument is omitted for brevity. Since B(q)>0 for any q,

0<% (@)y] <y'B(a)y<As, (a)y[ (7)

for any y € R", where A° (q) and A” (q) denote the minimal and the maximal eigenvalue

max

of B(q) , respectively. The symbol |||| denotes the Euclidean norm, and the same notation

will be used hereafter. The inequality

|c(a.q)]<C,

q ®)



holds in general, where C, >0 is a constant for given manipulator [2].

Finally, the left-hand side of equation (1) can be expressed as a linear function of a certain
number of dynamic parameters, such as the masses and the 1* and 2"order moments of

inertia of the robot links [1, 2]. Since the linear dependence on the parameters is preserved at

the terms F,q and F, sig(q) as well, equation (6) can be written in the form

Y(q,q,ij)O:Ku, 9)

where 0 € R” is a parameter vector and the function Y(q,q,ij) , called regressor, does not

depend on 0.

3. The variable-inertia computed-torque control

3.1. Principle of the method

Denote q, (t) the reference trajectory and e = q, —q the control error vector. The classical

computed-torque control method uses inner feedback compensation of nonlinear terms in

equation (6) to make the dynamics linear and decoupled. If u is set as

u:K‘l[B(q)V+Z(q,q)q+g(q)+Fcsig(q)], (10)
where v is an input signal, the resulting dynamics is described by the linear equation ¢ =v.
By choosing the outer-loop controller in the form

v=Re+Re+q,, (11)
where the matrices R, and R, are positive definite and diagonal, the control error dynamics
will obey the linear equation

¢e+Re+Re=0. (12)

The parameters in R, and R, can be chosen with respect to suitable criteria, such as the

response time and damping. However, since the variable u magnitude is not taken into
account, available ranges of the control signals cannot be utilized efficiently. An alternative to

the computed-torque method is the PD+ algorithm, where

u=K"'[ Ree+R;é+B(q)d, +Z(q.q)q, +g(q)+F,sig(q)]. (13)



Unlike the computed-torque method, the effect of the terms B(q) and Z(q,q) is not

compensated, so the error dynamics remains nonlinear and coupled.
The method proposed in this paper utilizes inner feedback loop to simplify the robot
dynamics in a similar way as in the computed-torque method case. Consider the modified

control law in the form
Ku=/5"B(q)(R,e+R¢)+w(q.q)+g(q)+F.sig(q) (14)

where £ >0 is a scalar parameter, and
w(q.q)=[1-5"B(q)|Z(q.4)q. (15)
Since B(q)> 0, a substitution into (6) and a multiplication by B~ (q) yields

Bi+Z(q.q)g=Re+Re. (16)

In equation (16) the dynamical coupling is partially removed, and the acceleration of each
link is controlled separately from the others. The matrices R, and R, are considered
diagonal in general, but (16) suggests that R, = 7,1, where 7, >0, could be used without
significant loss of generality. On the other hand, R, should be considered in a more general

form to enable to set different damping effects of the controller on individual axes.

If q, = const., equation (16) is equivalent to
Bé+Z(q.q)é+Re+Re=0. (17)

However, if q, (t) is a general twice continuously differentiable function, the term

Bd, +7Z(q,4)q, appears on the right-hand side of (17), so e(¢) cannot converge to zero,

unless this term is compensated. The corresponding modification of the control law is in the

form
Ku = Ku+B(q)[qd +ﬂ-lz(q,q)qd], (18)

where Ku is given by (14). Although the resulting error dynamics (17) remains nonlinear, an

advantage of the control law (14) is the possibility to reduce the influence of the feedback

term w(q,q) by a suitable choice of /3, as discussed in Section 3.2.

As regards technical realization, it does not differ significantly from the computed-torque

method. Both the approaches have similar demands on the controller hardware. In particular,



the inner feedback requires a very short scan period, typically about 1 ms or shorter. Within
the scan period all the terms of the robot model have to be computed, so a high-performance
controller unit has to be used. Efficient computation of the terms in the robot model is a stand-

alone problem, which is studied in literature extensively - see e.g. [22-24].
3.2. The variable f computation

In principle, since S q replaces B(q)('j in (16), the inertia parameter £ should be set so

that the terms £ q and B(q)q have similar magnitudes. Therefore, a proper choice of S

should respect the inequalities
ﬂlﬁil’l (q)gﬁgﬂrﬁdx (q) (19)

at any moment. However, it may be impossible to find a constant value of £ such that (19)

always holds. It is possible to require that
inf {17, (q)} < A<sup{Z, (q)} (20)

for the considered extent of position, but the sides of (20) can differ strongly and do not

provide a conclusive information how to obtain a suitable setting of .

Therefore, it is more advantageous to work with variable £, depending on q and q. Since
the controller terms are multiplied by B~ in (14), to suppress the influence of w(q,q) in the

control signal, £ should be selected so that
£(B)=|[18-B(a)]Z(a.q)d| (21)

is minimized. For y = Z(q,(l)q , this problem is equivalent to the minimization of

B[y —28y" B(q)y , which yiclds

B(a,q)=yB(a)y/|y| - (22)

The value of £ given by (22) is always positive and respects the inequalities (19). Note that
due to the multiplication of v by B(q) in (10), the feedback control signals ranges can

depend strongly on the trajectory at the computed-torque method. In the control law (14) this

effect is partially suppressed by the multiplication of B(q) with ™', because £ given by

(22) lies in the interval (19).



Although g defined by (22) is theoretically always bounded, there is a practical issue with
the computation of S for ¢ =0, because both the numerator and denominator in (22) are zero
due to G(0)=0. A simple possibility is to set S =tr(B)/n at =0, which preserves validity
of (19). A more sophisticated solution is to use the value corresponding to the reference
trajectory for ¢ close to 0. It is true that y =0 can happen even for ¢ > 0, but this problem can
be solved by the computation of £ based on Eq. (24), discussed below.

Another problem is the fact that the closed-loop stability, analyzed in Section 3.3, requires
that also £ is bounded. Actually, if S is given by (22), £ is unbounded for y — 0. In

particular,
dp _y" w-w o y
- 28(a) (

B q) ”7, (23)

q
di |l M

where the term (ny —yy' ) / ||y||2 goes to infinity for y — 0. Therefore, it is proposed to
calculate S for >0 as the solution to the differential equation

2
’

uB+p=y"B(q)y/|y

(24)
where the parameter > 0 is considered time-variable in general. The computation of S
using (24) also enables to easily avoid the problem with y =0 mentioned above. If ||y|| is

very close to zero, =0 can be set instead of calculating 4 from (24), so £ is held constant.
The following result shows that the validity of (20) is preserved by any solution to (24).
Proposition 1. If ,u(t) >0 is bounded, and £ satisfies (20) for =0, then £ obtained as the

solution to (24) along any trajectory q(t) satisfies (20) for all #>0.
Proof. For given q(7), denote v(¢) the right-hand side of (24) and let ¢ =¢( p), where the
function #(p) is differentiable, increasing, and #(0)=0. Let #(p)=£(q.,q), and
3(p)=v(r) for p=0, whereas v(p)=(0) for p<0.For x=dt/dp,equation (24) can
be written as

dpBldp+pB(p)="(p). (25)

The solution to (25) can be expressed in the form



e " dr =sup{\3(p)} (26)

pp)=] " (z)dz <sup{i(p)} |

—00 —00

and analogously also 3 ( p) > inf {\3( p)} is obtained. These bounds are equivalent to (20).

U

As a basic version, the parameter x can be chosen fixed and in such a case it has the

meaning of a time constant. However, since
‘ﬁ ‘ [sup /’tlﬁax (q)} inf {/llﬁm (q)}] 27)

3| can be rather large if x is chosen short. Since the magnitude

of £ influences the stabilizing region of the controller parameters, this choice will lead to
unnecessarily high controller gains.

>0 is a chosen

Therefore, it seems to be more advantageous to set ' =z ||,

constant, and this variant is considered hereafter. In this case ‘ Y ‘ <Ky ||q|| holds, where

= | sup{ A2, (a)}~inf {47, (a)} ]- (28)

The term 2 ||q|| ensures that for larger ||q|| the value of £ is close to (22) at any moment
and that S is changing slowly when q is close to zero. A proper value of z; can be set
empirically from the requirement that & should not be lower than a chosen value, e.g. 0.01s,

by estimating the maximum of ||q|| along the trajectory.

3.3. The closed-loop stability and convergence analysis

The robot model is considered precise in this sub-section. The reference trajectory q, is
assumed continuously differentiable, and such that q'}, k = 0,1,2, are bounded. The

compensation of q, discussed in Section 3.1 is assumed. In correspondence with Eq. (17),

denote &' = [eT e’ ] the error state vector. The matrices R, and R, are considered diagonal
in the form R, = diag(,,....%,,) and R, =diag(#,,....7;, ), and the matrix F, of the viscous
friction coefficients is in the form F, = diag( Triseeos S ) . The variable S is computed as the

, 1 >0

solution to (24), where ™' = 14|



Theorem 1. Assume that R, >0 and

q,||<7,. Then, to any p >0 itis possible to find y,

such that if 7, >y, forall j=1,...,n, the error dynamics given by (17) is uniformly

asymptotically stable at the origin during the reference trajectory tracking, and any error state

€ such that ||§|| < p lies in the region of attraction.

Proof. Let
V(1) =§||é+ae||2 +%eTR0e. (29)

For constant B >0, V' (&,¢) is positive definite, since V' (&,7)>0, and V' (&,7)=0 only if
& =0. Considering £ variable and such that (20) are satisfied, it follows that

V(e <V (&n)<h(g) (30)

where V] (F,) and V, (é) are some time-invariant positive definite functions. In addition,
V (&,¢) is radially unbounded, because ¥ (§&,7) — o whereas § — .

The time derivative of V(F,,t) along the system (17) trajectory is in the form
V=p(e+ae) (é+ae) +£||é+ ae| +&'Re=
? (1)

=—(e+ae) [Ze+Ré-afe]-ae'Ree+ g”é + oze”2 :

Let A=Z+R, —(aﬂ+,3)l . Eq. (31) then can be written as
p__[eT[avpiz —pra e
ae| |A+pB1/2 a'R,—p1/2| ae
[ e [A+AT+ A AT é
2| ae A 207'R, - pl || ae |

By using the Schur complement rule [25], V' is negative definite if and only if

(32)

A+A”+BI>0 and
. . -1
2a’1R0—,BI—A(A+AT+ﬂI) AT>0. (33)
The first requirement is satisfied if

Z+R,—(B/2+ap)1-51/220, (34)

10



where 6 >0 is arbitrary. Assume ||e|| <r, for some r, > 0. Considering (8), (20) and

‘,B‘ <K, ||qd —é|| for x, given by (28), it follows that (34) holds if R, is chosen so that
Sy +1:2(C, 45, 12)(ry +1)+af, +512 (35)

forall i=1,...,n,where B = sup{/lB } , which is clearly possible to any given 7, >0 and

max

& >0. Further, let

A, =R +F,|+(C, +x,)(r, +1.)+aB, 2|A]. (36)
Since A+A”" + BI-6120, condition (33) is satisfied if R, is set so that

207, >k, (ry+1)+ A4,/ 8 (37)

for all i =1,...,n, which is always possible for any given « >0 . Moreover, since « can be
chosen arbitrarily close to zero, it is sufficient that 7,, > 0.

Since the matrix in (32) is made positive definite by the settings of R, and R, it is
V< —v||é + ae” for some v >0, so there exists a time-invariant positive definite function
V(&) such that V' (&,¢)< -V, (&) . The facts that (30) holds and ¥ < -V, mean that the

system (17) is uniformly asymptotically stable by the Lyapunov theorem for non-autonomous

systems [26, 27]. Since V(é’;,t) is radially unbounded, the stability region depends only on 7, .

Considering (20), it is possible to write
kgl <V (&1) <k, g (38)

for some k, >0 and k, >0. Since V <0, for any 7 >0 it is

le(e+2) <[e(e+o)] <=2 <2 (39)

Consequently, it is possible to set r, = p\/k, / k; . 0

The fact that the region of attraction can be made arbitrarily large means that the

asymptotical stability is semi-global. Note that R, >0 need not be necessary in some cases,
but the controller with R, =0 is not sufficient in general. A possible initial setting of R,

could be based on Eq. (35) for r, =0.

11



4. The adaptive version of the method

4.1. The adaptation of uncertain parameters

The proposed method is based on a precise model of the robot, which is often not available
in real situations. It was verified by simulations that the quality of control is sensitive to errors

of the model, although the effect of small errors need not be important. In special, the errors

in the term g(q) cause a loss of precision of reaching the target point, which can be only

partially compensated by increasing the R, gain. One way how to overcome this problem,

followed below, is an adaptive extension based on continual improvements of the estimates of
unknown model parameters. The proposed extension utilizes the linear property of the robot

model (9), like most other adaptive robot control algorithms.

Consider the parameter vector 0 in (9) divided as 0" = [BIT , Oﬂ , where 0, contains the
parameters known precisely, whereas the part 0, is to be adapted. The regressor function
output Y is divided accordingly as Y = [Yl,Yz] . The actual values of the terms B(q),
7(q.q), g(q) and F_sig(q) in equation (6) are considered in the form B+A,,Z+A ,,
g+A,,and F. sig(q) + A, , where the arguments q and q are omitted for brevity — for
instance, A, is a function of q. Substituting the actual values, Eq. (6) is rewritten as follows

(B+A,)d+Zq+A,q+g+A, +F.sig(q)+A, =Ku. (40)

Note that B, Z, g and F_ in the controller (14) are now estimates of the terms in the robot

model, so these symbols have different meaning than in Sections 2 and 3. Substitution of (14)

into (40) yields
(B+A,)G+/"BZy+A,q+A, +A, = ' B(Re+Re). (41)
If the actual value of 0, is 0, + A, then it is possible to write
ABq+AZq+Ag+AF:Yz(q,q,ij)Ag. (42)
Using (41), (42) and (18), equation (17) is replaced with

Bé+Zé+Re+Re=pB"Y,(q.9.4)A,. (43)

12



Note that Z, B and £ now also depend on 0,.Let o:R" — R be a non-increasing
function such that o (7) > o,, where o, > 0. In addition, & (¢) is assumed continuous and

bounded. The proposed adaptation of 0, is based on the integration of the equation

o()T0, =BY, (4.9.4)B™ (q)[é+ce], (44)

where I' >0 is a constant diagonal matrix and « > 0 is a chosen constant. The adaptation law
(44) was inspired by other robot adaptive control methods, especially [8]. The influence of e
in (44) is necessary to ensure e — 0 for # - . Although « > 0 can be theoretically chosen

arbitrarily low, choosing too low « leads to a sluggish convergence of 0, and &. On the
other hand, the analysis in Section 4.2 reveals that increasing o reduces the stability region.

The purpose of the function a(t) in (44) is to speed up the convergence rate in the final

phase of the trajectory, where e and € are close to zero. One possibility is to choose O'(t) in

the form
o(t)=o, +(1+01tv )_l, (45)

where o, >0 and v > 0. The constant o, >0 can be usually chosen very low. The choice
v =2 or 3 seems to be suitable in most cases. It is advantageous to set o, so that o() has a
prescribed value by the end of the trajectory — for instance, one half of o (0). It is possible to

choose o, =0 at first to find proper settings of I' and « .

4.2. The adaptive controller - stability analysis

Theorem 2. Consider the same situation as in the case of Theorem 1. Then, if the adaptation

of 0, is based on (44), to any p >0 it is possible to find y, >0 and y, so thatif 7, >y, and

r, 2y, forall i=1,...,n, the system (43) is uniformly stable in the region such that
H(F,,Ag )H < p, and any trajectory of § starting at any point in this region converges to zero.

Proof. The function

W (&A1) = V(é’;,t)+%A£FA9 (46)

13



where V(é,t) is given by (29), satisfies W, (é,AQ) < W(é, Ag,t) for some time-invariant
positive definite function 1, (§,A, ), because o > o, >0 and (30) holds. The time derivative

of W(F,,Ag,t) along the system (43) trajectory is in the form

W=p(e+ae) (é+ aé)+§||é+ae||2 +¢'Re+0AITA, +%A§FA€ =
=—(é+ae) [Ze+Ré- BBY,A, —apé |+ (47)

+§||é raef —ae'Rye+ATA, + S ATTA, .
Since 0, +A, =0, (44) ensures that
p(e+ae) B'Y,A,+cAITA, =0. (48)

Consequently, W =V +GAITA, /2, where V is given by (32).
Proceeding analogously to the proof of Theorem 1 and considering ||e|| <r, forsome r, >0,

it is possible to ensure that ¥ given by (32) is negative definite. Note that increasing ¢ in

(34) and (37) requires setting higher values of 7, and 7, , so a has ill effect on the stability

margin. Since & <0, this means that 7 < 0. Consequently, considering W, <W , the system
(43) is uniformly stable by the Lyapunov stability theorem [26, 27].

Further, since W <0 and W is bounded from below, ¥ converges to a limit. Since & and
A, are bounded, /¥ is bounded. In addition, & and A, = -, are generated as the solutions to
the differential equations (43) and (44), where € and 62 are bounded, so &, A,, and

consequently also W, are continuous in time. This means that W — 0 for t — o (see e.g. [3],

Lemma A.6). Analogously, 6 must converge to zero. Since ||A9|| is bounded, it follows that

W —V for t >, so & converges to zero, because ¥ is negative definite.

Finally, in analogy with the proof of Theorem 1, since
kel < (& 8p0) < ko [l + &, A, (49)

for some constants k,,k,,k, >0, and W <0, for any 7>0 itis

e+l ). (50)

. W(EA0) K
Je(e+)f <%<E(

14



where k, =max {k,,k, } . Consequently, it is possible to choose 7, = p\/k,, /k, . [
Note that A, — 0 is not strictly ensured by Theorem 2, although A, =0 satisfies (43) for

t — oo, but from (44) it follows that 0, must converge to a limit value. Unlike the non-

adaptive case, the choice of « in the proof of Theorem 2 is not arbitrary, since this parameter

influences the adaptation rate in (44) and has to be properly chosen.
4.3. Avoiding singularity of B(q) in the adaptive algorithm

A practical implementation of the adaptive controller may encounter two difficulties. First,

B(q) >0 1s not guaranteed for all >0 due to unknown value of 0, . Since the singularity of

B(q) can occur only if some dynamical parameters in 0, are negative or zero, this problem

can be easily solved by adding constraints and using saturations in the integration of (44) as
described in the following paragraph.

Consider the constraints written in the vector form 0, >0, . . If some of these constrains is

2min
active (i.e. is satisfied as equality), the corresponding component of 92 is set zero if it is

originally negative, so that 0, cannot further decrease in this direction. Analogously, in the

case 0,<0 the active component of 0, is set zero if it is positive. This modification of

2max *

the adaptation law preserves validity of Theorem 2, as specified by the following result.

Proposition 2. Assume that that the actual vector of the parameters 0, +A, satisfies

0, <0,+A,<0, . (51)

2min

If the integration of (44) uses the saturation bounds 0 and 0 then Theorem 2 keeps

2min 2max

valid.

Proof. Denote (), the i-th component of the vector argument. It is easily seen from (51) that
(AY (9.4.6)B™" (q)[e+e]) x(a,), <0 (52)

for i such that (92 ) is set zero due to the saturation. Note that for such indices it is

(O'Ag ) =0, because A, =—9, . For the other indices it is

(BY/B'[¢+ae]+0TA,) =0 (53)

1

due to (44), so
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( B(é+e) BY, + aAgr)Ag <0 (54)

holds instead of (48) in the proof of Theorem 2. Consequently, W <0 is preserved. The rest

of the proof of Theorem 2 remains unchanged. O

4.4. Computation of the regressor Y, (q,q.q)

The second problem is the fact that the measurements of ¢ needed in the regressor are

usually not directly available. This problem has been discussed in literature in connection
with the adaptive extensions of the computed-torque method. For instance, in [10] the idea of
filtering the equation (9) is used. In [11], the measurements of q are avoided by means of a
transformation of the robot dynamics using a suitable auxiliary variable. The adaptive
algorithm described in this section is intended mainly as a straightforward extension of the
method proposed in Section 3. Therefore, further modifications seem to be beyond the scope
of this paper, although they may by a topic for future work.

Nevertheless, although it is usually not possible to obtain q by a direct differentiation of the
q signal, digital implementation enables to compute ¢ along with q indirectly on the basis
of the position measurements. Considering the robot trajectory sufficiently smooth, one

possibility is to use a polynomial interpolation through several last measured values of q. Let

t, =kA, where A >0 is a constant scan period, and denote v, and a, the estimated values of

q(t,) and §(z,), respectively. For instance, cubic interpolation yields

v, = 22q, —36qk11 ;’Alquz —4q,; ,a, = 29, 59, 224(11{2 . I ’ (55)

where q, = q(tk) . Usability of formulas (55) for implementation of the adaptive controller

described in this section was verified by simulations, see Section 5.3. However, working with
a larger number of recent points requires a shorter scan period, which poses higher demands
on the resolution of the position sensors. For the best precision, the information from the
sensors such as optical encoders should be processed at variable scan instants generated by

the encoder events, as discussed in [28].
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5. A demonstration of the method

5.1. The robot model

The presented methods are demonstrated on the 5-degree-of-freedom (DOF) robot model in

Figure 1. For simplicity the inertial effects are considered concentrated in the mass points m, ,
one for each robot link. The vector of generalized coordinates is defined as

q= [go, v, 9, n,g]T . The values of the robot mechanical parameters are listed in Tab. 1. The

friction parameters were chosen as F, =2x diag(2, 1, 1,1,1) and F. =0.

Table 1. The Robot Mechanical Parameters

Parameter Value Unit
L 0.5 m
[, 0.5 m
A 0.4 m
L 0.15 m
[ 0.3 m
e 0.2 m
m, 2.0 kg

m, 1.0 kg
m; 1.0 kg
m, 0.3 kg
ms 0.7 kg

The model has been constructed to roughly represent the dynamics of in practice the most
common anthropomorphic-type robot manipulators. Precise models of these robots seem to be
too complex for the purposes of this work. Although the robot control algorithms are often
demonstrated only on 2-link or 3-link models in literature, the differences between the control
methods are more apparent for a higher DOF model. The fact that the inertial effects are
concentrated in the mass points makes computation of the terms in the equation of motion (1)
much simpler, though the robot dynamics is not significantly simplified from the control

viewpoint.
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Fig. 1. The 5-DOF robot mass-point model

The symbols O, in Fig. 1 denote chosen origins of the coordinate systems of individual
links. The identical origins O, and O,, as well as O, and O, are denoted by the symbols

0,, and O, ;. The mass point positions p, in the link coordinate systems are

0 0 0 0 0
p=le|,p,=|0],p;=|0|,p,=|L|,pPs=|0]. (56)
A A I, 0 I

Denote p; the mass point positions with respect to the base frame. By expressing K (q,q)
and P(q) it is easily possible to obtain
- T
B(q)=Ym(dp}/oq) (op}/oq) (57)
k=1

and

n

g’ (a)=[0,0,g.1> m, (op} /0q), (58)

k=1

where g denotes the gravity constant. To compute the Jacobians dp; /dq, k =1,...,n, in an

efficient manner, the positions p) are expressed as

p; =0; +T;p,, (39)
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where O) and T, denote the link origin and the 3x3 orthogonal link rotation matrix with

respect to the base frame, respectively. First, the terms O} and T, in (59) can be computed

recursively from the equations

0, =0, +T.r,, 0y =0 (60)
and

T, =T, T, T =1, (61)
where r, and T, are the offset and the rotation matrix of the & -th link frame with respect to

the previous link frame, respectively. For the situation in Fig. 1 itis r, =r;=0,and r, =p, |

for k=2,...,4. The rotation matrices T, are in the form

T=R.(¢), =R, (y), =R, (9), T, =R.(7), T=R,(¢),  (62)
where
w cosx —sinx 0 wr cosx 0 sinx
R (x)=|sinx cosx O|,R (x)=| 1 0 1 | (63)
0 0 1 —sinx 0 cosx

Further, based on (59)-(61), the Jacobians dp; /dq in (57) and (58) can be obtained by
differentiating (59) with respect to ¢, k =1,...,n, where 60} /0g, and 9T, /oq, for k=1

are computed recursively using

0 0 0 0 0
00, _ 00, N oT_, - oT, _ oL, T +T, I, ' (64)
oq, 0q, aq, dq, 0q, aq,

In (64), it is 60 /dq, =0 and 0T} /dq, = 0. The terms OT, /dq, are zero for k # j, and
0T, / 0q, can be directly computed from (62)-(63).
The matrix C(q,q) was computed using (3). Although a recursive computation is possible

as well, for a simplification the terms 0B/dg, were obtained from (57) by numerical

differentiation based on the 5-point formula [29]

()= —f(x+2h)+8f(x+hl)2—th(x—h)+f(x—zh)+O(h4)_ (65)
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5.2. Simulated results — control with a precise model

The chosen joint initial position q,, and target position q, for the robot model described in

Section 5.1 are listed in Tab.2.

Table 2. The joint initial and target positions in radians

Point (0} Y ) ] €
q, -2 2n/3 5n/6 0 0.5
qr /2 0 /4 T -1/2

As the reference trajectory q, the piecewise-linear function
qd(t):qo+(qf—qo)min{t/tr,l} (66)

is used in this sub-section, where ¢, = 0.5s represents the desired time of motion.

.....................

Position [rad]
Position [rad]

Time [s] Time [s]

Fig. 2. The reference trajectory q, : (a) non-smooth, (b) polynomial

The reference trajectory, shown in Fig. 2a), has been chosen non-smooth to make the
differences between the methods more apparent. From the control viewpoint, a step change of

q, has the same effect as a step change of velocity during the motion. Such a kind of

disturbance is not typical at normal operation, but it could represent, for instance, a

momentary contact with the environment. Due to the discontinuity of ¢, the compensation
(18) cannot be applied at t =0 and ¢ =¢_, where q, does not exist. Since q, =0 everywhere

else, ¢, can be omitted in (18), and also in (11). The corresponding initial and target position
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of the robot in the operational space, together with two intermediate positions on the reference
trajectory, are shown in Fig. 3.

The controller settings in (11) and (14) are chosen in the form
R, =k, R, =k, .1, (67)
where k, >0 and 7, 2 0. Note that R e+ R,é is the vector of outputs of n PD controllers
with gain &, and derivative time constant 7, . The € signal is computed from e numerically

processed by the filter (0.002s + 1)71 :

The inertia parameter S is computed using (24) for x~' = g, ||q , where 1, =10.
Considering roughly ||q|| <10, this corresponds to > 0.01s . Higher values of 4 produce

somewhat faster responses, but the settings g4 >100 are not suitable since they produce bold

spikes in the control signals.

t=0s t=0.15s
1.2 1.2
149 14
0.8 5 0.8 5
N 0.6 5 N 0.6 4
0.4 0.4 +
0.2 + 0.2 5
04 04
- - -0.2 +
02 \\// 05 5 s 05
05 05 o
0 05 05 0 0.5 K
S y X y
t=0.35s t=0.5s
1.2 - 1.2 -
14 14
0.8 + 0.8
N 0.6 N 0.6 4
0.4 0.4 -
0.2 02
04 0
o2+t /15 0.2 /0/?5
. —— 0 05
09 0 05 05 0.5 0 05 05
X y X y

Fig. 3. Four positions of the robot on the reference trajectory in the operational space

21



The 4"-order Runge-Kutta method [29] was used for simulation with the step size 1x107*,
using MATLAB Simulink software. Visually the same results were also obtained by the
variable-step Dormand-Prince method [30], which is default in MATLAB Simulink, and
other methods. However, since in the adaptive version of the algorithm the measurements of

q in the regressor are generated using formula (55) by time discretization as piecewise

constant, a fixed-step method, such as the 4" order Runge-Kutta one, seems to be preferable.

The quality of control is evaluated by means of the overall integral absolute error index

IAE = jZ\e (¢)|at (68)

0 i=

where ¢, is the simulation horizon. A lower value corresponds to more precise reference
trajectory tracking. A goal is to compare the proposed method especially with the classical
computed-torque method. However, it is not objective to simply show the responses for the
same settings of k, and 7, , because both the methods generate different ranges of the control
signals. In both the cases, the response can be made faster by increasing k,, which at the
same time increases the control signals magnitudes. The parameter 7, has a damping effect,

but slows down the response.

—phi
3t & TS L e

Ku [Nm]

~~~~~~

Position [rad]

-

-100

Time [s] Time [s]
Fig. 4. Simulated histories of joint position and control: the computed-torque controller, kp =100 and

T, =0.1

s, =—phi
sl S = = =g

Ku [Nm]

Position [rad]

R 15 2
Time [s] Time [s]

Fig. 5. Simulated histories of joint position and control: the variable-inertia controller, k =100 and 7 =0.1
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Figure 4 shows the histories of the robot joint positions and corresponding histories of the

signal Ku in the case of the classical computed-torque controller for £, =100 and 7, =0.1.
The time constant 7}, is set so that the responses are nearly non-oscillating. Fig. 5 shows the

responses corresponding to the variable-inertia method (14), for the same controller settings.
The corresponding values of the IAE index are listed in Tab. 3. Although the settling times in
Figs. 4 and 5 are similar, the responses in Fig. 5 are more damped, which indicates that a
lower value of T}, can be used, whereas in the computed-torque case using a lower 7, already

leads to oscillatory behavior.

Using a lower value of 7, in Fig. 5 attenuates the peaks of the control signals at t =0
caused by too strong derivative action of the controller and enables to set a higher gain &, to

achieve a faster response, keeping similar ranges of the control signals as in Fig. 4. These
modifications of the settings lead to the responses in Fig. 6. The corresponding parameters of
the controller are k, =140 and 7, = 0.05. It can be seen that the tracking capabilities have

been improved significantly in comparison to the situation in Fig. 4. This is also indicated by

a much lower value of the IAE index in Tab. 3.

———phi

3t :."" [T VTRN P = psi

Position [rad]
Ku [Nm]

Time [s] Time [s]

Fig. 6. Simulated histories of joint position and control: the variable-inertia controller, k, =140 and 7j = 0.05

———phi
al T ————— = = =psi

Position [rad]
Ku [Nm]

Time [s] Time [s]

Fig. 7. Simulated histories of joint position and control: the PD+ controller, k; =100 and 7, =0.1
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Figure 7 shows the behavior in the case of the PD+ controller (13), for the settings (67),

where k, =100 and 7, =0.1. It can be seen that some components of q settle rather slowly,
whereas the others respond very fast. The oscillations can be damped by increasing 7, to
about T}, =15, but this slows down the overall response and creates bold extremes of the
control signals at #=0 and ¢ =¢,. It is possible to set different controller gains for each

component of q, but suitable settings will depend on the reference trajectory.

Table 3. The values of the IAE index corresponding to plots in Section 5.2

Fig. no. Method Motion kr Tr TIAE

4 computed-torque full-range 100 0.1 0.669
5 variable-inertia full-range 100 0.1 0.449
6 variable-inertia full-range 140 0.05 0.372
7 PD+ full-range 100 0.1 0.401
8 computed-torque half-range 100 0.1 0.335
9 variable-inertia half-range 140 0.05 0.279

Figures 8 and 9 show the responses corresponding to the computed-torque and variable-

inertia methods in the case of half-range motion, where (q0 +q, ) /2 is used instead of the

original q,. More precise reference trajectory tracking and a lower value of the IAE index

again corresponds to Fig. 9. To obtain similar ranges of the control signals in Figures 8 and 9,

the gain &, in Fig. 9 has been multiplied by 1.4, which is the same value as in Fig. 6. This is
explained by the histories of £ in the case of full-range and half-range motion, which are
shown in Fig. 10. Since the term R e+ R,é is multiplied by S~'B in (14), k, has to be
adjusted with respect to the values of £ along the trajectory to achieve similar ranges of the
control signals at both the methods. It seems that the controller gain &, should be set roughly
proportional to the maximum of £ along the reference trajectory, which well corresponds to
the values of k&, chosen in the simulations in Figs. 6 and 9.

On the other hand, as discussed in Section 3.2 in more detail, at the computed-torque

method the ranges of the control signals for different reference trajectories are influenced by

24



the effect of B(q) in (10). At the variable-inertia method this effect is partially suppressed by

the multiplication of B with B', so for fixed parameters R, and R, the feedback control

signals magnitudes are somewhat less dependent on the choice of the reference trajectory.

———phi
3t ‘_‘.-“'"""'---........................... = = =psi

Position [rad]
Ku [Nm]

0 0.5 1 1.5 2 i 0 0.5 1
Time [s] Time [s]

Fig. 8. Simulated histories of joint position and control, half-range motion: the computed-torque controller,
kg =100 and T, =0.1

60

———phi
3l “‘.-“'"""--............................. = = =psi

Position [rad]

Ku [Nm]

0 0.5 1 1.5 2
Time [s]

15 2

Time [s]

Fig. 9. Simulated histories of joint position and control, half-range motion: the variable-inertia controller,

kp =140 and T, =0.05

= full-range motion
————— half-range motion

Time [s]

Fig. 10. The plots of S corresponding to the responses in Figs. 6 and 9

25



5.3. Simulated results — errors in the model and adaptive extensions

To demonstrate the effect of the adaptive extensions, the mass my in the robot model is
considered unknown, with initial value of the estimate &, = 0.5 (note that &, is scalar in this
case). The points q, and q,, 4, and the simulation parameters are chosen the same as in

Section 5.2. The reference trajectory for each joint has been chosen in the form of the 3™-
order polynomial in [0, tr] that fits the prescribed initial and target position and has zero

velocity at the boundary points:
q, () =a,+(a,-q,)(t/1,) [3-2(¢/1,)]. (69)

The time of motion is set as ¢, =0.75s . For ¢ >1, itis q,(¢) =q, . The reference trajectory is
shown in Fig. 2b).

First, Figure 11 shows the responses for the controller (14) without adaptation, for k, =100
and 7, =0.1. The same controller settings are used in the other simulations in this section as

well. The corresponding value of the IAE index equals 0.244.

—hi
= = =psi

..............................

Position [rad]
Ku [Nm]

_______________

Time [s] Time [s]

Fig. 11. Simulated histories of joint position and control: errors in the model, k; =100 and 7}, =0.1

Further, the function O'(t) in (44) has been chosen in the form (45), where v =3 and
0, =107, The parameter o, was set so that o,/ =1, which yields o, =2.37. This choice
ensures o (t,)~o(0)/2. The value of § in the regressor has been computed as piecewise
constant using the cubic interpolation-based formula (55) for A =0.002s . The function
Y, (q,q,Q) was not expressed directly from the model. Instead, assume that Ku, and Ku,

are obtained from the model for given q,q and ¢, and two arbitrary different values 6,, and

6,, of the parameter 6,. Since
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[YlaYz]{(;l }_[YlnYz]{gl :|:Y2 ><('921 —sz)zK(ul _uz)a (70)

2 21
it was possible to compute Y, as K(u, —u,)/(6,, —6,,). The bounds of 8, were chosen as

6.

2min

=0.2, 0, =0.8. The matrix I in (44) is considered in the form T' =y 'l , where
y >0 is a parameter. Figure 12 shows the histories of positions and the control for ¢ =5 in
(44) and y =0.02. The corresponding IAE value is 0.0342.

The parameters ¥ and « influence the rate of adaptation and their proper setting is crucial
for quality of control. Fig. 13 shows the histories of &, for & =5 and several values of y,
whereas Fig. 14 shows the histories of 8, for y =0.02 and different values of « . The

estimate of @, should converge to 0.7, which is the actual value of this parameter.

—— phi

.................................. = = =psi

ey Spp—

Ku [Nm]

Position [rad]

_______________

Time [s] Time [s]

Fig. 12. Simulated histories of joint position and control: the adaptive controller, y =0.02, o =5, k =100 and

T, =0.1

07

065 -

Theta

06} i
g
g
0.55 - S = = =gamma=0.005
- ’ gamma=0.02
0.5 el L I L I | P D gamma=0.05
o 0.2 0.4 06 0.8 1 1.2 1.4 1.6 1.8 2

Time [s]
Fig. 13. Simulated histories of &, for o =5 and different values of y

Note that the history of &, for a =15 is already influenced by the bound 6, . =0.8.

max

Apparently, o >0 is necessary to achieve zero steady-state control error. Increasing o

speeds up the convergence, but it also makes the estimate &, more oscillatory. Too high «

will result in instability, which corresponds to theoretical conclusions. The effect of y is
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similar, but it seems to more likely influence the frequency of oscillations of &, , whereas o

increases the amplitude.

08

= = =alpha=2
= alpha=5
.......... alpha=15

| | | | | L |
0 0.2 0.4 06 0.8 1 12 1.4 1.6 1.8 2
Time [s]

Fig. 14. Simulated histories of &, for y =0.02 and different values of «

6. Conclusions

The classical computed-torque method of motion control of robot manipulators utilizes
inner feedback loop to transform the robot dynamics into linear and decoupled one, which
enables to design the feedback controller in a simple way. However, since the inner feedback
signal is not taken into account in the outer-loop controller design objectives, the control
signals, which are limited in real conditions, are not generated in an efficient manner. A goal
of this work was to modify the computed-torque method to utilize the available ranges of the
control signals more effectively.

The proposed method of motion control, defined by the feedback control law (14) and the
reference trajectory compensation (18), utilizes the inner feedback to partially decouple the
inertial effects of individual links, but at the same time it minimizes the influence of the inner
feedback component of the control input. In comparison to the classical computed-torque
control method, the control input more reflects the actual value of the control error, which
increases the control efficiency for given magnitude of the control signals and helps to
prevent from reaching saturation limits of the actuators.

The closed-loop behavior depends on the choice of a scalar parameter £, which represents
the inner-loop system inertia. It is advantageous to consider £ variable, dependent on q and
q, which enables to minimize the influence of the inner feedback signal. However, the
optimal setting of S given by (22) had to be modified to ensure finite bounds of /3, which is

necessary to ensure the closed-loop stability. The proposed solution is based on solving the

differential equation (24) in real time.
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Unlike the conventional computed-torque method, the outer control loop is no longer linear,
but it has been shown that semi-global uniform asymptotical stability of the control error

during the reference trajectory tracking is achieved by setting r,, >0 and 7, sufficiently high,
where 7, and 7, are the diagonal elements of the diagonal controller matrices R, and R, .

Simulations confirm that for comparable control effort the described ‘variable-inertia’
method is usually capable to provide significantly better performance in comparison to the
classical computed-torque control algorithm. In comparison to the PD+ motion control
method, it could be preferable especially in the situations with external disturbances, where
the PD+ algorithm can generate slow responses in some joints due to dynamical coupling.

For the situations when all robot model parameters are not known precisely, an adaptive
extension of the method has been proposed. The adaptive version of the algorithm poses more
stringent requirements on the choice of the controller parameters, and depends on additional
parameters that have to be properly set, but it provides a theoretical guarantee of uniformly

stable tracking and convergence of the control error to zero if the gains in R, and R, are set
sufficiently high. The effect of the adaptation parameters ¢ and I' has been demonstrated by
simulations. The non-singularity of B(q) of the model is ensured by defining bounds of the
adapted parameters and using saturations in the integration of equation (44).

Future work could be focused on enhancements of the adaptive version of the algorithm,

especially towards avoiding the measurements of ¢ in the regressor, and on extensions

considering saturations of the control signals.
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