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Abstract 

Applicability of the Johnson-Mehl-Avrami (JMA) model beyond the typical range of 

the negative asymmetries of the crystallization peak was tested by means of theoretical 

simulations. Using the solid-state kinetic equation with implemented temperature 

dependences of either activation energy E or pre-exponential factor A, it was shown that the 

originally monotonically increasing transformation rate constant changes its evolution with 

temperature to a non-monotonous course, exhibiting a broad maximum. If the crystallization 

process following the non-isothermal JMA kinetics proceeds near this maximum, the 

asymmetry of the corresponding kinetic peak can gradually change to significantly positive 

values. Of particular interest are the cases with the JMA kinetic exponent mJMA ≥ 2, where the 

asymmetry of the JMA peaks changes with increasing heating rate from the typical negative 

values to largely positive values – such crystallization behavior was indeed observed for 

several chemically diverse materials (polymers, small organic molecules, chalcogenide and 

oxide glasses).  
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1. Introduction 

Glass-ceramics represent a class of materials that combines the transparency and 

amorphous nature of glasses with the crystallinity and mechanical properties of ceramics. [1 -

 3] This unique combination of properties has led to a wide range of applications in various 

scientific and industrial fields. Glass-ceramics find extensive use in electronics and photonics 

due to their excellent optical properties, electrical insulation, and thermal stability. Their 

crystalline phase can be engineered to exhibit specific optical behaviors, making them 

suitable for lenses, prisms, and optical waveguides in communication devices and laser 

systems. [4 - 6] Moreover, their electrical insulating properties make them ideal substrates for 

integrated circuits and microelectromechanical systems (MEMS). [7 - 9] In the household and 

culinary industry, glass-ceramics find use as materials for cookware, stovetops and ovens; it is 

also used as thermal insulation, including fireplace doors and high-temperature insulating 

panels. [10, 11] In the dental and medical fields, the glass-ceramics are employed as materials 

for dental crowns, bridges, bone implants and other prosthetic devices – the Bioglass 45S5 is 

particularly well known in this regard. [12 - 15] Furthermore, the glass-ceramics materials 

play a pivotal role in nuclear waste immobilization and storage [16, 17]; in aerospace and 

aviation, they are utilized for components such as heat-resistant windows, thermal insulating 

tiles, and nozzle materials in rocket propulsion systems [18, 19]; in the automotive industry, 

the glass-ceramics can be used for catalytic converter substrates due to their ability to 

withstand high exhaust temperatures [20, 21]. 

Such large portfolio of technological applications naturally implies utilization of 

numerous material families for the preparation of the appropriate glass-ceramics. In 

correspondence to the massive variation of the structural, thermal and mechanical properties 

of these source glassy matrices, broad diversity of the crystallization behavior types is 

encountered during the efforts for controlled formation of the crystalline phase within the 
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parent glass. The key step for the successful preparation of glass-ceramics with required 

amount of contained crystallites is an accurate mathematical description of the crystallization 

process, based on which a precise kinetic prediction can be made. Nowadays, the 

crystallization kinetics is commonly described in terms of the standard derivative kinetic 

equation [22]: 

(1) 

where dα/dt is the amorphous-to-crystalline transformation rate, K is the kinetic rate constant, 

α is the degree of conversion, t is time, T is temperature, A is the pre-exponential factor, E is 

the apparent activation energy for the crystallization process, R is the universal gas constant 

(8.3145 J·mol-1·K-1), I is the integrated area under the kinetic peak (corresponding to the 

crystallization enthalpy), and f(α) is a substitute for a kinetic model. In contrast to the large 

variety of different types of nucleation and crystal growth mechanisms [23 - 25], the 

macroscopic crystallization kinetics is usually described in terms of only two solid-state 

kinetic models f(α): the physically meaningful nucleation-growth Johnson-Mehl-Avrami-

(Kolmogorov), JMA(K), model [26 - 30] (see Eq. 2) and the empirical autocatalytic Šesták-

Berggren, AC, model [31] (see Eq. 3). 

  (2) 

(3) 

The quantities m, M and N in the equations shown above correspond to the kinetic exponents 

(material “constants”) of the JMA and AC models – note that the abbreviation JMA will be 

used in the present paper as it is the most common one . 

The main advantage of the JMA model over the AC model is, obviously, its physico-

chemical background, which relates the JMA kinetic exponent m with the information about 

the dimensionality of the growing crystallites, and about the potential simultaneous progress 

of the nucleation process. This benefit is compensated by the relatively strict rules for the 
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applicability of the JMA model. In particular, only crystallization peaks exhibiting certain 

asymmetry may correspond to the JMA kinetics – note the recent update [32] regarding the 

limits of the JMA model applicability expressed by the simple metrics of the masterplot 

function z(α) (Eq. 4), where the degree of conversion corresponding to the maximum of the 

z(α) function αmax,z was correlated to the theoretically simulated JMA data.  

(4) 

Based on the correlation coefficients associated with the fit by the JMA model, the following 

borderline asymmetries corresponding to the JMA kinetics were determined: αmax,z = 0.620 – 

0.665 results in the correlation coefficient r2 = 0.999, and αmax,z = 0.585 – 0.705 corresponds 

to r2 = 0.995. [32] Although these limits significantly extend the JMA model applicability 

compared to the previous (only vaguely and imprecisely defined) state of matters, the 

constraints still provide a relatively narrow window for the JMA model applicability and, in 

practice, majority of the crystallization data still needs to be described by the empirical AC 

model. This is demonstrated in Fig. 1A, where the required JMA asymmetries of the 

derivative kinetic peaks (as defined by the findings from [32]) are depicted together with two 

cases of borderline asymmetries encountered for the crystallization kinetic peak in practice 

(the data were simulated using the combination of Eqs. 1 + 3 to cover all typical asymmetries 

of the crystallization peak; the high narrow kinetic peak skewed to higher T exhibits highly 

negative asymmetry, and the small broad kinetic peak skewed to lower T exhibits higly 

positive asymmetry). 

Since the commonly used flexible AC model does not provide relevant information 

regarding the physico-chemical background of the crystallization process (although the model 

is still highly relevant for the main goal of the kinetic analysis, i.e., the kinetic predictions), a 

high incentive exits for the scientists to incorporate the physically meaningful JMA model 

(very often incorrectly) into almost every evaluation of the crystallization kinetic data. The 

( ) 2T
dt

d
z =



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easiest preliminary verification of the JMA model applicability is based on the limits for the 

αmax,z value (as described above and in greater detail in [32]); the ultimate confirmation would 

then be direct fit of the derivative experimental data (see Fig. 1) by the combination of Eqs. 

1and 2. But is this approach really universal, with no exceptions? Or is there a situation, when 

e.g. a crystallization peak with positive asymmetry could still be in agreement with the JMA 

kinetics?   

The two main premises for the derivation of the findings presented in [32] were: 

1) the crystallization occurs by means of a single process. 

2) the crystallization process exhibits a uniform growth mechanism with the model-free 

quantities (E and A in Eq. 1) being material constants. 

Regarding the first premise, it was shown in [33] that no combination of two JMA processes 

(overlapping to such a degree that the overall derivative signal is perceived as a single peak) 

can result in a signal with positive asymmetry – the overall asymmetry of the two closely 

overlapping JMA peaks can shift slightly outside of the limits introduced in [32] but the fact 

that the signal consists of two underlying/overlapping sub-processes is always revealed during 

the consequent direct of the experimental data by the JMA model (Eqs. 1 + 2). On the other 

hand, the second premise is not always fulfilled, as the activation energy changes with T or 

applied heating rate q+ relatively frequently. [34 - 40] The temperature-dependent E (and/or 

A) can be approximated and implemented in the kinetic calculations by using the recently 

developed single-curve multivariate kinetic analysis (sc-MKA) method [41]. However, this 

methodology primarily provides results reflecting the dominant effect of changing q+ (i.e. 

associated with e.g. time provided for the nucleation) but does not contain the mathematics 

incorporating the temperature-dependent E and/or A into the kinetic description of each 

individual data-curve. Withal, it is this kinetic effect that intrinsically changes the asymmetry 
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of the kinetic peak and could be responsible for a potentially extended applicability of the 

JMA model outside of its currently considered boundaries. 

 In the present paper, the effect of the temperature-dependent activation energy E and 

pre-exponential factor A on the changes of the JMA asymmetry will be explored. Theoretical 

simulations will be used to demonstrate that the incorporation of E(T) and A(T) into Eq. 1 

will cause the JMA kinetics to produce more symmetric (and even positively asymmetric) 

kinetic peaks. Three main metrics (the evaluation of which is depicted in Fig. 1B) will be used 

to consider the skewing of the simulated kinetic peaks with E(T) and A(T), and to enumerate 

their asymmetries: 1) the αmax,z (resulting from Eq. 4) – see Fig. 1B for the JMA z(α) function 

with its maximum corresponding to αmax,z = 0.632; 2) the asymmetry factor AF (defined by 

Eq. 5 applied to distances “a” and “b” in 1/10 of the peak height); 3) the tailing factor TF 

(defined by Eq. 6 applied to distances “a” and “b” in 1/20 of the peak height). Note that all 

three metrics are dimensionless. 

(5) 

(6) 

 

2. Results 

A standard series of the JMA kinetic peaks simulated at different heating rates q+ by 

combination of Eqs. 1 + 2 is depicted in Fig. 2A. For such case, E and A are considered 

material constants in the whole relevant temperature range, and the rate constant K 

exponentially increases with T – see Fig. 2C. The above-defined metrics for the standard JMA 

kinetics are: αmax,z = 0.632, AF = 0.53, TF = 0.74. On the other hand, only by introducing 

temperature dependent activation energy E(T) (and thereby forcing also A(T)), the JMA 

kinetic peaks are skewed, and can exhibit even positive asymmetry – see Fig. 2B. The 

primary E(T) and A(T) inputs were inspired by the recent crystallization data obtained 

a

b
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experimentally for the CeO2-doped Bioglass 45S5 for medical applications [42]. Note 

however, that all present data are fully theoretically simulated and will always exactly 

correspond to the JMA kinetic concept, which will only be modified by adding the 

temperature dependent E (and as a consequence A). The experimental data from [42] were 

used to set the initial E and A ranges, so that the present simulations realistically reflect the 

potential real-life crystallization processes (this will be further discussed in section 3). The 

E(T) and A(T) dependences corresponding to Fig. 2B are depicted in Fig. 2D. The 

fundamental background behind the change of the shape of the kinetic peaks lies in the non-

monotonous temperature dependence of the rate constant K, which occurs as a direct 

mathematical consequence of E and A decreasing with T. [34 - 40] This course of the K-T 

dependence (see Fig. 2D) very closely imitates the fact that for the real materials, the 

microscopic crystal growth rate also always exhibits a maximum (below the melting point Tm) 

[43], which is the result of competing influences of the increasing driving force (increases 

with undercooling ΔT) and decreasing diffusion (decreases with temperature) [44]. 

Technically, qualitatively identical situation can thus occur for all glassy materials, if 

appropriate conditions are reached. In practice, this is of course not always possible, as the 

crystal growth needs to occur across a large T range associated with sufficient K change 

(many materials crystallize within the initial region characterized by the exponential K 

increase with T). Nonetheless, as was shown e.g. in [45], even the rapidly crystallizing phase-

change Ge-Sb-Te materials can exhibit similar behavior and skewing of the JMA 

crystallization kinetic peaks, when heated by using the fast-scanning calorimeter FSC [46]. 

This indicates that the T-dependent JMA kinetics may be significantly more prevalent than 

perceived based on the standard methods of kinetic analysis [47], and possibly even 

universally applicable to an absolute majority of crystallization processes. 
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In the following sub-sections, the influence of the E(T) and A(T) parametrizations on 

the intensity of the kinetic peaks skewing will be explored. The mathematical function 

expressing the E(T) dependences was chosen in accordance with the experimentally observed 

curvatures [34 - 40] expressed by the well-known linearizing Kissinger method [48]: 

(7) 

 

where Tp stands for the temperature corresponding to the maximum of the kinetic peak. For 

the T-dependent E, the Kissinger dependence of ln(q+/Tp
2)-T-1 is fit by the second-order 

polynomial equation to account for its curvature (as is the practice for the real-life data, where 

this polynomial describes the curvatures with high correlation coefficient): 

(8) 

where P1, P2 and P3 are constants. The E-T dependence is then calculated as (which results 

from the derivation of combined Eqs. 7 and 8): 

(9) 

Regarding the A-T dependence, it is dictated by the so-called compensation effect [49] for the 

real-life data, which for the present simulations translates into a linear logA-T-1 dependence. 

For the following sub-sections, the A(T) dependence will be characterized by Eq. 10: 

(10) 

which is based on the results obtained for the CeO2-doped Bioglass 45S5 [42]; the only 

exception will be the sub-section 2.3., where the influence of the T-dependent pre-exponential 

factor on the JMA kinetics will be demonstrated (the above-described choice will be 

justified). Note that the initial selection of the parameters for Eqs. 9 and 10 were done on the 

basis of the real experimental data [42], so that the consequent simulations were done within 

reasonable boundaries, close to what can be encountered in practice. The consequent 
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variations of these parameters were arbitrary choices covering various cases of significantly 

different E-T dependences. 

 

2.1. Influence of the E-T curvature 

The first explored effect is that associated with the curvature of the E-T dependence. 

In order to preserve the initially set characteristics of the JMA data (based on [42]), the 

following enumeration of Eqs. 1 +2 was applied: A characterized by Eq. 10, I = 1, mJMA = 1. 

Five different E(T) dependences were implemented in accordance with Eq. 9 and the 

following combinations of the P1&P2 parameters: -55&60, -50&51, -45&43, -40&34, and -

35&25. The corresponding simulated sets of JMA peaks and the E-T dependences themselves 

are shown in Fig. 3. As can be seen in this figure, the initial decrease of curvature (-55&60 → 

50&51) quite significantly enhanced the skew of the kinetic peaks simulated across the 

chosen q+ span (0.5 – 50 °C·min-1). The further decreases of the E-T curvature resulted in 

only minor changes in the peaks skew. This effect is associated with the overall E value 

decreasing in the T range initially surpassed by the crystal growth process, which leads to a 

shift of the kinetic peak to lower temperatures in a similar fashion as is exhibited by the K-T 

dependence (see Supplemental online material for the corresponding simulated K-T data, 

which get narrower and shift to lower T with decreasing E-T curvature). As such, the main 

portion of the crystal growth process proceeds in a similar section of the K-T dependence, 

resulting in a similar kinetic response – see Figs. 3B – 3E. 

The corresponding pre-defined metrics for the peaks asymmetry (Eqs. 4 – 7) are 

displayed in Fig. 4. Let us start with the most well-known figure, the Kissinger plot (Fig. 4A). 

The Kissinger dependences are for the standard JMA kinetics perfectly linear. However, these 

dependences are for the JMA model with implemented E-T dependence clearly curved, 

indicating the non-constant value of activation energy. It is noteworthy that the deviation of 
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the Kissinger dependence from its linear trend set by the data-points obtained at the lowest q+ 

translates into the temperature shift of Tp by ΔTp ≈ 17 – 18 °C at 20 °C·min-1, which is 

consistent with the ΔTp magnitudes obtained experimentally – see e.g. [34 - 42]. The 

universal asymmetry factors, AF and TF (see Eqs. 5 and 6, and Figs. 4C and 4D), show a very 

large increase corresponding to the major change from the negatively asymmetric to the 

positively asymmetric kinetic peaks – the ideally symmetric peaks are in cases of both factors 

characterized by the value 1. Worth noting are also the deviated data-points evaluated for q+ = 

50 °C·min-1, where under certain conditions E decreases to extremely low values, which 

causes mathematical cease of further process continuation (α stagnates at value < 1) – signs of 

such behavior can also be rarely encountered for real-life crystallization data. Finally, the 

αmax,z values determined for the present sets of simulated JMA peaks are shown in Fig. 4D. 

Considering that the lower limits of the standard JMA kinetics (with no E(T) implemented) 

applicability are 0.620 and 0.585 for the r2 = 0.999 and r2 = 0.995, respectively, [32] a 

majority of the JMA kinetic peaks skewed due to the implemented E-T dependence would be 

under standard circumstances [47] evaluated as non-conformable with the JMA kinetics. This 

apparent discrepancy evidently opens up a large unexplored field of kinetic scenarios that may 

explain the long time experimentally observed T- and q+-dependent crystallization kinetics 

[34 - 42] manifesting as various clear trends in the kinetic parameters such as E, A, I, mJMA, or 

even M and N from the AC model. 

 

2.2. Influence of the absolute E magnitudes in the E-T dependence 

As the second investigated effect, the magnitude of the absolute E values within the E-

T dependence (i.e. the sole influence of P2) was tested. The theoretical simulations of the 

JMA data were based on the similar sets of kinetic parameters; the following combinations of 

the P1&P2 parameters were used: -55&60, -55&65, -55&70, -35&25, -35&30, and -35&35. 
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As is apparent from Fig. 5, the decrease of E (i.e. the shift of the overall E-T dependence to 

lower E values) causes a significant cease of the skewing effect in all tested cases. Note that 

the testing was done for the two borderline curvatures introduced in section 3.1., which means 

that the cease of the skew is universal for all curvatures shown in Figs. 3 and 4. The degree of 

skewing decreases with the decreasing E (increasing P2); the first decrease of E has the most 

prominent ceasing effect, and the further decreases of E influence the skewing progressively 

less. The underlying mathematics behind the kinetics changes depicted in Fig. 5 is based on 

the rather minor shifts of the K-T dependences (see Supplemental online material), where the 

dominant change of E (see Fig. 6A) is not balanced by a corresponding change of A. This 

leads to the crystallization process being localized more towards the onset edge of the K-T 

peak lower T), where only small skewing takes place. 

The loss of skewing is naturally reflected in straightening of the Kissinger 

dependences, as demonstrated in Fig. 6B. Interestingly, the Kissinger dependences exhibit 

steeper slopes with ↑P2, which would indicate an increase of E, whereas the overall E-T 

dependence (see Fig. 6A) in fact decreases. This apparent paradox will be further referred to 

and explained in section 3.1. Correspondingly to the loss of skew, the asymmetry factor AF 

(see Fig. 6C) decreases with the increase of P2 almost to the values characteristic for the 

standard non-T-dependent JMA kinetics (AF = 0.53). Even stronger evidence for the 

acceptable correspondence of the data simulated for ↑P2 with the standard JMA model 

metrics is the αmax,z quantity, which for all data with ↑P2 fall within the extended “standard 

JMA model” applicability limits: for r2 = 0.995, αmax,z = 0.585 – 0.705.  

 

2.3. Influence of the absolute A magnitudes in the A-T dependence 

The third explored effect was that of changing the pre-exponential factor A, while 

having the E-T dependence fixed. The two borderline E-T dependences characterized by the 
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following combinations of the P1&P2 parameters were used: -55&60, -35&25. For each of 

these dependences, the T-dependent logA was calculated using Eq. 10 with additional 

optional ΔlogA = 2 or 4 being added to the logA-T dependence (i.e. shifting the whole 

dependence to higher logA). Similarly to the increase of E (via ↑P2), also the increase of logA 

leads to a large cease of the JMA peak skewing – see Fig. 7. This result is a consequence of 

the rate constant K profile not being shifted in temperature but increasing in magnitude – in 

correspondence with Eq. 1. As such, the crystallization proceeds orders of magnitude faster, 

leading to the process being finished before the temperatures near the K-T dependence 

maximum are achieved. The corresponding K-T dependences are again included in the 

Supplemental online material. Akin situation to the one depicted in Fig. 6B is displayed also 

for the present series in Fig. 8B. Although the E-T dependences do not change within each 

series, the Kissinger-derived E clearly increases with the logA value being added in Eq. 10. 

Detailed explanation will again be provided in section 3.1. Also the AF and αmax,z metrics 

confirm large loss of skew, with all logA-modified simulations providing JMA peaks falling 

into the r2 = 0.995 category. 

 

2.4. Influence of mJMA kinetic exponent 

By far the most interesting and important influence on the skewing of the JMA 

kinetics is exhibited by the JMA kinetic exponent mJMA. The data simulated for the two 

borderline tested E-T dependences characterized by the -55&60, -35&25 combinations of the 

P1&P2 parameters, and for the three typical values of mJMA (1, 2 and 3) are shown in Fig. 9. 

Note that all the results introduced in the previous sections were always simulated for mJMA = 

1. As is apparent, the increasing mJMA manifests differently for both E-T dependences. For the 

-55&60 combination, the skewing lessens; for the -35&25 combination, the difference in 

skewing across the q+ span magnifies. Since the increased JMA kinetic exponents cause the 
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kinetic peaks to narrow down and (particularly their onsets) to shift to higher T with ↑q+, each 

peak gets to experience more discrete range of the E-T dependence. Accordingly, the kinetics 

manifesting at different q+ are based on the significantly different segments of the K-T 

dependence, which can lead to much larger changes in the kinetic behavior across the probed 

q+ range.  

For the present simulations, these consequences are quantified in Fig. 10. As results 

from Fig. 10B, the skewing increases with q+ (and mJMA) significantly more in the case of the 

slow decrease of E with T (the process experiences generally larger portion of the K-T 

dependence, which leads to higher probability of the transformation proceeding over the 

kinetically critical parts close to the K-T dependence maximum). On the other hand, in the 

case of the steeper E-T dependence, each narrower (narrowing is caused by ↑mJMA) kinetic 

peak experiences only a short segment of K-T, which leads to the decrease of skewing. 

Correspondingly, for the 55&60 combination, the AF and αmax,z metrics get closer to the 

standard JMA kinetics (with no E(T) implemented) with increasing mJMA, and for the -35&25 

combination, the opposite happens. The latter case is particularly important because it very 

well imitates the real-life scenarios, where for low q+, the process corresponds to the standard 

JMA asymmetry and metrics, whereas at high q+, the asymmetry of the kinetic peak 

drastically shifts to more positive values, and the empirical Šesták-Berggren model needs to 

be used to describe the kinetics. As the present research shows, such scenario can be an 

evidence for the T-dependent activation energy of the crystallization process. Moreover, a 

combination of the kinetic parameters (E, A, mJMA) and their temperature dependences could 

be found, for which the shift to the positive asymmetry could occur already at low q+. In such 

case, the need for the empirical and semi-empirical models could cease, and practically all 

crystallization processes would theoretically follow the physically meaningful JMA kinetics. 
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3. Discussion 

In the first part of section 3, the possibilities regarding the actual determination of the 

E-T dependence by the methods of the nowadays kinetic analysis (as introduced e.g. in [50]) 

will be briefly discussed. In the second part, the findings and consequences introduced in 

section 2 will generalized for technically all types of materials by exploring the behavior in 

the temperature ranges typical for e.g. special non-oxide glasses or polymers. 

 

3.1. Determination of the true E-T dependence 

 In order to explore the possibilities for the determination of a true E-T dependence 

from a common set of non-isothermal measurements, the most diverse and representative sets 

of simulations were selected and evaluated by means of the nowadays standard 

methodological apparatus of the kinetic analysis. In particular, the Kissinger dependences 

(Eq. 7) were fitted by the second-order polynomial, and EKissinger was calculated from the first 

derivation of the polynomial equation. In addition, the isoconversional methods [47] (one 

differential and one integral) were used to determine the corresponding dependences of 

activation energies (Edifferential and Eintegral) on the degree of conversion α for the simulated 

data. Note that, as was shown in [51], the choice of a particular isoconversional methodology 

within each group (integral or differential) is largely irrelevant for the practical purposes, 

when the potential process complexity is significant. On the other hand, the simultaneous 

evaluation of both types of isoconversional data can be in certain cases extremely beneficial 

for revealing the true value of E. [52] The present isocoonversional methods were, however, 

used without the temperature dependence being implemented, demonstrating mainly the 

oversimplification arising from the classical averaging approach of these methods. 

 In Fig. 11, the true E (input into the simulations), EKissinger(T), the α dependences of 

Edifferential and Eintegral, and the dα·dt-1 signals simulated for the 0.5 and 20 °C·min-1 are shown 
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for the following P1&P2&mJMA combinations: -55&60&1, -55&60&3, -45&43&1, -

45&43&3, -35&25&1, -35&25&3. In none of the cases, either the temperature-dependent 

Kissinger evaluation or the temperature-independent isoconversional methods provided 

acceptable estimates of the true E (input into the simulations). It is very important to note that 

the classical application of the temperature-independent isoconversional methods has for the 

narrower kinetic processes (generally those with higher mJMA) proposed practically constant E 

values, which is of course a serious failure of the recognition of the temperature-dependent 

kinetics. On the other hand, the temperature-dependent evaluation (in our case based on the 

Kissinger method) correctly identifies (qualitatively) the large change of the kinetics with 

changing T. 

 In the previous paragraph, the narrative was purposefully changed from T-dependent 

E to the T-dependent kinetics being the reason behind the data-distortions leading to the large 

changes in the peak asymmetry. So far, the changes in the kinetic appearance of the peaks 

were enforced by simultaneous temperature evolution of E and A, where dissimilar rates of E 

and A decreases resulted in uneven compensation and, consequently, an extreme on the K-T 

dependence. A similar result can be, however, achieved even for a constant value of input E 

and only A being changed. In such case (as well as, technically, also in the previous case), the 

compensation occurs between the terms A and exp(-E/RT), where the exponential term 

increases either through E decreasing and T increasing (a more rapid change) or just through 

the T increase (a slower increase of exp(-E/RT)). The archetypal cases belonging into this 

category are displayed in Fig. 12. At linear decrease or increase of log(A/s-1), a linear 

Kissinger dependence (as well as the akin dependences evaluated for different α values within 

the isoconversional methods) is obtained, resulting in a corresponding shift of EKissinfer vs. true 

E. If logA changes non-linearly see Fig. 12C), a curved Kissinger dependence is obtained, 

resulting in a non-constant EKissinger-T value. 
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 Interestingly, the most delicate equilibrium occurs in case of the pure temperature 

variation of activation energy, i.e. with A being constant and only E being T-dependent. In 

that case, the compensation must occur within the exponential term, i.e. by the interaction of 

the linearly increasing T and exponentially increasing E (the mathematical power function 

was used in the present case). Example of such kinetics is shown in Fig. 13, where the change 

of the A across the three graphs leads to a shift of the kinetic peaks higher in T, and to the 

larger overlaps of these peaks with the onset slope of the K-T dependence. As was 

demonstrated already in section 2, the most significant asymmetry changes within the JMA 

kinetics occur when the process manifests itself near the maximum of the K-T dependence – 

as shown in Fig. 13C. Also in the case of the pure temperature variation of activation energy 

(with A being constant), the non-monotonic K-T dependence leads to a curvature of the 

Kissinger dependence represented by the decreasing EKissinger-T (compare this to the 

increasing true E-T). 

 In conclusion, none of the standard Tp-based or isoconversional methods (or their 

variants with implemented E-T dependence) can accurately or reliably reveal the true E-T 

dependence or even the fact, whether the potential distortion of the JMA peak shape is a result 

of the T-dependent E, A, or both.  

 

3.2. Universality, origin and consequences of the phenomenon 

 As was shown in the previous sections, the two key conditions for the change of the 

JMA peak asymmetry are the existence of the extreme on the K-T dependence, and its overlap 

with (or close vicinity to) the temperature range of the macroscopic crystal growth (process 

conversion α > 10 %). Whereas the simulations were done for the temperatures corresponding 

to the typical syntheses of ceramics and glass-ceramics, akin conditions can occur in every 

temperature range. This is demonstrated in Fig. 14, where the processes in graph A can 
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represent crystallization of polymers or small organic molecules (e.g. pharmaceutical 

substances), graph B can represent crystal growth in chalcogenide glasses, and graph C could 

correspond to the formation of the high-temperature ceramics based on SiO2 or ZrO2. The 

simulations depicted in Fig. 14 were performed for mJMA = 1, hence covering rather slow 

crystal growth processes. The same K-T dependence can be also paired with the f(α) function 

with e.g. mJMA = 3, which would manifest as narrow kinetic peaks, apparently covering 

practically all types of kinetic behavior. However, it has to be born in mind that the shape-

distortion of the JMA peaks occurs only near the maximum of the non-monotonous K-T 

dependence, where the crystallization process is significantly slowed-down, and thus the 

kinetic peaks get broadened. Therefore, it still remains a question, whether the present T-

dependent changes of the JMA kinetics could be successfully applied also for the rapid high-

temperature amorphous-to-crystalline transformations (such as e.g. in the Y3Al5O12 glass 

[53]). 

 Regarding the actual occurrence of the phenomena in glassy materials, several 

example reports of the temperature-dependent activation energy of crystallization can be 

found in [34 - 40]. Nevertheless, if one looks though the relevant literature, many more signs 

of the possible E-T occurrence can be found. Whereas the curved Kissinger plots are probably 

the most frequent indication of such behavior (mainly due to the popularity of this type of 

depiction), the measurement errors can sometimes mask the possible curvature (if subtle), or 

the isoconversional methods are used to determine E instead of the Tp-based methods. In such 

case, one can look for the other accompanying signs of temperature-dependent crystallization 

kinetics, such as e.g. the monotonously changing JMA kinetic exponent m or E-α dependence. 

[54] Note, however, that a curved Kissinger dependence can be also produced by sole A-T 

dependence (without E being T-dependent) – as shown in Fig. 12C.  
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 In order to correctly recognize and fully account for the temperature-dependent E or A 

in the crystallization processes of amorphous materials, the understanding to the physico-

chemical origin of such behavior needs to be improved. While the present findings regarding 

the implementation of the E-T and A-T dependences into the description of the crystallization 

behavior are perfectly valid also for the macroscopically complex (multistep) processes (see 

e.g. [55]), in the author’s opinion, these processes do not represent the fundamental source of 

the temperature-dependent behavior. Instead of attributing the E-T and/or A-T dependences to 

the formation of the chemically or location-wise (volume vs. surface) distinct crystalline 

phases (which is the main source of the macroscopic multistep crystallizations), the origin of 

these dependences should be more probably sought in slow and continuous microscopic 

changes of the intrinsic nucleation or crystal growth behavior. One such example may be the 

crystallization of amorphous selenium [56], where a continuous transition occurs between two 

spherulitic crystal growth regimes, with each exhibiting significantly different E (the observed 

kinetic behavior very close to what is simulated in the present paper). Akin behavior could be 

expected also in the case of simultaneous formation of different polymorphic phases in 

pharmaceutics or polymers. Nonetheless, extensive research and general awareness of this 

possibility in the solid-state kinetics community will be needed to crack this nut. 

Whereas the present findings could (in theory) lead to a cessation of the empirical and 

semi-empirical kinetic models in the crystallization kinetics, it is far too early to consider such 

outcomes. Hence, the main implication for the nowadays solid-state kinetic analysis is that 

one should be very careful with physico-chemical interpretations of the results provided by 

the model-free as well as model-based methodologies. The “apparent” E, A and mJMA values 

given by these methods are still perfectly fine for the kinetic predictions (which is the primary 

purpose of the solid-state kinetic analysis). However, the interpretation of either E or mJMA 

values should be done carefully as those values do not necessarily have to reflect what is truly 
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happening (even from the kinetics point of view) in the material, and the true E and mJMA 

values can be significantly different from what the nowadays standard kinetic analysis gives 

us. 

 

4. Conclusions 

Theoretical simulations were used to implement the temperature-dependent E and A 

into the solid-state kinetic equation based on the JMA kinetic model, which led to occurrence 

of a non-monotonous K-T dependence. If the non-isothermal JMA crystallization process 

occurs near the maximum of this dependence, the shape of the JMA peak can be significantly 

distorted up to an exhibition of a positive asymmetry (intrinsically, the JMA kinetics exhibits 

invariant negative asymmetry for constant E and A). Of particular interest are the cases with 

the JMA kinetic exponent mJMA ≥ 2, where at low heating rates, the kinetic peaks exhibit 

typical negative JMA asymmetry, and at higher heating rates, the asymmetry of the kinetic 

peaks shifts to the significantly positive values. These findings indicate that the JMA kinetics 

does not have to be restricted only to the kinetic peaks with rather narrowly defined 

asymmetry [32]. This extension of the applicability of the JMA kinetics is, however, strictly 

conditioned by the confirmation of the existence of the temperature-dependent E and/or A. 

Whereas the curvature of the Kissinger dependence appears to be a reliable indicator of the 

significantly manifested temperature-dependent E and/or A, no method of the standard kinetic 

analysis was able to reliably and accurately identify the true courses of E-T or A-T from the 

non-isothermal data. As the present findings can be naturally extended beyond the application 

of the JMA model, the implementation of the E-T and A-T dependences into the solid-state 

kinetic equation seems to be a logical next step in the development of the new approaches to 

the solid-state kinetic analysis. 
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Figure captions 

 

Fig. 1: A) Visualization of the borderline JMA asymmetries (black and red lines) set 

according [32], and the maximum asymmetries of kinetic peaks encountered 

experimentally. 

 B) Demonstration of the determination of αmax,z (red line, top and right axes; Eq. 4), 

and AF and TF (black line, bottom and left axes; Eqs. 5 and 6). 

 

Fig. 2: A) Example of a set of JMA kinetic peaks simulated for 7 different heating rates and 

Eq. 1 with constant E and A. 

 B) Example of a set of JMA kinetic peaks simulated for 7 different heating rates and 

Eq. 1 with temperature-dependent E and A. 

 C) Temperature dependences of E, A and K for the JMA data depicted in graph A. 

 D) Temperature dependences of E, A and K for the JMA data depicted in graph B. 

 

Fig. 3: A) – E) Examples of the series of JMA peaks simulated for the 7 listed heating rates, 

and E(T) and A(T) dependences expressed by Eqs. 9 and 10. The parameters P1 and 

P2 from Eq. 9 are listed in each respective graph. 

 F) E(T) dependences expressed by Eq. 9 for the different combinations of P1 and P2 

parameters.  

 

Fig. 4: A) Kissinger dependences based on the data from Figs. 3A – 3E (points) fit by the 

second-order polynomials (lines). 

 B) – D) AF, TF and αmax,z values determined for the data from Figs. 3A – 3E. 
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Fig. 5: A) – F) Examples of the series of JMA peaks simulated for the 7 listed heating rates, 

and E(T) and A(T) dependences expressed by Eqs. 9 and 10. The parameters P1 and 

P2 from Eq. 9 are listed in each respective graph. 

  

Fig. 6: A) E(T) dependences expressed by Eq. 9 for the different combinations of P1 and P2 

parameters from Fig. 5.  

B) Kissinger dependences based on the data from Figs. 5A – 5F (points) fit by the 

second-order polynomials (lines). 

 C) – D) AF and αmax,z values determined for the data from Figs. 5A – 5F. 

 

Fig. 7: A) – F) Examples of the series of JMA peaks simulated for the 7 listed heating rates, 

and E(T) and A(T) dependences expressed by Eqs. 9 and 10. The parameters P1 and 

P2 from Eq. 9 are listed in each respective graph. In addition, the ΔlogA values 

added to the A(T) dependence expressed by Eqs. 10 are shown in each graph. 

 

Fig. 8: A) E(T) dependences expressed by Eq. 9 for the different combinations of P1 and P2 

parameters from Fig. 7.  

B) Kissinger dependences based on the data from Figs. 7A – 7F (points) fit by the 

second-order polynomials (lines). 

 C) – D) AF and αmax,z values determined for the data from Figs. 7A – 7F. 

 

Fig. 9: A) – F) Examples of the series of JMA peaks simulated for the 7 listed heating rates, 

and E(T) and A(T) dependences expressed by Eqs. 9 and 10. The parameters P1 and 

P2 from Eq. 9 are listed in each respective graph. In addition, the mJMA values are 

shown in each graph. 

 

Fig. 10: A) E(T) dependences expressed by Eq. 9 for the different combinations of P1 and P2 

parameters from Fig. 9.  

B) Kissinger dependences based on the data from Figs. 9A – 9F (points) fit by the 

second-order polynomials (lines). 

 C) – D) AF and αmax,z values determined for the data from Figs. 9A – 9F. 

 

Fig. 11: Comparison of the data evaluated for the series of JMA peaks simulated for different 

combinations of parameters P1, P2 and mJMA. The solid lines (bottom and left axes) 

correspond to the true E values (input into the simulations) and the E values 

determined by the derivation of the Kissinger dependences. The dashed lines (bottom 

and right axes) show the JMA peaks simulated at 0.5 and 20 °C·min-1. Points (top 

and left axes) show the E values determined by the isoconversional methods in 

dependence on the degree of conversion α. For these data, both E and A are non-

constant. 

 

Fig. 12: Comparison of the data evaluated for the series of JMA peaks simulated for different 

logA(T) dependences; true E values were 500 kJ·mol-1, and mJMA = 1. The colored 

solid lines (bottom and left axes) correspond to the true E values (input into the 

simulations) and the E values determined by the derivation of the Kissinger 

dependences. The black solid lines (bottom and second left axes) correspond to the 

temperature dependences of logA. The dashed lines (bottom and right axes) show the 

JMA peaks simulated at 0.5 and 20 °C·min-1. Points (top and left axes) show the E 

values determined by the isoconversional methods in dependence on the degree of 

conversion α. For these data, E is constant and A is non-constant. 
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Fig. 13: Comparison of the data evaluated for the series of JMA peaks simulated for different 

E(T) dependences; logA values were constant, and mJMA = 3. The colored solid lines 

(bottom and left axes) correspond to the true E values (input into the simulations) 

and the E values determined by the derivation of the Kissinger dependences. The 

black solid lines (bottom and second left axes) correspond to the temperature 

dependences of the rate constant K. The dashed lines (bottom and right axes) show 

the JMA peaks simulated at 0.5 and 20 °C·min-1. Points (top and left axes) show the 

E values determined by the isoconversional methods in dependence on the degree of 

conversion α. For these data, E is non-constant and A is constant. 

 

Fig. 14: Demonstration of the qualitative similarity of the JMA peaks asymmetry change for 

different temperature regions. The colored solid lines (bottom and both left axes) 

correspond to the true E and A values (input into the simulations). The black solid 

lines (bottom and right axes) correspond to the temperature dependences of the rate 

constant K. The dashed lines (bottom and right axes) show the JMA peaks simulated 

at 0.5 and 20 °C·min-1. For these data, both E and A are non-constant. 
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Fig. 2 
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Fig. 3 
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Fig. 4 
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Fig. 5 
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Fig. 6 
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Fig. 7 
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Fig. 8 
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Fig. 9 
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Fig. 10 
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