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Abstract

The paper is focused on usage of methods for cemdigl interval calculation by measurement
of the transit time of end-to-end services for Bngiece priority mail. The results come out
from modelling of measurement system on the bdsislevant field of study with particular
discriminant characteristics. The role of confidennterval is the expression of estimate
accuracy for on-time probability. The accuracy xpressed as width of the confidence
interval of on-time probability estimate. The probigy distribution for modelling of on-time
performance in simple random sample is based ocewvaet approximation of binomial
distribution. Considered approximations are nordistribution, Agresti-Coull approximation
and approximation by beta inverse function. Themadgjective of this paper is calculation of
confidence interval by mentioned approximation rod#) comparison and assessment of the
results from viewpoint of next modelling. The raswf on-time probability estimate accuracy
are related to input assumptions, i.e. especialygeaphical coverage of postal services and
geographical stratification on disjunctive set aistal areas. Calculation methods consider
one-Operator field of study with domestic mail ¥@rious sample sizes.
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Introduction

European Comission emphasizes the necessity to ¢@wenon rules for development of
postal services within Community and improvementodlity of service (QoS). Comission
has defined requirements on postal measuring sgsbéiQoS with possibility of independent
end-to-end measurement. The aim of this measureiméotestimate QoS by transit time of
end-to-end services for single-piece priority n{&PPM) provided to customer by domestic
mail in each European country and by cross-bordsl among European countries. SPPM is

collected, processed and delivered by postal opmrand measuring process uses



representative sample of end-to-end services fdreaded mail with set level of service
transit time. The total QoS level by transit timeekpressed as percentage of end-to-end items
distributed duringD+m days (see Chap. 1). Design of QoS measuring systelades
selection and allocation of test items. These iteares posted and received by selected
panellists. Sample design includes specificatidngamellists and test items, which must be
representative in consideration of design basisigdebasis is the most appropriate structural
information available for characterization of re@dil distributed in particular field of study.

The paper is focused on usage of methods for cemdiel interval calculation by
measurement of the transit time of end-to-end sesvior SPPM. The role of confidence
interval is the expression of estimate accuracy doftime probability. The accuracy is
expressed as width of the confidence interval ofimre probability estimate. The probability
distribution for modelling of on-time performance simple random sample is based on
relevant approximation of binomial distribution.

Interval estimation of probability in a binomialsttibution can bring some difficulties
with validity of gained results. Some related recanicles point out the fact that coverage
attributes of the standard interval do not havbdaaufficient and need not to give acceptable
and reliable results. Interval estimation of binahgroportion has been recently reviewed due
to unsatisfactory results of Wald confidence in&ref coverage probability. It appears in
cases, when related probability is not close tat$insee Agresti and Coull (1998), Newcombe
(1998), Brown, Cai, and DasGupta (2001), Reicz{@€l03), Vollset (1993), Blyth (1986),
Blyth and Still (1983). Brown, Cai, and DasGupt@@2) has presented and analyzed various
alternatives to the standard interval for a geneaifidence level and also have made
recommendations for choice of specific interval fanactical application separately for
different intervals of sample sizes. Recommendatiofigresti and Coull (1998) made for the
nominal 95 % case differs from conclusions of Browai, and DasGupta (2001) for small
sample sizes (40 or less). Agresti and Caffo (2@@t out the unsatisfactory behavior of
standard Wald confidence interval. They use andrdes numerical methods and design
improvement of new confidence interval by coverpgebability, which improved confidence
interval is known as Agresti-Coull confidence inar Agresti and Coull (1998) improved
confidence interval for the difference of two binamproportions, which has given new
confidence interval of coverage probability withtstanding behavior. Newcomb (1998) used
lower and upper limits of score confidence interaiatl combined these limits for difference

of two binomial proportions. This new confidencéenval has been compared with others



confidence intervals and this comparison points gobd performance of coverage
probability.

It will follow from this article, that sample size®cessary for real concrete measuring
of on-time performance by estimate of on-time pholitst will be sufficient for acceptance of
used calculation methods. These methods will gdlieble results of confidence intervals for

measuring accuracy assessment.

1 Initial assumptions of measuring system

Transit time of postal item is measured in days #nd expressed aB+m days. Day of
postingD is the date of next clearance after inductiont@riinto postal network. The result
of QoS is defined by on-time performance. This bamistal performance indicator means
percentage of postal items delivered in definediserstandard.

The result of on-time performance must be expressegercentage of postal items
delivered in transit timeD+m, where m represents figure of days determining service
standard. Service standard for SPPM in Czech Ripisbyiven by Regulation nr. 464/2012
Coll. Relevant part sets, that by measuring ofditatimes per calendar year there must be
achieved result at least 92% of postal mail deidesn the first working day following day of
its posting. It means, that at least 92 % of SPPltnhave transit tim®+1. Then service
standard (set postal performance level) is at B286 of SPPM delivered iD+1. It is aim of
transit time and naturally of on-time performanesuit as well.

Because measurement of transit time is realizegtpresentative sample of test items,
the result of on-time performance is represente@diynate of on-time probability. On-time
probability in Czech conditions can be defined esbpbility of case, when transit time of
item does not exceed 1 dap+1). On-time probability is interpreted by variablalled

weighted estimate of on-time probabilfy...q, Which also includes distribution of mail

within geographical stratification according tojdisctive set of defined postal areas. The rate
of variation caused by used sample design is egpdeby design factor of stratified end-to-
end sampledfsyee (CSN EN 13850, 2013). It is related to sample desigd on-time
probability estimate.

Key indicator for accuracy of measuring system apresented by width of the
confidence interval of on-time probability estimate other words the role of confidence

interval is the expression of estimate accuracyfoetime probability.



2 Confidence interval calculation
The role of confidence interval is the expressibestimate accuracy for on-time probability.
The accuracy is expressed as width of the confielerterval of on-time probability estimate.

Smaller width of interval leads to higher accura¢éymeasurement. Maximum width
2¢ of this confidence interval is defined on the badiconfidence levell-a) = 95 %.

Whichever confidence interval is based on probbdistribution. In dependence on
chosen probability distribution, we can have symioat interval in the form ¢SN EN
13850, 2013):

[p-ep+el (1)
or asymmetrical interval in the form:
[D = Eiower: P + Eupper], WheTe[giuer > &upper] (2)
with assumption gbrobabilityp> 50 %.
If confidence interval is not symmetrical, its maxim width2e is defined as:
[25 = Eower T fupperJ (3)

Appropriate probability distribution for modellingf on-time estimate in simple
random sample would be binomial distribution. Cdafice intervals for this distribution are
not calculated directly, but appropriate approxiorat of binomial distribution is

recommended for assessment of measurement systenacg

2.1  Normal confidence interval
For majority of measurement system models, the abrdistribution is appropriate

approximation of binomial distribution. Confidena&erval and accuracy fo,egmes are

defined as follows{SN EN 13850, 2013):
ﬁweighted(l_ ﬁweighted)
n-1

[ bweighted * 1195966D\/ * dfStrEtE (4)

26 =3,91992" | Valsyeie| Pueighted| (5)

This normal confidence interval is symmetrical amdis frequently apllied for
assessment of measurement system accuracy. Mingsaomle sizenminssiS calculated by
and defined as:

. D 1- D
Nninss = Minn” With  n” > dfg,ge* | 384145 pwe'g'“e"(gz Puighed +1 (6)




In practice design factor can be applied directiyn@nimum simple random sample
size for minimum design sample size. For constahiesof design factor, it is necessary to

increase sample size.

2.2 Applicability of normal confidence interval

Normal approximation will be applicable in case,enton-time performance does not reach
100 %. Increase of on-time performance level valige increase of approximation deviation.
Confidence intervals can be calculated by asymptotrmality of maximum probability
estimate for sample sizes of large scale and whelmapility estimate does not reach 0 or 1.
In fact discrete form of binomial distribution and-time performance level over 85 % causes
frequently insufficiency of normal approximation byerage sample sizes as well. Then the
result is too liberal confidence interval. It medhat real confidence level is often lower than
set confidence level of 95 %.

Maximum tolerable deviation by confidence intergahormal distribution apllication
does not have to exceed 4 % quota of delayed mhith fails to meet the requirements of
on-time performance. This condition will be acceptth evidence of minimum figure of
delayed mail, which depends on on-time performameeel. For example on-time
performance 92 % requires at least 45 delayed sanipims for normal distribution
application with maximum deviation of 0,32 %N EN 13850, 2013). Less then 45 delayed
items by on-time performance 92 % is not complyiith normal distribution apllication and
then other more appropriate calculation methodsoofidence interval must be used. These
methods result in asymmetrical confidence intervath inconsiderable deviation — such as

Agresti-Coull or inverse beta interval.

2.3 Agresti-Coull approximation
Improved calculation method is called Agresti-Caanlierval (Agresti & Coull, 1998). It is
based on normal distribution and can be used fosaahple sizes with at least 40 items.

Agresti-Coull interval calculation for simple ramdasample is in form as follows:
A laac 1- ﬁac i o X+1,92072
+1,95966[] |—ec—acl | with p, = 2—=""F 7
{p“ \/ n+3,84145} Pac =1 3,84145 (7)

This calculation method works with effective sampiee ESS with inclusion of
design factor. Effective sample size of designize ®f simple random sample with same

sample variance as the design has, it means tesgdrdsample size divided by design factor.



For stratified end-to-end measurement system wecedculate Agresti-Coull interval for
Pueightea 1N following form (CSN EN 13850, 2013):

R D -D . R +
Buceost 105966 [Passdl=Passs) | it .- Xess* 102072 (8)
Neost3,84145 Ness+3,84145
where:
Ness:= maxn” with n“<—" 9)
detrEtE
Xess:= maxx” With X< f’weightedD”Ess (10)

Then we can set width of interval with lower angheplimits:

2£=39199% ﬁ£=1(:E84:I'_ ﬁacESQ (11)
’ Ness+3,84145
a a p Esél_ ﬁacESg
£ = e +1,95966~  |—2¢ 12
lower (pwelghted pacEsg \/ Ness+ 384145 ( )
L Pacesdl~Pacesy
Eupper = < Pui +1,95966+  |—a°ES & 13
upper (pacESS pW|eghted) \/ nESS+ 384145 ( )

This adjusted confidence interval of normal disttibn is asymmetrical and can be
apllied for assessment of measurement system agcura

2.4  Inverse Beta approximation
The next improved calculation method uses inveeta function BetalLny. It is based on
beta distribution, which is continuous form of himal distribution. Inverse beta function rule
directly calculates confidence interval without\poeis calculation of sample variance and
uses effective sample size as well.

Inverse beta interval calculation for simple randeample is in form as follows
(Blyth, 1986; Blyth & Still, 1983):

[BetaLn{0,025 x n - x+ 1], BetaLn{0,975 x + Ln - X|| (14)

For stratified end-to-end measurement system, wecaéculate inverse interval for
Pueightea iN following form (CSN EN 13850, 2013):

[Betal.m{0,025 Xgsg Ness — Xess + 1f; BetalLm{0,975 Xegs + 1 Ness — Xess| (15)
where:

Ness:=maxn” With n" <—" (16)
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Xessi=maxx With x* < Puweighted™ Ness (17)

Then we can set width of interval with lower angheplimits:

2¢ = BetalLn{0,975 Xegs + L Ness — Xess] — Betalm{0,025 Xes; Ness — Xess + 1 (18)
Elower = ﬁweighted - BetaLn\[0,0ZEx Xess Ness ™ Xess 1] (19)
Eupper = BetaLn@,975 Xgsst LNgss— XESS] - f’weighted (20)

This confidention interval of beta distributionasymmetrical and can be apllied for

assessment of measurement system accuracy.

3 Modelling of test items sample and results of ietval calculations
Modelling of test items sample is based on parammeit geographical coverage by postal
services and stratification of measuring sampleviar periods of 2014. Modelling presumes
one-Operator field of study with domestic SPPM various sample sizes in proportion of
design basis. Used sample sizes are necessarydp abpostal areas with concrete flows of
test items, which must fulfil requirement of propanality with design basis of real SPPM
flows.

Measuring system modelling for the first periodhésed on relevant indicators figures,
which are input data for interval calculation methoCalculated results using Eq. (4)-(20) are
contained in Tab. 1. and input indicators as folow
n = 14529 test items - sample size,

x = 13691 test items - amount of on-time mail,

Pueightes = 0,942212469 - weighted estimate for on-time pholity,

dfsyeie= 3,363586 - design factor for stratified end-taleample.

Tab. 1: The results of interval calculations of thelst period

Normal distribution Agresti-Coull interval Invergeta interval
Lower limit of interval 0,935253626 0,934843 0,9348
Upper limit of interval 0,949171312 0,948796 0,9489
Width of interval 0,01391769 0,013953 0,014152

Source: authors



Measuring system modelling of the second periodudes following figures of
indicators used for interval calculation methodslc@lated results using Eq. (4)-(20) are
contained in Tab. 2 and input indicators as follows
n = 14966 test items - sample size,

x = 13948 test items - amount of on-time mail,

Pueightes = 0,935566174 weighted estimate for on-time probability,

dfsyeie= 6,768318 - design factor for stratified end-talteample.

Tab. 2: The results of interval calculations of the2nd period

Normal distribution Agresti-Coull interval Invergeta interval
Lower limit of interval 0,925332 0,924532 0,924517
Upper limit of interval 0,9458 0,94509 0,945443
Width of interval 0,020468 0,020558 0,020927

Source: authors

Considering input data for interval calculationd] ased methods of interval
calculation are applicable and give comparable ltesHigh level of accuracy has been
reached by normal distribution with the smallestitviof calculated interval, on the opossite
the widest interval is beta inverse interval. Usimgrmal confidence interval, values of

Pueightea Within cca 93-94 % bring maximum deviation of G228 % with requirement of

increasing minimum delayed mail figure within 46-#4dms CSN EN 13850, 2013). Lower
value of weighted estimate for on-time probabibityd higher value of design factor has in
this case lower level of accuracy with wider cadted interval.

Sample sizes necessary for real concrete measwofingn-time performance by
estimate of on-time probability are sufficientlyrda for acceptance of used calculation
methods. These methods give reliable and comparasigdts of confidence intervals for
measuring accuracy assessment and variance ofakalits is very small.

Apparently the normal distribution is sufficientacceptable approximation method
also from viewpoint of next modelling of mentioneskasurement system by creation of
sample design and measuring of transit time withsequent assessment of measuring
accuracy. Although this approximation brings sommals deviation, necessary sample sizes
of measurement system and applied values of on{er®ormance enable to gain reliable
results. Agresti-Coull and inverse beta intervaisi@ insignificant deviation and enable to



gain reliable results as well. Applying data usgdrindelling, width of these intervals is very

slighlty larger than width of normal confidenceantal.

Conclusion

Generally the most appropriate approximation methad the smallest deviation. Method
selected for measurement system accuracy should ties smallest width of calculated
confidence interval.

Inverse beta approximation gives the smallest dieviaon the other hand — as the
most conservative method — leads to the widestidemée interval. It uses inverse beta
function. Agresti-Coull approximation gives highgviation than in previous case and it is
less conservative and transparent. Both approxamstiead to asymmetrical confidence
interval. Normal approximation is generally widesgl and frequently used. It is symmetrical
and has a generally known and understood struc@methe other hand there exist some
cases, when it is not applicable.

Concrete measurement system for SPPM transit tappbed in domestic conditions
admits usage of normal confidention interval. Bydeiting of proportional sample design,
this interval has given reliable results from vieip of measuring accuracy definition with
the smallest width, but generally shows some sg®llation. Agresti-Coull and inverse beta
intervals apllied on the same sample design moaet lgiven accurate results as well. They

are slightly wider, but have insignificant deviatio
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