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Abstract: The total amount of claims in a particular time period, in actuarial literature
named as collective risk, is a quantity of fundamental importance to the proper management
of an insurance company. The article aimed to present the possibility and procedure
to approximate the collective risk model in a heterogeneous portfolio of policies. The key
assumption in all models for aggregate claim amount is that the occurrence of a claim
and the amount of a claim can be studied separately. We will show that mixture
distributions are convenient as the probability models for claim numbers and for claim
amounts in heterogeneous portfolios of policies. We have derived that the negative binomial
distribution can be used as a model for claim frequency and the Pareto distribution
as a loss distribution model when the portfolios of policies are not homogeneous.
The concept of mixture distributions is an important one in insurance, Since insurance
companies generally deal with heterogeneous risks. The motor compulsory third party
liability insurance is an important branch of non-life insurance in many countries, therefore
application of the theoretical results is performed on data from this field.
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Introduction

One of the primary goals of actuarial risk theory is the evaluation of the risk associated
with a portfolio of insurance contracts. Many insurance contracts (in both life and non-life
areas) are short-term, typically one year. Typical automobile insurance, homeowner’s
insurance and group life and health insurance policies are usually of one year duration.

The primary objective is to model the distribution of total claim costs for portfolios
of policies so that business decisions can be made regarding various aspects of the insurance
contracts. The total claim cost over a fixed time period is often modelled by considering the
frequency of claims and distributions of individual losses separately. A few actuarial
publications considered a number of different possible claim size distributions
and discussed estimation procedures for them, for example [1], [2], [5], [6], [10], [13].

Insurance companies generally deal with heterogeneous or nonhomogeneous portfolios
of policies, shortly with heterogeneous risks, which mean that the distribution of the claim
numbers and sometime the distribution of individual claim amounts are differ among
policyholders.

In the most of collective risk models practical examples in actuarial literature there is
assumption that claim numbers have a Poisson distribution. This is because Poisson
distribution generally leads to simple results than other claim number distributions and real
data to verify this assumption are often not available. For the Poisson model of number
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of claims N with parameter 4 applies equality of E(N )=D(N) =2, but expectation the
heterogeneity across policies to result in greater variation than the Poisson would give.

Since insurance companies generally deal with heterogeneous risks, in our article
we first theoretically derive distribution of the number of claims and distribution of the
individual losses in heterogeneous portfolios using mixture distributions. Then we explain
the theoretical approach to the approximation of the collective risk model in the case
of heterogeneous risks.

Finally we verify the theoretical results on the real data of liability motor insurance,
which provides us with an unnamed insurance company operating on the Czech insurance
market.

1 Risk models in heterogeneous portfolios of policies

As already mentioned, we assume a heterogeneous portfolio of insurance policies. Our
aim is to derive the distribution of the number of insurance claims and distribution
of individual losses in case of heterogeneous risks and knowledge of these distributions use
for collective risk model.

The concept of a mixture of distributions [2, p. 25], [1, p. 58], [10, p. 98] will be useful
for our goals.

1.1 Modelling the number of claims

The Poisson model for the number of claims is a plausible model for a single risk.
We would expect the heterogeneity across policies to result in greater variation than the plain
Poisson would give.

Let N; is the number of claims made by i-th policyholder during the year. The simplest
model for claim numbers is the Poisson, so assume that the number of claims N; made
by policyholder i follows a Poisson distribution with mean 4;,

N,/ ~ Po(4,)
1.e.
ﬂ,k
P(N, :k):?e—%’, k=0,1,2, ... (1)

We know that the values of 4; will vary across the portfolio and so we apply the method
of mixtures to the 4. We take G («; ,6’) as the mixing distribution for the Poisson means. So

N,/ ~Po(2;), where 4, ~ G(a; ) for i=1,2,...,n.

Random variable A has a gamma distribution with parameters o and f, if

_ ﬂa a-1_-pA
f(/l)——r(a)/i e, 1>0 (2)

We will show that the marginal distribution P(x) = P(N = x) of the number N of claims
in the whole portfolio of policies during the year is negative binomial NB(a;7) with

parameters o, 7.

132



Probability mass function is given by
['(a+x)

I'(a)x!

The following gives this solution.

P(N =x/a, 7)= 7 (1-7)", x=0,1,2,.., 3)

P(x) = P(N =)= [ fy, (5, A)d2=[ £,(2) fuy, (x/2) d2 =

_ j ﬂa /Iaflefﬂﬂ . ef/l ﬁ“_x di = ﬂ J‘/loﬁ—x—lefl(ﬂﬂ) di =
T(a) x! [(a)x!y

p*  T(a+x) F(a+x)( i J“( 1 j

TT(a)x! (pr1) T(a)x (p+1) B+

That is by (3) probability function of the negative binomial distribution NB(a;ﬁ), where

e b
p+1

It is possible to derive that [2, p. 31]

a(l—ﬂ) a(l—ﬂ)

2

E(N) = < =D(N) 4)
To conclude, negative binomial distribution is more appropriate model of claims number
in  heterogeneous portfolios of policies than Poisson distribution, for which

E(N)=D(N)=2 .
1.2 Modelling the claim amounts

The exponential distribution [1, p. 36], [10, p. 56] is one of the simplest models
for individual claim amounts with density function

f(x)=4e™, x>0,1>0 (5)

Suppose that each individual in a large insurance portfolio incurs losses according to an
exponential distribution. Our practical knowledge of almost any insurance portfolio
(car insurance, home insurance, housing insurance, equipment insurance etc.) tells us that the
means of these various distributions will differ among the policyholders. Thus our
description of the losses in the portfolio is that each loss follows its own exponential
distribution, i.e. the exponential distributions have means which differ from individual
to individual [3], [6], [14].

We must now find a description of the variation among the individual means. One way
to do this is to assume that the exponential means themselves follow a distribution. In the
exponential case, it is convenient to make the following assumption.

Denote the average claim for each policyholder as 6, where i=1,2,...,n . Let A = 1 be

i

the reciprocal of the mean loss for the i-th policyholder. We assume that the variation among
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the 4, can be described by a known gamma distribution G(a;/) of the variable 4, i. e.
A~ G(a; ) with probability density function by (2).

The marginal distribution of individual claims X in a whole portfolio of policies in this
case is [2, p. 29], [10, p. 101]:

X)= j Fer(62)d2=[ £,(2) frs(x/2)d2 =

- e x e M dA = p j 2% P g =
o T I'(a)
£ Da) I (4 AV pegtemigy o _aB ©)
F(a x+ﬂ a+1 . 0£+1 (x_l_ﬂ)aﬂ

That 1s density function of the Pareto distribution Pa(a; p ) [8], [15]. This result gives us
a very nice interpretation of the Pareto distribution. Pa(a;/f ) arises when exponentially

distributed losses are averaged using a G («; £) mixing distribution.

1.3 Modelling the collective risk

When we derived that the probability model for the number of claims in heterogeneous
portfolio of policies is negative binomial NB(a;;r) and the probability model for the

individual losses is Pareto Pa(a; ,b’), we are going to construct the probability model
for the random variable S, so called the collective risk model as it 1s defined in [1], [4], [10],

[117, [12].

Recall that the random variable S denotes the aggregate claims paid by the insurer in the
year in respect of this risk. When the variable N denotes the number of claims and the
random variable X, denotes the amount of the i-th claim, thus

S=X+X,+.+X, (7)
where X, X,,..,X, are independent, identically distributed variables, N, X, X,,..,X, are
mutually independent, and if N =0 than §=0.

The distribution of Sis an example of a compound distribution. When N is negative
binomial, S has a compound negative binomial distribution. If we denote as G(s) distribution
function of S and F(x) the distribution function of X,, so G(s)=P(S<s)=F;(s) and

F(x)=P(X,<x). The k-th moment of X, about zero for k=1,2,3,..., will be denoted
as m, = E(X}).

We will focus on determining the approximate collective risk model for S, not exact
expression for G(s). For the approximate methods we need to know the moments of S. Basic

expressions, known in actuarial literature, for example derived in [1], [3], [4], [5], [10], we
can write as

E(S)=E(N)m,
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D(S)=E(N)(m,~m)+D(N)m/ (8)
Mg(z)=M,(InM,(z))

By the formulas (8) we can calculate all basic moments of S if we know the relevant
moments of N and X.

We now determine the basic formulae for the mean, variance and skewness of the
compound negative binomial distribution for S, which are derived in [1, p. 83]:

E(S):@ml )
D(S):a-(l—ﬂ)'(ﬂ'71;122+(1—7r)-mf) 10)

7t (1=x)-my+3-z-(1=7) -y -my +2-(1=7) -]

\/;(72"(1—72')-77’12+(1—7T)2-m12)1’5

Note that the compound negative binomial distribution is always positively skewed.
By section 2.2 the individual losses in heterogeneous portfolios of policies are distributed

by Pareto Pa(a; ,8) with density function (6). To be able to substitute to formulae (11),
(12), (13), the k-th moment about zero, k=1,2,3 of XU Pa(a;f) we need. The

expressions for these moments by [1], [6] and [9] are

skew(S)z (11)

mle(X):%, o> (12)
vy 2 g

m=BUC) = e (13)

m, = E(X*) = of o>3 (14)

(a-1)(a-2)(a-3)

2 The translated gamma approximation to G(s)

Now we will use the results of Chapter 2 to find approximations for the distribution
of collective risk S =X, + X, +..+X,,.

Because X, X,,..,X, are independent, identically distributed variables, when number

of claims N is reasonable large, a normal approximation to the distribution of § may be used
by Central limit theorem. But the normal distribution can take negative values and is
symmetric, while aggregate claims S are always nonnegative and in case of compound
negative binomial distribution always positively skewed.
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One alternative to the normal approximation which does not have these deficiencies is

e N : o
translated gamma distribution. We denote G («; /) the gamma distribution with mean —,

) a 2
variance —, and skewness —.
p Va

Let 4, 0" and 5 denote the mean, variance and coefficient of skewness of S. We

assume S has approximately the same distribution as the random variable k + Y where & is
a constant and Y has a gamma distribution G(a, ). The parameters k, a and [ are chosen

so that £ + Y has the same first three moments as S.

Equating the coefficients of skewness, variance and means of S with the same
characteristics of k + Y gives the following three formulae:

_2 ol =— P 15

from which a, # and k can be calculated.

3 Methods for practical application

The Chapter 2 and Chapter 3 contain all the necessary information to allow us to find the
translated gamma approximation to collective risk S based on the real data of insurance
company about the number and the amount of claims for each policyholder.

Such data are required to estimate the parameters of the negative binomial distribution
of number of claims and parameters of the Pareto distribution of individual losses
in a heterogeneous portfolio of policies. The goodness of fit tests can be used to verify
whether data may come from the expected distributions with estimated parameters.

The method of moment is easy to use to estimate parameters of negative binomial
distribution NB(a;7z) from expression of E(N)and D(N) by (4) if we estimate E(N)
by sample mean and D(N) by sample variance [7, p. 100], [2, p. 32].. Maximum likelihood
estimates [2], [10] provide some statistical software packages, for example Statgraphics
Centurion.

The method of moments [1, p. 41] to estimate parameters o and f of Pareto loss
distribution Pa (a; p ) 1s very easy to apply given data x,,x,,...,x, of individual losses with
sample average x and sample standard deviation s:

~ 25’ ~ _
a=—— p=(a-1)x (16)

S —X

The estimates obtained in this way will tend to have rather large standard errors and so the
maximum likelihood estimators of parameters of Pa(a;f) are preferred [1,p.41],

[10, p. 72]. We denote as &, ,5’ the maximum likelihood estimates given data x,,x,,...,x,
from the Pa(a; p ) distribution. If log-likelihood function we denote as ¢ we find 0//0c
and 0//0f. We equate the two expressions for parameter @ and find maximum likelihood

estimator /3 satisfies f(/)=0 where [2,p. 16], [10, p. 72]
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4 1
T f+x, n

f(ﬂ)—A—B—iﬂﬁH _Zln(H ] (17)

i=1

Substituting A in A or B we can find & .

Pareto model often gives an excellent fit when we need to find a distribution with rather
more weight tail what is typically feature in a heterogeneous portfolios of the policies.

Various statistical tests may be used to check the fit of a proposed model, the most often
Chi-Squared test [2], [10], [16].

Chi-Squared test divides the range of X into & intervals and compares the observed counts
O; (number of data values observed in interval i) to the number expected given the fitted
distribution £; (number of data values expected in interval 7).

Test statistics is given by

. _ 2
, &(0-E)

1

(18)

which is compared to a chi-squared distribution with k£ — p—1 degrees of freedom, where
p 1s the number of parameters estimated when fitting the selected distribution.

4 Application of the theoretical results

Practical application of theoretical results mentioned in previous chapters we provide
based on data from unnamed Czech insurance company. We know the individual data of the
number of claims and of the claim amounts (in CZK) in the portfolio of 25 752 policyholders
for compulsory third party liability motor vehicles insurance.

This application at first presents the results of fitting a Poisson and a negative binomial
distribution to the data on variable N that is the number of claims made by a policyholder
in this portfolio.

Tab. 1: Estimation of Poisson parameter A
25752 values ranging from 0.0 to 3.0
Fitted Distributions

Poisson
mean = 0.0409289

Source: Output from Statgraphics Centurion XV

Tab. 2: Parameters estimation of NB(a;x)

25752 values ranging from 0.0 to 3.0
Fitted Distributions

Negative Binomial
event probability = 0.900157
number of successes = 0.369005

Source: Output from Statgraphics Centurion XV
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The output of the procedure Goodness-of-Fit Tests in Tab.3 shows the results
of chi-squared test run to determine whether N can be adequately modelled by a Poisson
distribution. The chi-squared test divides the range of N into 3 groups and compares the
number of observations in each class to the number expected based on the fitted Poisson
distribution. It is obvious that the Poisson distribution gives a very poor fit to the higher
claim frequencies. Since the smallest p-value amongst the tests performed is less than 0.05,
we can reject the hypothesis that N comes from a Poisson distribution.

Tab. 3: Results of Chi-squered test for Poisson distribution of N

Lower Upper Observed Expected Chi-
Limit Limit Frequency Frequency Squared
at or below 0.0 24773 24719.28 0.12
1.0 1.0 909 1011.73 10.43
2.0 3.0 70 20.99 114.44
Chi-Squared = 124.984 with 1 d.f. p-value = 0.0

Source: Output from Statgraphics Centurion XV

Tab. 4 shows the results of fitting a negative binomial distribution to the data on N.
The estimated parameters of the fitted distribution are shown in Tab. 2. It means the results
of tests run to determine whether N can be adequately modelled by a negative binomial
distribution with estimated parameters.

Tab. 4: Results of Chi-squered test for negative binomial of N

Lower Upper Observed Expected .
Limit Limit Frequency Frequency Chi-Squared
at or below 0.0 24773 24771.61 0.00
1.0 1.0 909 912.65 0.01
2.0 2.0 65 62.37 0.11
3.0 5 5.37 0.03

Chi-Squared = 0.150921 with 1 d.f. p-value = 0.697657

Source: Output from Statgraphics Centurion XV

The chi-squared test in Tab. 4 divides the range of 4 classes and compares the number
of observations in each class to the number of expected based on the fitted negative binomial
distribution. The fit of the negative binomial to the higher frequencies is very good. Since the
p-value = 0.697657 the test performed is greater than 0.05, we do not reject the hypothesis
that N comes from anegative binomial distribution. These results correspond with the
sub-chapter 2.1.

According to derived equation (6) can be assumed that the individual losses are Pareto
distributed. We have used the data about 979 claim amounts in our portfolio and we have
fitted the Pareto model to the data. The calculations of chi-squared test procedure by (18)
for fitted Pareto distribution have completely done in Excel and results of calculations
present Tab. 5.

Maximum likelthood method gives us the estimators of two parameters of Pareto

distribution by solution equation (17) with help of Solver:
& =5.608 and B =7511.3 (19)
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Now we can perform chi-squared test on the Pareto distribution with maximum likelihood
estimators of parameters by (18).

Tab. 5: Chi-squared test for the Pareto model
UL O; F(UL) pi E; 7
2000 741 0.733906 0.7495805 733.8393 0.069873
4000 155 0.908755 0.1748483 171.1765 1.528706
6000 46 0.962843 0.0540884 52.95259 0.912863
8000 20 0.982867 0.0200241 19.60361 0.008015
10000 9 0.991322 0.0084542 8.276653 0.063218
over 10000 8 0.0086785 8.496214 0.028981
Total 979 2.611656

Source: own calculations

Tab. 5 contains the chi-squared test procedure based on real data. In the headings there
are: UL —upper limit of the intervals, O; — observed frequencies, E; — expected frequencies,
F(UL)- value of the Pareto distribution function in upper limit UL of the intervals,
pi - probability that random amount of claim is just from i-th interval under Pareto model
with parameters estimated by maximum likelihood method. The »* statistic is computed
by (18), and we get

i _ 2
7= ZM: 2612

i=l1 i
We have found critical value y_,; = 7.815 as a 95" percentile of y* distribution with

6-1-2 = 3 degrees of freedom and p-value = 0.45545, using the Insert Function in Excel,
which indicate good fit for the Pareto distribution, because y* = 2.612< 7.815 and p-value is
greater than 0.05. This result is also consistent with theoretical findings in sub-chapter 2.2.

We have confirmed a good fit with negative binomial distribution with parameters
in Tab. 2 of variable N and a good fit with Pareto distribution with parameters (19) estimated
by maximum likelithood methods of variable X, so we can calculate the k-th moments about
zero, k=1,2,3 for Pa(a;p)with parameters (19) by expressions (12), (13), (14).
Tab. 6 contains the results of calculations.

Tab. 6: The moments about zero for the Pareto model

ml 1630.0288
m?2 6786732.5496
m3 58636257773.6073

Source: own calculations

Now we know all the necessary values to be used for the formulas (9), (10), (11)
to calculate three basic characteristics of collective risk S in Tab. 7.
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Tab. 7: The basic characteristics of collective risk model S

E(S) 1718058.0962
D(S) 7463870619.6988
skew(S) 0.1088

Source: own calculations

Now we can calculate parameters of the translated gamma distribution (Fig. 1) which has
the three relevant basic characteristics same as distribution of collective risk S. From (15) we
get:

o =338.2 £ =0.000213 k=129242.7

Fig. 1: Density of translated gamma distribution
(X 0,000001)
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Source: own processing in the Statgraphics

S Discussion
The reason for approximating the distribution of collective risk S in insurance company

by a translated gamma distribution is that it may be easier to obtain quantiles (percentiles)
for (k +Y ) such as for S, or values for quantities such as Pl(a <k+Y< b) than

for P(a <S< b).The values of cumulative distribution function and quantiles for gamma
distributions are readily obtained from most statistical computer packages or from Excel.

The some high percentile, the most often 95-th S ,; of the collective risk model

determines for an insurance company so called risk premium RP. The risk premium in our
heterogeneous portfolio of policies we get as

Soos =k +Y, 05 =129242.7+1733540.578 =1862 783.284 CZK

0,95 0,95

Conclusion

The theoretical results in Chapter 2 and demonstration of their application to real data
in Chapter 5 confirmed that the number of claims N in a heterogeneous portfolio of policies
has a negative binomial distribution and so collective risk S has a compound negative
binomial distribution. We have shown procedure of approximation of collective risk model
by translated gamma distribution in case when individual losses are Pareto distributed
according to the results in subchapter 2.2. These results are very useful for insurance
practice since insurance companies deal mainly with heterogeneous risks. Knowledge of the
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collective risk model for the insurance company is particularly useful for determining the
risk premium and for reserves estimation.
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