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Abstract
Doctoral thesis

Proposal of a computer model for simulation of car tires under dynamic loads

by Ing. Sadjiep Tchuigwa Baurice Sylvain

UNIVERSITY OF PARDUBICE

Faculty of Transport Engineering
Department of Transport Means and Diagnostics

Supervisor: Prof.Ing. Jan Krmela, Ph.D
2025, 213 pages

This study focuses on the modeling and simulation of car tires subjected to dynamic loads. As
an essential part of the vehicle suspension system, tires ensure a proper transfer of loads to the
ground and absorb rolling-induced vibration. In operating conditions, these loads are highly dy-
namic. However, the analysis of tires under these conditions has not been thoroughly explored
in the literature. Therefore, the objective of this work is to address this gap. To achieve this,
both the review of the experimental response of tire components in cyclic dynamic tests and
the review of the existing tire models are conducted. Afterward, the methodology of a Finite
element-based model that is consistent with material dynamic properties and dynamic load is
proposed. An insightful strategy for the creation of the geometry, material parameter identifi-
cation, choice of topology, boundary conditions, and solution scheme is proposed. In order to
validate this model, simulations and experiments were conducted on a selected tire in static, dy-
namic and free vibration setups. The comparison of results, specifically the vertical deflection,
contact area, mode shapes, and natural frequencies, demonstrates the model’s accuracy. Fur-
thermore, extensive responses such as steady-state rolling, vibration analysis, transient rolling,
and steady-state dynamic were examined. Compared to static response, the results bring new
findings regarding the effect of dynamic loads on the deformation and stress state in the tire.
Moreover, this model is versatile and can be extended to investigate more responses, such as the
acoustic, thermomechanical, aquaplaning and coupled noise, vibration, and harshness analyses.
This work contributes to the advancement of the tire industry and highlights the significance of
considering dynamic loads in the tire design phases for improving tire design, durability, and
safety.

Keywords: Finite Element Method, Tire Simulation, Dynamic Load, Steady State Dynamic,
Vibration, Transient Rolling.
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Anotace
Dizertační práce

Návrh počítačového modelu pro simulaci pneumatik automobilu při dynamickém
zatížení

UNIVERZITA PARDUBICE

Dopravní Fakulta Jana Pernera
Katedra Dopravních Prostředků a Diagnostiky

Školitel: Prof.Ing. Jan Krmela, Ph.D
2025, 213 stran

Tato studie se zaměřuje na modelování a simulaci pneumatik automobilů vystavených dy-
namickému zatížení. Jakožto základní součást systému odpružení vozidla zajišt’ují pneumatiky
správný přenos zatížení na zem a absorbují vibrace vyvolané odvalováním. V provozních pod-
mínkách jsou tato zatížení vysoce dynamická. Analýza pneumatik za těchto podmínek však
v literatuře nebyla důkladně prozkoumána. Cílem této práce je proto tuto mezeru zaplnit. Za
tímto účelem je proveden jak přehled experimentální odezvy komponent pneumatik v cyklick-
ých dynamických testech, tak i přehled stávajících modelů pneumatik. Následně je navržena
metodologie modelu založeného na metodě konečných prvků, která je v souladu s dynamick-
ými vlastnostmi materiálu a dynamickým zatížením. Je navržena propracovaná strategie pro
vytvoření geometrie, identifikaci parametrů materiálu, volbu topologie, okrajových podmínek a
schéma řešení. Pro validaci tohoto modelu byly provedeny simulace a experimenty na vybrané
pneumatice ve statickém, dynamickém a volném vibračním nastavení. Porovnání výsledků,
konkrétně vertikální výchylky, kontaktní plochy, tvaru kmitů a vlastních frekvencí, demon-
struje přesnost modelu. Dále byly zkoumány rozsáhlé odezvy, jako je ustálené odvalování,
vibrační analýza, přechodné odvalování a ustálená dynamika. Ve srovnání se statickou odezvou
výsledky přinášejí nové poznatky týkající se vlivu dynamického zatížení na deformaci a stav
napětí v pneumatice. Tento model je navíc všestranný a lze jej rozšířit tak, aby zkoumal více
odezev, jako jsou akustické, termomechanické, aquaplaningové a související analýzy hluku, vi-
brací a drsnosti. Tato práce přispívá k rozvoji pneumatikářského průmyslu a zdůrazňuje význam
zohlednění dynamického zatížení ve fázích návrhu pneumatik pro zlepšení konstrukce, život-
nosti a bezpečnosti pneumatik.

Klíčová slova: Metoda konečných prvků, simulace pneumatik, dynamické zatížení, ustálená
dynamika, vibrace, přechodné odvalování.

iv

https://www.upce.cz/


Contents

Abstract iii

List of Abbreviations xiii

Physical Constants xiii

List of Symbols xiv

1 Introduction 1
1.1 Context . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Research motivations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Problem statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.4 Research aim . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.5 Research objective . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.6 Manuscript outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 Presentation and state of art on tire models 12
2.1 Definition and functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2 Static and dynamic characteristics of tires . . . . . . . . . . . . . . . . . . . . 16
2.3 Literature review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.4 Research gap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.5 Benefits of the proposed model . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3 Kinematics and mechanical properties of tire materials 33
3.1 Kinematics: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.2 Material constitutive models . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.3 Temperature dependence: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.4 Wear of tread: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.5 Contact constitutive laws: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4 Proposed computer model for tire simulation 66
4.1 Motivation and assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

v



4.2 Tire geometry creation: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.3 Proposed material parameter identification method: . . . . . . . . . . . . . . . 68
4.4 Creation of the topology: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.5 Modeling of interactions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
4.6 Static/Dynamic loads on tire . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
4.7 Kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.8 Challenges: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
4.9 Design of the modeling road-map . . . . . . . . . . . . . . . . . . . . . . . . . 86

5 Implementation of the method 88
5.1 Case study 1: a proof of concept analysis . . . . . . . . . . . . . . . . . . . . . 88
5.2 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
5.4 Case study 2: a solution to computational cost . . . . . . . . . . . . . . . . . . 99

6 Simulation, results and validation of the model 100
6.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
6.2 Results and Validation of the model . . . . . . . . . . . . . . . . . . . . . . . 108
6.3 Further analysis on numerical model . . . . . . . . . . . . . . . . . . . . . . . 132

7 Conclusions 169

Appendix A 171

Appendix B: tire specifications 172

References 174

Author’s publications 194

vi



List of Figures

1.1 Motivation for the improvement of tire modeling. . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Average composition of passenger, light truck and truck tires [6]. . . . . . . . . . . . . . . 3
1.3 Tire life cycle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Greenhouse gas emissions throughout tire lifecycle (from extraction, production, usage

to recycling) [7]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.5 E.U.labeling system of tires as per environment and safety criteria. . . . . . . . . . . . . . 5
1.6 Revenue in the automotive tire market [13], [14]. . . . . . . . . . . . . . . . . . . . . . . . 6
1.7 Structural requirements for tire. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1 Tire’s major functions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2 radial tire casing (left) versus bias tire casing (right) [32]. . . . . . . . . . . . . . . . . . . 13
2.3 Tire casing parts [33]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.4 Bead structure [34] and rim’s parts [35]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.5 Tire tread parts [36]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.6 Tire handling coordinate system [40]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.7 Dependent and independent variables for tire handling analysis. . . . . . . . . . . . . . . 19
2.8 Tensile test results of several steel cords[45]. . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.9 Rubber compounds response. (a) in uniaxial tensile test [51], (b) in uniaxial tensile cyclic

test [52]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.10 Stress-strain dependence of PA66 in cyclic tensile test at 20°C and 120°C [52]. . . . . . 22
2.11 Types of tire modeling approaches [67]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.12 Brush model [70]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.13 Rigid ring model [72]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.14 Flexible ring tire model [74]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.1 Lagrangian, Eulerian and Arbitrary Lagrangian-Eulerian(ALE) configurations. . . . . . . 35
3.2 Typical hysteresis loop in a rubber material [104]. . . . . . . . . . . . . . . . . . . . . . . 42
3.3 Stress relaxation. (a) applied constant strain ε0, (b) stress response induced . . . . . . . . 43
3.4 Stress relaxation. (a) applied constant strain ε0, (b) stress response induced. . . . . . . . 43
3.5 Creep process. (a) applied constant stress σ0, (b) strain response induced. . . . . . . . . . 44
3.6 Multiple creep process. (a) series of applied constant stress ε0, ε0. (b) stress response

induced. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.7 Simplest material rheological models. (a) Kevin model, (b) Kelvin-Voigt model, (c)

Burgers model, (d) Maxwell model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.8 Standard Linear Solid (SLS) Maxwell model. . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.9 Generalize model of Maxwell. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.10 Fiber-reinforced polymer. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

vii



3.11 Influence of Mullins damage on stress-strain curve [133]. . . . . . . . . . . . . . . . . . . 58
3.12 Stress relaxation responses for the unfilled silicone rubber for different temperatures [147]. 60
3.13 Interpolation process of the shifted moduli and relaxation/creep times. . . . . . . . . . . . 61
3.14 Basic representation of the contact gap and potential contact surfaces between the tire

and the road. (a) in Static, (b) in rolling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
3.15 Strict normal contact law. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.16 Basic Coulomb frictional laws. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.1 From the physical problem to the FEM model. . . . . . . . . . . . . . . . . . . . . . . . . 66
4.2 Flowchart for creating a digital tire cross-section from cross-section scanning. . . . . . . 68
4.3 Spectrum of the loading sequence. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.4 Adjustment of the mechanical properties in response to changes in temperature. . . . . . 72
4.5 Possible circonferential mesh of tire from 2D axisymmetric tire model. (b) Type 1:

Equally spaced sector mesh and (a) Type 2: Sectorized mesh. . . . . . . . . . . . . . . . . 73
4.6 3D finite element types for meshing rubber compounds and beads. . . . . . . . . . . . . . 74
4.7 Possible FE elements for reinforcements. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
4.8 Graphical illustration of modeling approaches for reinforced rubber belts. . . . . . . . . . 76
4.9 Tire-center kinematic interaction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
4.10 Tire-center rigid body interaction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
4.11 Tire-rim surface interaction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
4.12 Types of loads applied to the tire. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.13 Basic representation of the contact gap and potential contact surfaces between the tire

and the road. (a) in Static, (b) in rolling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.14 Standard tire modeling process [178]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
4.15 Modeling road-map adopted: progressive improvement. . . . . . . . . . . . . . . . . . . . 87

5.1 half cross-section of 175/75R14 tire [182] . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
5.2 Parts of the tire . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
5.3 Parts of the tire . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
5.4 Load definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.5 σVM at t = 1 s in the tire with incompressible linear elastic rubber materials. . . . . . 94
5.6 σVM at t = 1 s in the tire with incompressible hyperelastic rubber materials. . . . . . . 95
5.7 σVM at t = 1 s in the tire with incompressible visco-hyperelastic rubber materials. . . 95
5.8 σVM at t = 1 s in the tire with incompressible hyper-pseudoelastic rubber materials. . 95
5.9 UY [mm] at t = 1 s in the tire with incompressible linear elastic rubber materials. . . . 96
5.10 UY [mm] at t = 1 s in the tire with incompressible hyperelastic rubber materials. . . . 96
5.11 UY [mm] at t = 1 s in the tire with incompressible visco-hyperelastic rubber materials. 96
5.12 UY [mm] at t = 1 s in the tire with incompressible hyper-pseudoelastic rubber materials. 97
5.13 Normal contact stress pn at t = 0.46 s for different rubber material constitutive laws. . . 97
5.14 Performance analysis of the different models . . . . . . . . . . . . . . . . . . . . . . . . . 98

6.1 Cross-section and 3D view on 165/65R13 77T MP16 tire. . . . . . . . . . . . . . . . . . 101
6.2 Details of casing. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
6.3 Tire casing parts. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
6.4 Full 3D model for static analysis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
6.5 Discretized parts of the finite element model. . . . . . . . . . . . . . . . . . . . . . . . . . 104

viii



6.6 Road . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
6.7 Full 3D model for static analysis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
6.8 Workflow for model deployment and validation. . . . . . . . . . . . . . . . . . . . . . . . 107
6.9 Views of the static adhesor [183]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
6.10 Views of the static adhesor [183]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
6.11 Visualization of tire deformation during vertical static loading. (a) Experiment and (a)

FE model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
6.12 Distribution of Von Mises stress (in rubber parts) and normal force (in reinforcements). . 111
6.13 3D view on the deformed tire at pin = 250 kPa and under 100%LI . . . . . . . . . . . . . 112
6.14 Numerical and experimental results of the applied load Fz versus the radial deflection uz

on the static adhesor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
6.15 Numerical and experimental results of the applied load Fz versus the radial deflection uz

on the static adhesor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
6.16 Visualization of contact stress and contact patch from FE model and expriment at 100%LI.

(a) Experiment, (b) and (c) are respectively the contact pressure and contact patch from
FE model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

6.17 Contact patch obtained on the tire with tread pattern. . . . . . . . . . . . . . . . . . . . . . 115
6.18 Numerical versus experimental radial stiffness kz . . . . . . . . . . . . . . . . . . . . . . . 116
6.19 View on the dynamic adhesor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
6.20 Schematic view of tire testing on dynamic adhesor: drum on the left and tire on the right. 118
6.21 Numerical and experimental results of the applied load Fz versus the radial deflection uz

at zero speed on the dynamic adhesor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
6.22 Numerical and experimental results of the applied load Fz versus the radial deflection uz

on the dynamic adhesor at a speed of 120 Km.h−1. . . . . . . . . . . . . . . . . . . . . . . 119
6.23 Wheel mounted on a fixed rig. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
6.24 Experimental setup for measuring modal vibration of unloaded tire. (a) View on the

experimental setup (b) Apparatus and its components [189]. . . . . . . . . . . . . . . . . . 121
6.25 Flowchart for the modal vibration analysis of the unloaded tire. . . . . . . . . . . . . . . . 124
6.26 Equally space circumferential meshing of the tire . . . . . . . . . . . . . . . . . . . . . . . 125
6.27 Flowchart of the Modal analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
6.28 Mesh sensitivity analysis for frequency extraction . . . . . . . . . . . . . . . . . . . . . . 126
6.29 Modal frequency sensitivity analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
6.30 Illustration of tire rolling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
6.31 Dependence of the tire rolling resistance force and wheel torque on the angular velocity

ω and applied load Fz at a rolling velocity of 80Km.h−1. (a) longitudinal resistance
force Fx and (b) wheel torque My. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

6.32 Identification of the free rolling angular velocity ω0. . . . . . . . . . . . . . . . . . . . . . 139
6.33 Distribution of the contact stress [MPa] at free rolling with a velocity of 80Km.h−1. . . 140
6.34 Distribution of the contact stress [MPa] at full braking from a speed of 80Km.h−1. . . . 140
6.35 Distribution of the contact stress [MPa] at full acceleration from a speed of 80Km.h−1. 141
6.36 Dependence of the tire forces/moments on the camber angle γ and applied load Fz at a

velocity of 80Km.h−1. (a) overturning moment Mx and (b) Aligning torque Mz . . . . . 141
6.37 Mx versus γ ∈ [−8°,+8°]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
6.38 Distribution of the contact stress [MPa] at cambering with γ = 8° and a velocity of

80 Km.h−1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

ix



6.39 Dependence of the tire forces/moments on the slip angle α and applied load Fz at a ve-
locity of 80 Km.h−1. (a) Lateral force Fy and (b) Longitudinal force Fx, (c) overturning
moment Mx, (d) rolling resistance moment My and (e) Aligning torque Mz . . . . . . . . 143

6.40 Dependence of the tire forces/moments on the slip angle γ ∈ [−15°,+15°] and applied
load Fz at a velocity of 80 Km.h−1. (a) Lateral force Fy, (b) Lateral force Fx, (c)
overturning moment Mx, (d) rolling resistance moment My and (e) Aligning torque Mz . 144

6.41 Cornering stiffness Cα for α ∈ [0, 15°]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
6.42 Variation of the cornering stiffness Cα as function of α ∈ [−15°,+15°] and applied load. 145
6.43 Distribution of the contact stress [MPa] at cornering with α = 15° and a velocity of

80 Km.h−1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
6.44 PSD-based random vibration analysis workflow . . . . . . . . . . . . . . . . . . . . . . . . 152
6.45 Solution algorithm for steady-state dynamic analysis of tire in contact with road . . . . . 153
6.46 Vertical displacement at tire center as per the excitation frequency. . . . . . . . . . . . . . 155
6.47 Vertical displacement at tire center as per the excitation frequency. Without the natural

frequencies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
6.48 Visualization of the effect of amplitude and the frequencies of the impulse force on the

vertical displacement of the tire. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
6.49 Schematic view on Tire transient rolling setup . . . . . . . . . . . . . . . . . . . . . . . . . 160
6.50 Definition of (a) the longitudinal velocity vx and (b) the angular velocity ω. . . . . . . . 161
6.51 Evolution of the strain component εzz over the time at a rolling speed of vx = 10 Km.h−1.162
6.52 Evolution of the transversal displacement uy over the time at a rolling speed of vx =

10 Km.h−1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
6.53 Evolution of the normal force (in Newton) in steel cords surface layer over the time at a

rolling speed of vx = 10 Km.h−1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
6.54 Visualization of the influence of the rolling velocity on the lateral deformation of the tire

at t = 2.5 ms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
6.55 Visualization of the influence of the rolling velocity on the lateral deformation of the tire

at the contact with the curb. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166
6.56 Visualization of the evolution of the vertical velocity, vertical displacement and distance

traveled over the time. vx given in Km.h−1. . . . . . . . . . . . . . . . . . . . . . . . . . . 166
6.57 Visualization of the evolution of distance covered over the time. vx given in Km.h−1. . . 167
6.58 Identification of generated vibration. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

x



List of Tables

2.1 Comparison of selected FEA Tire Models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.1 Transport formulas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.2 A family of strain tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.3 A family of stress tensors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.4 A few volumetric strain energy density functions. . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.5 A few deviatoric strain energy density functions. . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.6 A few anisotropic-hyperelastic strain energy density functions. . . . . . . . . . . . . . . . . . . 55

4.1 Constitutive laws and parameters of tire components. . . . . . . . . . . . . . . . . . . . . . . . 70
4.2 Element type configurations for different parts. . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.3 Comparison of modeling approaches for tire reinforced layers. . . . . . . . . . . . . . . . . . . 77

5.1 Reinforcement material propeties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
5.2 Material properties of rubber compounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.3 Mesh properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
5.4 results and performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

6.1 Reinforcement material propeties. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
6.2 Material properties of rubber compounds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
6.3 Comparison of radial deformation between the numerical model and experiment at 100%LI . . . 113
6.4 Comparison of contact area between the numerical (simplified) and experimental results at 100%LI115
6.5 Comparison of contact area between the numerical model and experiment at 100%LI . . . . . . 115
6.6 Comparison of radial stiffness between the numerical model and experiment . . . . . . . . . . . 116
6.7 Comparison of radial deflection on dynamic adhesor at 300kPa inflation and 0 Km.h−1 speed. . 119
6.8 Comparison of the radial deflection on the dynamic adhesor at 300kPa inflation and 120 Km.h−1

speed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
6.9 Set of meshes selected for mesh sensitivity analysis. . . . . . . . . . . . . . . . . . . . . . . . . 125
6.10 Eight (08) lowest in-plane natural vibration modes of the unloaded tire. . . . . . . . . . . . . . . 127
6.11 Eight(08) lowest out-of-plane natural vibration modes of the unloaded tire . . . . . . . . . . . . 128
6.12 Comparison between FEM calculated and experimentally measured frequencies. . . . . . . . . . 129
6.13 Comparison of in-plane shapes between the FE and experiment results . . . . . . . . . . . . . . 130
6.14 Comparison of out-of-plane mode shapes between the FE and experiment results . . . . . . . . 131
6.15 Comparison between the calculated and empirical cornering Stiffness at 100%LI , 0° slip angle

and 80 Km.h−1 rolling velocity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
6.16 Ten (10) lowest in-plane vibration modes of the free rolling tire at 80 Km.h−1. . . . . . . . . . 147
6.17 Eight (08) lowest out-of-plane vibration modes of the free rolling tire at 80 Km.h−1. . . . . . . 148

xi



7.1 Basic specification [199] as per EU 2020/740 standard. . . . . . . . . . . . . . . . . . . . . . . 172
7.2 General specifications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

xii



List of Abbreviations

ALE Arbitrary Lagrange Eulerian
BEM Boundary Elment Method
CFD Computational Fluid Dynamics
CNORMF Contact force distribution
CPRESS Contact Pressure distribution
C3H8RH 3D continuum 8-node Hexahedral solid Hybrid element with Reduced integration
EU European Union
FE Finite Elment
FEM Finite Elment Method
GDP Gross Domestic Product
GHG Green House Gaz
GHO Global Health Observatory
HM Hyper- Pseudo-Elastic
JATMA Japan Automobile Tire Manufacturers Association
LI Load Index
M Space of square matrices
H Sobolev space
MR Mooney Rivlin
RP Reference Point
RRC Rolling Resistance Class
RVE Representative Volume Element
VH Visco- Hyperelastic

Physical Constants

Acceleration due to gravity g = 9.81m s−2

xiii



List of Symbols

a = (ax, ay, az) Acceleration vector field ms−2

−→
Aα Fibers orientation unit vectors
CIJKL Fourth-order elasticity tensor MPa

Ci, c0i Material constants MPa

C right Cauchy-Green deformation tensor
Di Compressibility parameters MPa−1

EI ϵ{1,2,3} Basis coordinate vectors associated with XI

ei ϵ{1,2,3} Basis coordinate vectors associated with xi
E Green-Lagrange strain tensor
E Young’s modulus MPa

F Deformation gradient
Fcx, Fcy, Fcz Resulting force components at tire-road interface N

Fwx, Fwy, Fwz Force components at wheel’s center N

gi Relaxation/creep moduli
Ii ϵ{1,2,3} Principal invariants of C
I i ϵ{1,2,3} Reduced principal invariants of C
J Jacobean determinant
kx, ky, kz, Cα, Cγ tire handling stiffness Nm−1,N ◦−1, Nm ◦−1

Mcx,Mcy,Mcz Resulting moment components at tire-road interface N

Mwx,Mwy,Mwz Moment components at wheel’s cente Nm

P First Piola-Kirchhoff stress tensor MPa

p Hydrostatic pressure MPa

pn Contact pressure MPa

pin Tire inflation pressure MPa

r,m, η Mullins damage parameters
Rdrum Drum radius m

Rr,in Rim radius m

Rt,in Tire radius m

S Second Piola-Kirchhoff stress tensor MPa

t Time variable s

T Piola-Kirchhoff stress tensor MPa

xiv



u = (ux, uy, uz) Displacement vector field m

U Volumetric strain energy density function J

UI,J right stretch tensor
vt = (vtx, vty, vtz) Velocity vector field ms−1

V0 Initial volume of Ω0 m3

v Volume of Ωt at ant time m3

W Strain energy density function J
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1 Introduction

1.1 Context

Tires are key structural components in both road and air transport that play a paramount role
in mobile structure integrity and stability. They not only transfer loads from the moving struc-
ture (car, truck, aircraft, etc.) to the supporting ground, but they also absorb shocks due to
road roughness or disparities such as peeling, rutting, or feathering on the road, or any other
pathologies that affect the structural morphology of the road surface. Therefore, they signifi-
cantly contribute to providing comfort, stability, and safety in various operating conditions. As
per the usage, one distinguishes many types of tires:

• Passenger and light truck tires: PT/LT;

• Bicycle tires;

• Motorcycle tires;

• Agricultural tires;

• Aero tires;

• Racing tires;

• Truck and bus tires.

These tires vary by their design and bearing capacity. This is why the improvement in tire
design and manufacturing processes is at the heart of manufacturers’ and governments’ quest.
This quest constantly stimulates research efforts to enhance the tire according to the nature of
the various stresses it is subjected to and the conditions in which it operates. Although the
tire’s current complex structure is the fruit of great evolution and poignant progress, the fact re-
mains that its structural optimization is still necessary in view of the material resources required
and the ecological and economic stakes involved. In the current dynamically changing modern
world, where the problems of rational use of natural resources and mitigation of the environ-
mental impact of human activities are becoming ever more acute, the demands for sustainability
and performance are ever greater. This, in turn, raises the need to develop more sophisticated
and accurate simulation models that will allow manufacturers to better apprehend the behavior
of tires and foster the design of higher-performance products.
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1.2 Research motivations

Given the dynamic loads that tires are subjected to throughout their service life, developing
a computer model to simulate tires under these loads is of paramount importance from both
a scientific and industry perspective. Such a model will close the current gap in dynamic tire
modeling, providing manufacturers with a more advanced modeling roadmap for product design
and optimization. These motivations are highlighted in Figure 1.1.
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Figure 1.1: Motivation for the improvement of tire modeling.

1.2.1 Environmental and sustainability reasons:

In today’s climate of fossil fuel scarcity [1] and skyrocketing energy prices, coupled with rising
energy demands for the world’s production systems due to a growing population, the issue of
resource and energy sustainability has emerged as one of the major concerns of this century and
has increasingly been catching the attention of decision-makers worldwide. By pursuing sus-
tainable policies, governments [2] are encouraging businesses and research centers to develop
less energy-intensive systems that will make it easier for the effective transition from fossil fu-
els to green or eco-friendly energy to occur. In this respect, the transport sector [2], [3], [4]
stands as one of the most polluting industries in terms of vehicle oil consumption and energy
consumption for vehicle parts manufacturing. Like the aerodynamic shape of a vehicle, tire
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rolling resistance plays an important role in determining fuel consumption and consequently
increasing greenhouse gas emissions (carbon monoxide, etc.).
The structure of modern tires is the result of decades of continuous research and innovation in
the automotive and chemical industries. Originally, only natural polymers were used, but later,
with technological advances in chemistry, synthetic polymers began to be combined with natural
polymers in order to produce tires with improved performance and lower costs. Depending on
the tire’s usage and requirements [5] (mechanical, environmental, financial, etc.) involved,
several compositions may be considered (see Figure 1.2).

Figure 1.2: Average composition of passenger, light truck and truck tires [6].

As we might expect, heavy truck tires require more reinforcements (on average, twice as
much) and more natural polymers because of their much higher load-bearing capacity. However,
a primary principle of sustainable development is that waste products must be recycled and
reintroduced into production cycles. For instance, a study conducted in 2021 by the Japan
Automobile Tire Manufacturers Association (JATMA) [7] revealed that only around 16% of
used tires are recycled, while around 64% are used for energy recovery, which raises serious
pollution concerns, as the latter is accompanied by significant greenhouse gas (GHG) emissions.
Recalling meanwhile that tires’ lifecycle can be roughly divided into four stages highlighted in
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Figure 1.3.

Figure 1.3: Tire life cycle.

According to the same study, over the entire lifecycle of tires, more than 80% of GHG
emissions occur during the usage stage due to rolling resistance with the road surface.(see Fig-
ure 1.4).

other stages

20%

use stage

80%

Figure 1.4: Greenhouse gas emissions throughout tire lifecycle (from extraction, production, usage to
recycling) [7].

Rolling resistance is a very relevant phenomenon in vehicle dynamics, as it dictates how tires
interact with the road during motion. It is roughly defined as the tendency of the tire in contact
with the road to resist movement in the direction of travel. According to Clark and Dodge [8],
the primary cause of rolling resistance is hysteresis, induced by the viscoelastic constitutive
behavior of rubber compounds in the tires. In the same vein, there exists a categorization in the
tire industry that rates tire rolling efficiency based on their rolling resistance class(RRC). This
coefficient is a useful indicator since it is directly related to the vehicle’s fuel consumption.
Simply put, the higher the rolling resistance class, the more fuel the vehicle will consume. In
concomitant rolling situations, tires generate noises, for which the value measured in decibels
must comply with certain requirements aimed at reducing noise pollution. Another indicator of
no less importance is the wet braking performance, which measures the braking capacity of the
tire on wet roads. In this rating, the best tires require 30% less braking distance than the worst
ones [9].

As of 2021, the European Comission [9] has adopted a new ranking system for rating tire
fuel efficiency, wet braking performance, and noise emittance in replacement of the former
system. In this classification system, tires are sorted from A to E for the first two indicators
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and from A to C for the noise rating, both in descending order. This rating is presented in an
overview in Figure 1.5.

(a) Fuel efficiency

A

B

C

D

E

(b) Wet grip rating

A

B

C

D

E

(c) Noise rating

A

B

C

Figure 1.5: E.U.labeling system of tires as per environment and safety criteria.

Before being granted access to the EU market, manufacturers must prove that their products
have been tested and approved by the relevant authorities to meet environmental and safety
requirements.

In view of the above-mentioned environment and resource challenges, it is essential to adopt
solutions oriented toward the circular economy concept. This concept is based on the 4R princi-
ple: Renew, Reuse, Reduce and Recycle. In this regard, Michelin[10] and Continental[11] have
announced they have invested in R&D to reach a circularity rate of 100% by 2050. Achieving
this goal of replacing raw materials with fully sustainable materials demands a deeper under-
standing of the material behavior from both the chemical and mechanical perspectives.

1.2.2 Economic motivations:

According to surveys conducted by Research [12], Promodo [13], and Statista [14], the global
automotive tire market was estimated at $126.78 billion in 2022 and is expected to reach $154.4
billion by 2027 (see Figure 1.6).
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Figure 1.6: Revenue in the automotive tire market [13], [14].

In the 2023 annual report released by Statista [14], in 2019, the automotive tire market was
valued at $112.6 billion. This basically means that this section of the market is expected to grow
with a compound annual growth rate (CAGR) of circa 4% yearly until 2027. Compared with
the figures in 2000, the value of the global automotive tire market has almost doubled and has
significantly grown in terms of competitiveness and product quality. Among the world’s leading
tire manufacturers, companies such as Bridgestone, Michelin, Continental and Goodyear stand
out of the crowd with approximately 66% of the market revenue in 2020. In this market, the
largest demand is concentrated in the Asia-Pacific region, with about 45% of the global value.
Bearing in mind that this region is home to about 60.2% of the world’s population, demography
and living standards meaningfully drive the rise in the market demand for tires. Meanwhile, the
increase in the world’s road infrastructures within the last 25 years speaks eloquently to the rise
in demand for transportation and underlines its importance for human beings, both individually
and collectively in society. For instance, between 2005 and 2014, 32 million kilometers of built
roads were reported by the World Road Statistics (WRS) database[15]. Consequently, the tire
market is a very lucrative market segment with a bright future ahead. This brief overview of
the automotive tire market’s monetary value helps understand why tire producers have been
massively investing in research and development to enhance the quality and design of their
products.

1.2.3 Tire performance and durability motivations:

Alongside purely environmental and safety aspects, there are also requirements (see Figure 1.7)
related to the structural performance of tires.
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requirements

05. Him rim capacity

06. High load capacity

04. Low abrasion rate

03. Low noise emission

02. Low rolling resistance

Tire structural

07. High failure resistance

01. High handling capacity

Figure 1.7: Structural requirements for tire.

Tire stability and durability are key requirements that demand an advanced structural anal-
ysis during the design process and thorough verification during the testing phase. Such an
in-depth analysis stresses the tire’s handling characteristics and, more broadly, examines its
behavior in various short-, medium- and long-term scenarios. It also helps detect and prevent
sudden tire failures such as wear, tear, delamination, and blowout, which are responsible for
many car traffic crashes worldwide, as inventoried by Freeman and Leith [16], Chen et al. [17],
Gent and Walter [18] and Gardner and Queise [19]. The assessment for structural integrity and
stability of the tire is more generally conducted on a model that encompasses the geometry of
the tire and its constituents, material constitutive laws, boundary conditions and initial condi-
tions, loads, and solution schemes. Throughout the years, the tire industry has witnessed the
emergence of numerous tire models developed by researchers and engineers to capture tire be-
havior in diverse scenarios. These models vary in their level of detail, complexity, accuracy, and
applicability and can be categorized into three main groups: empirical, semi-analytical, and the-
oretical. While empirical models solely rely on experimental measurement data, semi-analytical
models combine experimental data with mathematical equations to predict tire response. On the
top of the above models stand theoretical models, which are the most sophisticated and use ad-
vanced mathematical formulation to simulate tire performance. Out of these models, only the
latter allows for rigorous modeling of tire components as highlighted by Sadjiep Tchuigwa et al.
[20].

Deepening tire response understanding is the ground-to-efficient tire enhancement, and it
spans from the characterization of components’ materials behavior to modeling techniques,
passing through components interactions and model parameters such as intra-components in-
terface and road contact interactions. Thus, proposing a tire model that can rigorously tackle
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any possible structural analysis in static and dynamic scenarios is relevant. In addition, it can
also serve as a base for thermal, acoustic, and aquaplaning studies and, more generally, for
multiphysics analysis.

1.2.4 Holistic simulation of vehicle dynamics:

When approaching vehicle dynamics from a holistic point of view, the incorporation of the tire
model as a subroutine function to integrate tire response in the vehicle model is of industrial
importance. Realistic and more insightful modeling of vehicle handling and crashworthiness
can be unveiled in such a context. Furthermore, the combination of such a model with sensors
and the integration of artificial intelligence will help reinforce vehicles’ reliability and safety.
In line with this futurist aim, Bridgestone Bridgestone Corporation [21] announced in 2019, a
research project for the development of smart tires for safer driving. In the fast-paced pursuit
of self-driving vehicles, holistic vehicle simulation[22], [23] has become more important than
ever. This approach allows for the systematic capture and consideration of all vehicle systems,
providing a real-time, in-depth understanding of the vehicle behavior. Again, it makes enhanced
monitoring and assisted control feasible via artificial intelligence models. More explicitly, once
the numerical model has been validated based on experiments, it can be utilized to run large-
scale simulations and collect the data necessary for training the machine learning model. The
trained model may then be deployed in driverless cars to enable tire response monitoring and
driving assistance.

1.2.5 Enhancement of tire design via topology optimization:

Once an in-depth insight into tire modeling has been gathered, it becomes easier to perform
structural optimization for rational utilization of material resources. For sustainable manage-
ment of available material resources, the lightweight design of the tires is necessary to fine-tune
the current tire design so that fewer material is utilized while fulfilling the same structural re-
quirements. Significant breakthroughs in topological optimization techniques [24], [25] over
the last three decades have made it possible. By way of example, this is the methodology pow-
ering current research into non-pneumatic tires as studied in [26]. Many variants of topology
optimization approaches in the literature are based on two pioneering formulations: the Bi-
directional Evolutionary Structural Optimization (BESO) method and the Solid Isotropic Mate-
rial with Penalisation method (SIMP), respectively developed by Yang et al. [27] and Bendsøe
[28]. However, there is no known method that tackles topology optimization involving geomet-
rical, material, and contact nonlinearities. Nevertheless, there are promising advances in this
regard with the recent studies by Zhang [29], Habashneh and Movahedi Rad [30] and Frederik-
sen et al. [31].
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1.3 Problem statement

As highlighted above, improving the tire modeling and analysis process for dynamic scenarios
is substantial for a better understanding of tire response and mitigating the ecological foot-
print of tire production and use. In recent years, FEM (Finite Element Method) has established
itself as a sophisticated technique for the simulation of a wide variety of boundary value prob-
lems, including tire simulation. Thanks to cutting-edge technological advancement in computer
architecture, FEM is gaining more and more ground. With its ability to address both linear
and nonlinear problems in static as well as dynamic, it can be efficiently used to solve me-
chanical problems involving geometrical, material, contact and follower force nonlinearities.
Furthermore, because of its transdisciplinary capabilities, FEA allows fluid, thermal, acoustic,
mechanical and multi-physics simulations to be carried out. The accuracy of the FE model to
simulate tires relies on the appropriate choice of material constitutive laws, the definition of
the topology (geometry) via image acquisition and computer-aided modeling, appropriate ap-
plication of loads, prescription of boundary conditions, as well as a proper choice of a solver
scheme. However, as far as dynamic loads are concerned, the existing computer models cannot
be utilized in their current states, as they would become, in this case, inconsistent with regard
to material behavior and load variation. Also, given the nonlinearities involved and the level of
meshing required to obtain acceptable results, the high computational cost is a major drawback.
Nonetheless, the FE models are way more powerful than the analytical and semi-analytical tire
models.

1.4 Research aim

In real-life usage, tires are exposed to dynamic loads that have to be taken into account during
the design phase to ensure safe usage, durability, and comfort of vehicle occupants. The dy-
namic response of a tire to these loads is closely conditioned by the mechanical properties of its
constituents. However, there is currently no existing tire model that can comprehensively cap-
ture the actual dynamic response of materials so that both reversible and irreversible phenomena
inherent to tire constituents are regarded. Nor is it intended for the dynamic simulation of tires
in dynamic scenarios. Therefore, the aim of this thesis is to propose a material-consistent and
computationally stable FEM-based model for modeling and simulating tires under dy-
namic loads. This model should allow a better mechanical characterization of tire components
and provide an efficient modeling strategy, as well as an optimal choice of solver properties for
ensuring stable and accurate solutions.
In light of the above-mentioned motivations and the limitations of existing tire models, the aim
of this thesis is to develop an innovative tire model that can accurately predict tire behavior
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under dynamic loads, considering the consistent dynamic response of tire materials.

1.5 Research objective

In order to achieve the aim of this thesis, the following activities were carried out:

• Literature review on tire models (assumptions, inputs, limitations, purpose): The pur-
pose of this work is to comprehensively explore existing tire models considering various
aspects such as the underlying assumptions they are built on, the inputs (material proper-
ties, geometry and mesh creation, boundary conditions, loads, solver) required for their
implementations, the inherent limitations they may possess, and the specific purposes
they serve within the field of automotive engineering.

• A detailed analysis of component behavior laws and identification of the parameters
that influence the tire’s dynamic response: this study assesses the effective material
response to dynamic loads and related material parameter identification procedure.

• Mechanical characterization, testing and calibration of tire parts: in this part, exper-
imental tests and material laws calibration are performed on tire parts from a tire selected
for validation.

• Development of a numerically stable modeling process: The purpose of this work is
to design and optimize an efficient modeling workflow and procedure for tire modeling.
This work serves as proof of concept to show that the chosen material model is also
accurate under static loads.

• Experimental static and dynamic testing of a selected tire: In this work, real laboratory
full-scale tests, namely the static test on the static adhesor, the static and dynamic test on
the dynamic adhesor, and the unloaded tire modal vibration test, are carried out.

• Validation of the numerical model based on experimental results: this part is devoted
to the application and validation of the developed modeling process.

• Simulation of various tire operational scenarios: extensive analyses, including steady-
state rolling, post-steady-state rolling vibration, steady-state dynamic, and transient rolling,
are investigated.

1.6 Manuscript outline

The structure of this thesis is organized as follows:
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Chapter 2 provides a general presentation and state-of-the-art knowledge of tire modeling.
More precisely, a brief introduction to tire functions, parts, and mechanical characteristics is
presented, along with a systematic literature review on tire models. Among the reviewed tire
parts and models, an emphasis is placed on finite element-based tire models, which are the in-
spiration for the current research.

Chapter 3 explores kinematics and possible material constitutive models for tire compo-
nents, namely rubber compounds (inner liner, apex, sidewall, tread, undertread, etc.), steel
cords, textile cords and carcass. These models range from the simplest in small strain to the
most complex in finite strain. Additionally, existing contact formulations pertaining to tire-road
interaction are examined.

In Chapter 4, the proposed FE-based tire model is constructed. First of all, a more realis-
tic experimental-inspired material model is chosen, and the material parameter identification is
outlined. Then, the modeling process includes the topology, boundary conditions, methodol-
ogy, assumptions and kinematic description of the problem are presented.

In Chapter 5, the influence of the rubber compound material law on the static response of a
selected tire is studied in detail. Also, a vectorized and generalized algorithm was introduced to
optimally reduce computational time.

In Chapter 6, the validation of numerical results against experimental results in static and
dynamic setups is thoroughly investigated in terms of deformation, contact pressure, and contact
patch. Further analyses, including steady-state rolling, steady-state dynamic, random vibration,
post-steady-state rolling frequency analysis, and transient rolling, are explored.

In Chapter 7, findings, model limitations, future recommendations and concluding remarks
are discussed and highlighted.
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2 Presentation and state of art on tire
models

Tires in their current design are the outcome of decades of engineering improvement and evolu-
tion. Their complex structure has evolved ever since in terms of material and design techniques.
The aim of this chapter is first to present the tire structure and its characteristics. Secondly, to
review the literature on tire simulation models and identify their limitations.

2.1 Definition and functions

The tire is a composite structure resulting from a sophisticated disposition of elastomer and
reinforcements to ensure contact, rolling and load transfer between the moveable system with
which it is associated and a rolling surface (pavement, tarmac or airfield). Tires are used in a
variety of applications, notably on aircraft landing gears, where they ensure safe take-off and
landing, on trucks of all types (construction equipment, etc.), and on passenger vehicles. To
each of these applications corresponds a particular design and structure in terms of material
composition and assembly. In the scope of this thesis, the focus is solely on car tires.

In automotive engineering, beyond the primary function of the tire abovementioned, the tire
is one of the most important parts of a vehicle system and is designed not only to transfer the
vehicle’s loads to the tarmac but is also expected to respond to the driver’s maneuvers through
the steering system. In a much more precise fashion, three major functions are ideally expected
in the design process of an optimal tire from a driving perspective illustrated in Figure 2.1

Figure 2.1: Tire’s major functions.
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2.1.1 Terminology and tire mechanical characteristics

There exist two distinct designs of car tires, namely radial tires and bias tires (see Figure 2.3).
While radial tires are made with respectively 0° and 90° oriented plies toward the longitudinal
direction of the tire, bias tires are made with plies unaligned following the longitudinal and
transversal direction.

Figure 2.2: radial tire casing (left) versus bias tire casing (right) [32].

Tire components definition and functions:

A cross-section on a tire reveals a combination of different components (see Figure 2.3) of
various properties. It is this complex design that makes the tire such a special structure, as each
of its components is judiciously positioned and chosen.

Figure 2.3: Tire casing parts [33].
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Beads are a bundle of steel wires(see Figure 2.4(a)) and are much stiffer than rubber from
bead filler, it prevents the tire from sliding out of the rim in high soliciting operational situations
like sudden short turns, cornering, lateral sliding, or braking. Meanwhile, in the technology with
tubeless tires characterized by a higher safety and stability than those with separate inner tubes,
bead helps avoid the leak of pressurized air in the tire by constraining the tire to remain in the
parts of the rim called bead rests and located between the flanges (inboard and outboard) and
mounting humps as shown in Figure 2.4(b).

(a) Bead (b) Rim

Figure 2.4: Bead structure [34] and rim’s parts [35].

Tread is the tire part directly in contact with the road surface and is important for transfer-
ring wheel loads to the soil, steering response/traction, and assuring quality handling vehicle
and rolling contact. Typical tire tread usually has many parts, which are ribs, grooves, blocks,
shoulders, and sipes, as depicted in Figure 2.5.

Figure 2.5: Tire tread parts [36].
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The shape, size, and features of treads are the result of an optimization process that strin-
gently depends upon tarmac surface properties (i.e., friction coefficient, roughness) and the
environment (temperature, humidity, etc.) in which the vehicle operates. It is also important to
note that tread patterns can either be symmetrical, asymmetrical, or directional depending on
the level of handling performance expected when driving over a given type of pavement with
given surface characteristics.

Due to this, winter tire treads differ in shape and size from summer tires. An optimal tread size
means a suitable contact patch and less slippage, resulting in a better transmission of traction
force and faster braking. In the rolling configuration, they are also subjected to wear, which is
the material deterioration of the ribs as a consequence of frictional contact with grips present
on the tarmac. Owing to this unavoidable wear caused by the permanent contact, several reg-
ulations define tread depth requirements [37] for different tire types and regulate tire design
and manufacturing processes. Treadwear can manifest itself in a variety of patterns depending
on the underlying causes, such as alignment issues, excessive air pressure, balancing issues,
insufficient air pressure, and suspension concerns. For that reason, treadwear features are often
examined to diagnose and detect possible faults in the vehicle’s steering and suspension sys-
tems.

Inner liner is the most internal rubber layer in a tire that helps preserve or reduce the loss
of inflation pressure of air trapped between the inner cavity of the tire and the rim.

Carcass are thin textile fiber cords that are glued into the rubber and sit on top of the inner
lining. They strengthen tire body and help maintain inflation pressure.

Textile belts are placed under the tread and help reinforce the rubber under stress while
allowing the tread to grip the road properly.

Steel cords provide tires with the rigidity needed to withstand heavy stresses under the tread.

Inner filler or inner liner is the innermost part of the tire and is designed to be waterproof
and helps prevent air loss. It is usually made of synthetic rubber.

Each of the above-mentioned components has to fulfill a set of requirements [5], [20], in-
cluding structural, handling, comfort, and safety aspects. Which are expected for the resulting
tire to comply with transport regulations.
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2.2 Static and dynamic characteristics of tires

Before jumping into the structural properties of the tire as a whole, it is imperative to establish a
suitable coordinate system that helps accurately define acting forces and torques. In the context
of tire dynamics, three different coordinate systems are important for several reasons (defining
load application, boundary conditions, and results probe).

• Earth-fixed coordinate system RO: The earth-fixed coordinate system is the reference co-
ordinate system from which the material points of the tire and road geometry are defined.
It does not change throughout the simulation. In commercial software such as ABAQUS®
[38] or ANSYS® [39], it coincides with the default coordinate system of the software.
Dynamically speaking, accurate tire response analysis in a rolling state requires a global
fixed coordinate located on the road, from where important quantities like deformation,
speed, acceleration, slip distance, forces, torques, etc., can be recorded or probed. Such
a coordinate system is important for reliably measuring data needed for validation of the
model on the basis of experiments;

• Rim center coordinate system Rw (also called wheel coordinate system):

This coordinate system is attached to the center of the rim. In chapter 4, the use of such
a coordinate system is of good relevance since it enables to apply quantities like the ratio
of the vehicle self-weight, the yaw torque, the self-aligning torque, etc., transmitted to
the wheel through the rim. In this coordinate system, the origin (here noted w) coincides
with the center of the wheel;

• Tire coordinate system RT:

The coordinate system RT has its center located at the contact with road and is charac-
terized by its vertical axis, which remains collinear to that of RO. Forces and torques
obtained in this coordinate are very usual for handling analysis of tires as extensively
investigated in the literature.

With these three definitions of coordinate systems at hand, it is much easier to cinematically
and dynamically define a tire as a single body based on resultant quantities. In the tridimensional
space, a tire, as a single body, is cinematically defined in terms of six degrees of freedom,
namely three translations and three rotations. To this, cinematic quantities are associated with
three forces and three moments or torques. In tire simulation, these quantities are commonly
defined according to the standard SAE coordinate system (see Figure 2.6), where are reported
three forces, namely the normal or radial force Fz, the longitudinal force Fx and the lateral force
Fy; and three moments namely the rolling resistance moment Mr, the overturning moment Mo

and the yaw moment or aligning torque Mz. From the above three torques, the associated
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angular velocity, the angular speed and the yaw rate can be readily derived with respect to their
specific acting directions. Figure 2.6 shows a clear visualization of the system of coordinates
and cinematic quantities.
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Fig1.b tire handling coordinate system. Adapted based on [14] 
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Fig1.b Dependent and independent variables for tire handling analysis 

Dependent variables: 

Traction/brake force 𝐹𝑥  

Lateral force 𝐹𝑥  

Rolling resistance moment 𝑀𝑥  

Overturning moment 𝑀𝑦 

Yaw moment 𝑀𝑧 

 

Independent variables: 

Vertical load 𝐹𝑧 

Radial deformation 𝑢𝑧  

Slip angle 𝛼  

Inflation pressure 𝑝𝑖𝑛  

Camber 𝛾  

Speed 𝑉  

Friction coefficient 𝜇𝑓 

Temperature 𝑇 

Rim design 𝜍 

Contact pressure 𝑝𝑐 

Contact area 𝐴𝑐 

Etc. 

Figure 2.6: Tire handling coordinate system [40].

Radial stiffness

The radial stiffness kz [in kN/m or N/mm] of a tire is physically defined as its resistance to
deformation in the radial direction when subjected to vertical load and is mathematically given
as

kz =
∂Fz
∂uz

(2.1)

It is commonly obtained after calculating the tangents of the curve Fz(uz) at all loading points.
In laboratory, uz is measured by performing a static test, which involves applying different
values of Fz to the tire and measuring its radial or vertical deformation.

Longitudinal stiffness

Analogously, the longitudinal stiffness kx [in kN/m or N/mm] measures the tire’s ability to
withstand deformation in the longitudinal direction under the effect of an applied force Fx ≤
Ff = µs (Fz + Pw).

kx =
∂Fx
∂ux

(2.2)
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Where µs is the static friction coefficient, Ff is the friction force in Newton and Pw is the weight
of the tire in Newton.

Remark. If we apply a force Fx > Ff , the static friction will be broken, leading to an activation

of motion toward the direction of Fx as illustrated in Figure

In the static test, the tire to be tested is installed on the testing apparatus, preloaded vertically
up to a certain value, and then longitudinally loaded at the center of the rim. This process is
repeated for a particular inflation pressure. Afterwards, the derivative (kx) of the curve Fxversus
ux is readily calculated.

Lateral stiffness

The lateral stiffness ky [in kN/m or N/mm] measures the tire’s ability to withstand deformation
in the radial direction under the effect of a force Fy

ky =
∂Fy
∂uy

(2.3)

This procedure is identical to the one that was outlined for determining kx.

Cornering stiffness

The rate at which the lateral force changes in relation to the slip angle is known as the cornering
stiffness Cα [in kN/rad]. This is mathematically given by the formula

Cα =
∂Fy
∂α

(2.4)

Torsional stiffness

The torsional stiffness Cγ [in kN.m/rad or N.mm/rad] is defined as the ratio between the yaw
moment Mz and the camber angle γ:

Cγ =
∂Mz

∂γ
(2.5)

Remark. In the expressions of kz, kx, ky,Cα andCγ , we stringently use partial derivatives since

despite appearances, they are dependent on a variety of other variables such as the temperature,

coefficient of friction, the speed, etc. Furthermore, the procedure is practically the same in

dynamic situations, the only difference being that the tire is assigned an angular velocity ω̇.
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Apart from the pure scenarios defined above, it is possible to combine the loading sequence
so as to obtain combined cases in which lateral and longitudinal forces are combined as mathe-
matically defined in Eq. (2.6).

Fy(Fz, Fx, α, T, γ, V, µf , ς, pc, pin) or Fx(Fz, Fy, α, T, γ, V, µf , ς, pc, pin) (2.6)

So it can be with variables amongst the outputs in Figure 2.7. In the existing handling models
in the literature, several authors [41], [42], [43], [44] have investigated the dependence of Fx,
Fy, Mx, My and Mz as functions of other variables than Fz, α and γ. However, a description
of the model with all the key dependent variables stated in Figure is experimentally very costly
as it requires a consistent sensing system to measure all deformations, forces/moments (Fx, Fy,
Mx, My, Mz) and contact pressure in the course of measurement.
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Fig1.b tire handling coordinate system. Adapted based on [14] 
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Fig1.b Dependent and independent variables for tire handling analysis 

Dependent variables: 

Traction/brake force 𝐹𝑥  

Lateral force 𝐹𝑥  

Rolling resistance moment 𝑀𝑥  

Overturning moment 𝑀𝑦 

Yaw moment 𝑀𝑧 

 

Independent variables: 

Vertical load 𝐹𝑧 

Radial deformation 𝑢𝑧  

Slip angle 𝛼  

Inflation pressure 𝑝𝑖𝑛  

Camber 𝛾  

Speed 𝑉  

Friction coefficient 𝜇𝑓 

Temperature 𝑇 

Rim design 𝜍 

Contact pressure 𝑝𝑐 

Contact area 𝐴𝑐 

Etc. 

Figure 2.7: Dependent and independent variables for tire handling analysis.

2.3 Literature review

2.3.1 Review of experimental data from tire component testing:

Bearing in mind that the holistic response of the tire is intrinsically linked to that of each of its
components, we first start with the observation, interpretation and analysis of laboratory tests
of tire components in the following. Nevertheless, it is essential to note that the identification
of these parameters is not always straightforward since it often involves purchasing expensive
testing equipment and specimens.
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Steel cords:

According to experimental results of tensile tests carried out by many researchers such as Ko-
runović et al. [45] and Wei and Olatunbosun [46], steel cords are predominantly solicited in the
lower region of the stress-strain where Hooke’s law suffices to account for their contribution.
Thus, no plastic deformation is expected here as depicted in Figure 2.8. In this regard, a simple
uniaxial tensile test is enough to determine Young’s modulus (Esteel) and Poisson’s ratio (νsteel),
which are the only parameters needed to account for its contribution.

Figure 2.8: Tensile test results of several steel cords[45].

Rubber compounds:

Rubber compounds used for tire making exhibit in uniaxial tensile test, a very large deformation
[47], [48], [49] whilst still remaining in the elastic region as depicted in Figure 2.9(a). In a cyclic
tensile test[50], they rather depict a combination of hysteresis and stress softening response, as
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shown in Figure 2.9.

(a)
(b)

Polymers 2023, 15, 2358 7 of 15

3. Results and Discussion
3.1. Cyclic Tests of Composites

The dependences of true stress on strain on the video-extensometer (and for compar-
ison, true stress on strain between jaws) are in Figure 4, and for fifth cycles, they are in
Figure 5, which are result dependences for practical use. These dependencies (Figure 5)
can be used as input material data, which describes a textile cap ply for computational
simulation of a textile carcass of a sports bike tire with PA66, where it was necessary to
solve the material parameters for the simulation of dynamic loading conditions. True
stress is defined as the stress obtained by the ratio of the current tensile force to the current
cross section of the test specimen obtained based on the change in width measured by the
video-extensometer.

Figure 4. Composite—dependences of true stress on strain on video-extensometer.

Figure 5. Composite—dependences of true stress on strain on video-extensometer for fifth cycles.

Figure 2.9: Rubber compounds response. (a) in uniaxial tensile test [51], (b) in uniaxial tensile cyclic
test [52].

Upon thoroughly examining the cyclic response of the rubber, it can be noted that in addition
to hyperelasticity, tire rubber exhibits a combined occurrence of hysteresis and stress-softening
response. Since these two phenomena are at the core of tires’ damping characteristics, their
characterization is relevant. We can spot hysteresis by noting that in every cycle, the loading
and unloading paths do not coincide. This feature is induced by material viscoelasticity. On
the other hand, it can be observed that the loading path in the current cycle differs from the
unloading path of the previous cycle, resulting in stress softening, also known as the Mullins
effect. This observation indicates that there is a memory effect in the rubber. The memory effect
in rubber means that the material retains some memory of its previous deformation.

Much research has been devoted to investigating these phenomena from both the material
and the structural point of view. From the material perspective, Mullins [53],[54] demonstrated
that the inclusion of filler in rubber composition significantly increases this effect. In tire rubber
formulation, silica and carbon black fillers are added to improve strength and abrasion resis-
tance. From the structural perspective, two groups of mechanical models have been developed:
the micro and macromechanical-inspired. The micromechanical model was initially proposed
by Bueche [55], who postulated that stress softening is due to the breakage of the molecular
bonds between rubber and fillers. This approach was improved by many authors successively
up to its most enhanced form suggested by Govindjee and Simo [56]. On the other hand, the
macromechanical-based model of Mullins damage was suggested by the pioneering work by
Ogden and Roxburgh [57], who adapted the existing damage concepts by Lemaitre [58] and
Neto et al. [59] to characterize Mullins damage in filled rubber. Owing to this approach, Dorf-
mann and Ogden [60] proposed the most used model for accounting Mullins effect for any
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given loading-unloading process. A decade later on, Göktepe [61] proposed a unified micro-
macromechanical approach for characterizing rubber.

However, for computational simplicity, the micromechanical approach is disregarded in this
thesis, and the relevant approach is briefly presented in Section 3.2.2

Textile cords:

Laboratory cyclic tensile tests of tire textile cords carried out by [52] and many other researchers
[62], [63], [64], [65], [66] reveal, as illustrated in Figure 2.10, that in addition to the slightly
hyperelastic response under monotonic tensile load (resulting in the so-called virgin curve),
textile cords also exhibit a very tiny viscoelastic+Mullins damage response under cyclic tensile
test. However, in comparison to rubber compounds, the hysteresis loops of textile cords are very
small and can be neglected for computational simplicity. Thus, textile cords can be assumed to
behave as linear elastic materials.

Figure 2.10: Stress-strain dependence of PA66 in cyclic tensile test at 20°C and 120°C [52].
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2.3.2 Literature review on tire models

Over the decades, the tire industry has seen a number of tire models emerge from the research
and engineering community to simulate tire behavior in different contexts. These models vary
in their levels of detail, complexity, accuracy and applicability. Furthermore, they are utilized
to for a specific target such as handling, comfort or structural analysis. Handling models, for
instance, are designed to capture the maneuverability characteristics of a tire, such as its lateral
and longitudinal slip, cornering stiffness, and self-aligning torque. These models are commonly
used in vehicle dynamics simulations to evaluate the performance of different tire designs and
optimize the vehicle’s handling and stability. Comfort models, on the other hand, focus on the
ability of tires to provide passengers with a smooth and stable ride. These models account for
factors such as the natural frequency of the tire, the damping ratio, and the contact patch area.
Comfort models are often used in vehicle noise and vibration simulations to assess vehicles’
acoustic and tactile comfort under different road conditions. Structural models delve into the
internal behavior of tires, including their deformation, stress, and strain patterns. These models
are typically used in tire design and testing to optimize tire durability, safety, and performance.
Structural models can also help identify potential failure modes and design solutions to mitigate
them.

In the literature, tire models are ranked into three categories, namely empirical, semi-
theoretical, and purely theoretical models as depicted in Figure 2.11.
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Fig. 2.11.   Four categories of possible types of approach to develop a tyre model.

and magnitude factors of the curves to be fitted.
The similarity approach (second category) is based on the use of a number

of basic characteristics typically obtained from measurements. Through
distortion, rescaling and multiplications, new relationships are obtained to
describe certain off-nominal conditions. Chapter 4 introduces this method which
is particularly useful for application in vehicle simulation models that requires
rapid (e.g. real time) computations.

Depending on the type of the physical model chosen, a simple formulation
may already provide sufficient accuracy for limited fields of application. The
HSRI model depicted in Fig.2.12 developed by Dugoff, Fancher and Segel

Figure 2.11: Types of tire modeling approaches [67].

Empirical tire models

Among empirical tire models, we can mention

• Developed by Pacejka [67], the Magic Formula tire model is a mathematical expression
(see Eq.(2.7)) that describes tire handling characteristics as a function of parameters such
as the slip ratio, applied force, slip angle, and camber angle.

y = D · sin(C · arctan[Bx− E · (Bx− arctan(Bx))]) (2.7)

Where:

– x is the independent variable (such as slip rate, applied force, etc.).

– y is the dependent variable (representing force or moment).

– B,C,D, and E are constants.

These constants are determined by fitting the formula to experimental data.
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• Fiala tire model [68] represents the tire belt as a thin circular disk in a single point contact
with the road surface. This model is defined in terms of three formulas that describe tire
force/moment as a function of the slip rate, slip angle, vertical applied force, and the
friction coefficient.

These models are constructed using experimental data from real tire tests. Although these
models offer simplicity and computational efficiency, they also have limitations in terms of
accuracy and the need for extensive experimental data. Furthermore, structural analysis, modal
vibration, or transient analysis can not be investigated with these models.

Semi-empirical tire models

For the sake of tackling the lack of physical considerations in empirical models,semi-empirical
models were developed. Among these models, we can mention:

• The Brush Tire Model [69] is used in vehicle dynamics to analyse tire steady state rolling.
In this model, a series of flexible bristles is used to model tire tread. These bristles are
attached to a rigid carcass. An illustration of this model is shown in Figure 2.12.

Figure 2.12: Brush model [70].

• The brush-string model [67] is an enhancement of the original brush tire model. This
improved model incorporates string elements to account for the stiffness of the tire carcass
belt. It was developed to improve the contact patch and to analyze local deformation
during lateral maneuvers and combined slip.
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• The rigid ring model [71] models tire tread as a rigid ring and sidewall with a combination
of springs and dashpots. Tire slip is accounted for using an elastic spring.

Figure 2.13: Rigid ring model [72].

• Unlike the rigid ring tire model, the Flexible Ring Tire Model [73] proposes a model with
deformable tread represented with elastic springs.

Figure 2.14: Flexible ring tire model [74].

• Lopez et al. [75] proposed a semi-analytical approach to derive Green’s functions for
simulating the vibration and acoustic emission of a rotating tire with a noise up to 500
Hz. Basically, considering a linear elastic model, a homogeneous tire cross-section, and
a frictionless road surface, the FE method is employed to compute the eigenvalues and
eigenvectors. Subsequently, tire impulse response or Green’s function is derived using
the eigenfunction expansion method.

Theoretical tire models

Theoretical tire models are highly regarded for their precision and ability to address intricate
physical challenges. With the aid of numerical methods like the Finite Element Method (FEM),
extensive research has been carried out, incorporating more realistic factors. Below, we high-
light some noteworthy studies in this area.
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• Noor et al. [76] proposed possible shell-based linear elastic orthotropic and anisotropic
models exploiting tire axisymmetry for fast computation. This model does not take into
account material nonlinearities and only treats static loads.

• Shokouhfar et al. [77] proposed a simplified tire model with a shell element with homoge-
nized linear elastic and orthotropic (reinforced belt) law. This model was validated under
a static load and used for steady-state rolling.

• Shida et al. [78] studied the rolling resistance of a tire using static finite element analysis.
In their model, the rubber components were represented as brick elements with linear
elastic material properties, while the rubber layers with reinforcements were treated as
a homogenized linear elastic material. The axial loads applied in this study were purely
static.

• Burke and Olatunbosun [79] laid down a good theoretical framework for modeling static
tire-road interaction. A gap element-based formulation was selected to suitably model the
contact. The obtained Numerical results showed a good agreement with the numerical
ones calculated in the FE commercial software MSC/NASTRAN.

• Alkan et al. [80] investigated a static tire model with hyperelastic rubber compounds
and linear isotropic laminate layers. This model was experimentally validated in four
scenarios: on a flat surface, on a flat surface with a rectangular cleat, on a flat surface
with a circular cleat, and on a flat surface with a triangular cleat.

• Relying also on a hyperelastic material model of type Money-Rivlin, Golbakhshi and
Namjoo [81] appraised the effect of air inflation pressure, speed, and temperature on tire
rolling resistance. Also, the dependence of the rolling resistance on the axial load was
studied. During the footprint analysis, the static load is applied in a ramp manner.

• Phromjan and Suvanjumrat [82] studied the effect of belt layers (number and position)
on the performance and stiffness of non-pneumatic tires using Finite Element Analysis.
A visco-hyperelastic material model was used to fit the experimental data of the tested
specimen extracted in the tire.

• Mohsenimanesh et al. [83] constructed a truck tire model (with nearly linear elastic rubber
compounds and orthotropic reinforced layers) to analyze off-road tire-road static interac-
tion.

• Fontaine et al. [84] incorporated linear orthotropic belt layers in their tire model with
hyperelastic (Money-Rivlin) rubber compounds and a linear elastic steel belt layer. This
model was evaluated under static load.
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• Wei and Olatunbosun [46] proposed a dynamic explicit model for predicting tire corner-
ing performance and relaxation length at a constant slip angle in rolling conditions. The
rubber components are modeled using visco-hyperelastic material, while the reinforce-
ments have linear elastic properties.

• Tielking [85] created a shell model intended to predict the influence of design variables
such as nylon and polyester properties on the deformation of a four-ply bias tire under
vertical load.

• A few years later, Noor [86] introduced two shell-based nonlinear tire strategies, in
axisymmetry and 3D, with contact constraints enforced using the perturbed Lagrange
method. This strategy showed satisfying results in predicting both the mechanical and
thermal response in tire-pavement interaction with friction.

Another advantage of FEM is its capability to deal with very impact or crash tests. For
instance,

• Baranowski and Malachowski [87] developed a numerical model to study a tire from a
military vehicle that is subjected to a mine blast. The carcass belt was modeled using a
linear orthotropic material law, while the steel cords were represented as truss elements
incorporating a simplified version of the Johnson-Cook (JC) model. Additionally, the
rubber was modeled with brick elements using the Ogden material law.

• Baranowski et al. [88] designed a tire model and an experimental validation process for
assessing tire quasi-static and dynamic response under tread blast and free drop. In this
work, Ogden’s material law is utilized for the rubber components, while the cords are
modeled using a simplified Johnson-Cook (JC) model that accounts for isotropic hard-
ening and strain rate effects. Regarding the topology, the cords are represented as truss
elements, whereas the rubber components are meshed using linear brick elements. In
terms of loads, the static test was performed under a monotonic load.

• Based on the same model, the same authors [89] proposed a dynamic explicit model for
modeling tire blast loading, considering the so-called Simplified Rubber Material (SRM)
model for rubber (meshed with C3H8RH) and simplified Johnson-Cook reinforcements
(meshed with truss elements). They adopted the penalty approach developed by Abu-
Odeh [90] and implemented by Hallquist [91] in LS-DYNA [92] to constrain reinforce-
ments (steel and textile wires) to remain in their rubber layers.

Apart from thermo-mechanical analysis, the FE method also enables to perform acous-
tic analysis as extensively studied by many authors Cho et al. [93]. Rafei et al. [62]
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suggested a frictional and temperature-dependent FE tire model to evaluate tire handling
characteristics such as cornering and aligning properties.

Kuraishi et al. [94] recently introduced a new CFD model called ST-SI-TC-IGA (Space-
Time Slip Interface Topology Change Isogeometric Analysis) for investigating with high
accuracy and reasonable computational cost, tire aerodynamics while rolling on a rough
road covered with a fluid film.

In summary, we have extracted key notes regarding material properties, load types, and
the purpose of the study from the literature review. In Table 2.1 are reported the important
comments that have oriented this work.
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Table 2.1: Comparison of selected FEA Tire Models.

FEA tire
model

Topic Topology and mate-
rial constitutive laws

Observations

Burke and
Olatunbosun
[79]

Static analysis Linear elastic shell
composite elements

- No monotonic load.
-No rubber visco-
hyperelasticity.

Shida et al. [78] Rolling resis-
tance

Laminate shell el-
ements with linear
viscoelastic behavior.

- No dynamic test.
- No rubber hyperelastic-
ity.
-Static load.

Alkan et al. [80] tire rolling(with
and without
cleat)

Hyperelastic rubber
and linear elastic shell
(belt).

-No rubber viscoelasticity.
- No monotonic load.
-No dynamic test.

Golbabakhshi
and Naimi,
2015

rolling resistance Hyperelastic and lin-
ear orthotropic shell el-
ements (belts.

-No rubber viscoelasticity.
-Constant load
-No dynamic test.

Krmela and
Krmelova [95]

Static analysis Mooney-Rivlin hypere-
lastic with and without
orthotropic reinforcing
layers (shell elements)

-No rubber viscoelasticity.
- No monotonic load.
No dynamic test.

Ali [96] static/rolling
analysis

Visco-hyperelastic
and linear elastic shell
(belt).

- No monotonic load.
-No dynamic test.

Shokouhfar
et al. [77]

static/steady state
rolling

linear elastic rubber and
orthotropic belt

-No, rubber visco-
hyperelasticity.
-No, dynamic test.
-No monotonic load.

Golbakhshi and
Namjoo [81]

rolling resistance Hyperelastic-Money
Rivlin
linear elastic shell belt

-No dynamic test.
- No viscoelasticity.
-Monotonic load.

Phromjan and
Suvanjumrat
[82]

rolling resistance visco-hyperelastic rub-
ber
linear elastic shell belt.

-No monotonic load.
-No dynamic test.

Fontaine et al.
[84]

rolling resistance Hyperelastic rubber
orthotropic belt

-No monotonic load.
-No dynamic test.
-No viscoelasticity.
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2.4 Research gap

While a commensurable number of material constitutive laws are in the literature, as reviewed
above, rubber compounds’ contribution is approximated as linear, hyperelastic, or visco-hyperelastic.
However, we note from the brief review of experimental cyclic tests of rubber that the dynamic
response of rubber components shows a more complex constitutive law: visco-hyperelastic
with Mullins effect. This behavior drives tire response when exposed to low-, medium-, and
high-frequency loadings or operating scenarios. Thus, the realistic response of tires in rolling,
cornering, and braking scenarios heavily depends on the damping contribution of materials’
constitutive laws for absorbing various sources of excitations resulting from the weight of the
vehicle and occupants, as well as shocks due to contact with road obstacles and asperities.

As highlighted in the literature review, existing research on mechanical modeling of tires
considers only a monotonic applied force. However, in a real use scenario, tires are exposed
to dynamic loads. When fluctuating loads (dynamic loads) are concerned, the consistency of
the model requires the use of material parameters obtained from the cyclic test of tire com-
ponents. Since we observe that experimentally, in dynamic loading, tire compounds such as
rubber exhibit a constitutive response of type visco-hyperelastic with Mullins damage. There-
fore, the purpose of this thesis is to address these limitations. That is to say, to propose a
FEM-based model for simulating tires under dynamic loads. Such a model takes into ac-

count the dynamic properties of the tire components and allows for accurate simulation of tires

under dynamic loads.

2.5 Benefits of the proposed model

By coupling the potential of the Finite Element Method (FEM) with recent advances in material
parameter identification, computational mechanics, and available simulation tools (ABAQUS®
[38], MATLAB®[97], and PYTHON[98]), the proposed model is based entirely on physics-
driven consideration. The main targeted benefits of the proposed model are as follows:

• Consistency and accuracy of the material models: The constitutive laws considered for
the constituent materials of the tire elements are driven by the assessment of experimental
data collected during tests on the elements extracted from the tires and a review of recent
material parameters identification schemes in the literature. As a result, they capture the
response of each element as accurately as possible within the validation constraints set
during the calibration phase;

• Toward realistic holistic vehicle simulation: Although complex and computer resource-
demanding, holistic modeling is the most effective technique automakers use to design,
analyze, and test their prototype vehicles during the design and testing phases. Because
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of its integrative nature, each vehicle’s system is represented by a module responsible for
reproducing its response as faithfully as possible. In this regard, the current model can be
integrated to simulate tire response.

• General applicability: Even though the field of study of tires in this thesis is limited
to passenger vehicle tires, the application of the model remains the same for other tire
classes (for light and heavy trucks, aircraft, tanks, etc.). Since the major difference lies in
the geometry, the casing structure and the chemical composition of rubber compounds;

• Cost efficiency: The consistent procedure for identifying material parameters adopted
here condenses material testing requirements to a single cyclic tensile test, in contrast
to the ordinary procedure in the literature, which requires three types of tests for rubber
compound characterization. The result is a significant gain in cost, computational effort,
and reliability of material response.

• Adaptability: Given the perpetual need to improve tire design and performance in a
rapidly changing global context, it is useful to have an adaptable approach that can evolve
with new or future tire designs in terms of geometry and material constituents. Therefore,
it makes it easy to add new material constitutive laws, new simulation techniques or new
physical principles (acoustic, thermal, etc.) and improve the model for continuous inno-
vation and development in the field.

The proposed model can be utilized in future work to validate the experimental works in
tire acoustics and thermomechanics, such as the one conducted by Hu et al. [99] on acoustic
resonance noise in the tire-rim under different inflation pressures.
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3 Kinematics and mechanical properties
of tire materials

An effective and objective approach to gaining a deeper understanding of the tire as a whole ne-
cessitates a certain knowledge and understanding of the constitutive laws of the components in-
volved, as well as how they all interact to give the tire characteristics and performance observed
under operating conditions. Thereby, in this chapter, possible constitutive laws of tire com-
pounds are presented and outlined with the aim of capturing appropriate behavior that combines
a good balance between accuracy and computational cost for each of the tire’s components.

3.1 Kinematics:

In the following, let us consider a continuum body that initially (at t = 0) occupies the domain
Ω0 ⊂ Rd

|d∈⟨1, 2, 3⟩ in the reference configuration and Ωt ⊂ Rd
|d∈⟨1, 2, 3⟩ in the current configu-

ration as illustrated in Figure 3.1.
Where the reference configuration denoted by R0 = (

−→
E1,
−→
E2,
−→
E3) is chosen arbitrarily to pro-

vide the easiest possible description of the problem. A trivial choice is to set it as being identical
to the physical space Rd

|d∈⟨1, 2, 3⟩ with normal unit vectors−→ı ,−→ȷ and
−→
k . Thus before the body

Ω0 deforms, any material point M ∈ Ω0 is defined inR0 as follows

M : Ω0 −→ R3

M 7−→
−→
X

(3.1)

Here
−→
X is called position vector of M ∈ Ω0 with respect to R0 and can be written in term of

the basis vectors
−→
E1,
−→
E2 and

−→
E3 by

−→
X (M) =

d∑
i=1

Xi

−→
Ei, d ∈ ⟨1, 2, 3⟩ (3.2)

For the sake of simplicity, we consider the convention of repeated indices of Einstein so we can
write the eq. in a simpler form

−→
X (M) = Xi

−→
Ei , d ∈ ⟨1, 2, 3⟩ (3.3)
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When the body Ω0 deforms, the reference configuration R0 is transformed into the current
configurationRt, which is basically the configuration attached to the body Ωt at any time t > 0

and defined by the orthonormal basis(−→e1 ,−→e2 ,−→e3 ). Then, any material point M ∈ Ωt can be
located with its position vector −→x (M) inRt by the relation

−→x (M) =
d∑
i=1

xi
−→ei , d ∈ ⟨1, 2, 3⟩ (3.4)

Or simply
−→x = xi

−→ei , i ∈ ⟨1, 2, 3⟩ (3.5)

Lagrangian, Eulerian and Arbitrary Lagrangian-Eulerian (ALE) configurations:

We define the mapping−→φ (see Figure 3.1) that links the position of ∀M0 ∈ Ω0 in the reference
configuration to its position Mt in the current configuration as follows

−→φ : Ωt × [0,T] −→ R3

−→
X 7−→ −→x = −→φ (

−→
X, t)

(3.6)

It should be noted that −→φ is bijective such that its inverse exists and is unique. From the sketch
in Figure 3.1, we can decompose the vector −→x in the sum of

−→
X and the displacement vector

−→u ∈ Rd
|d∈⟨1, 2, 3⟩ as follows

−→x = −→φ (
−→
X, t) =

−→
X +−→u (

−→
X, t)

−→
X = −→φ −1

(−→x )
(3.7)

In Eq. (3.6), the definition of −→x as a function of
−→
X is referred to as the Eulerian description,

while the inverse is called to the Lagrangian description. In both the reference and current
configuration, we can write out −→u in terms of basis components

−→u = ui
−→
Ei = ui

−→ei (3.8)

Where with emphasize that ui and ui are the components of −→u inR0 andRt, respectively.
From now on, we adopt space vector convention for the notation of vectors without arrows (e.g.,
Ei instead of

−→
E i) so that

x = φ (X, t) = X + u(X, t) (3.9)

When deformation is very large, like in hyperelastic materials, it is more convenient to use
the so-called Arbitrary Lagrange-Eulerian(ALE) configuration to circumvent mesh distortion
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issues. Thus, a composition can be set as illustrated in Figure 3.1.

Figure 3.1: Lagrangian, Eulerian and Arbitrary Lagrangian-Eulerian(ALE) configurations.

Deformation measures:

Let us now, define the deformation gradient F ∈Md×d by deriving φ with respect to X

F =
∂φ

∂X
=

∂

∂X
(X + u (X, t))

F = I +∇Xu or FıJ = δıJ + uı,J
(3.10)

Where indices that follow a comma stand for space derivative with respect to X. I is the iden-

tity matrix associated with the basis(
−→
E1,
−→
E2,
−→
E3), δıJ =

{
1 if ı = J

0 otherwise ı ̸= J
is the Kronecker

delta symbol and ∇Xu =
∂u

∂X
is the gradient of displacement field u with respect to the refer-

ence configuration. It should be also noted that lowercase indices (i.e. ı, ȷ ∈ {1, . . . , d}) live
in the current configuration whereas uppercase indices (i.e. I, J ∈ {1, . . . , d}) in the refer-
ence configuration R0 and Rt, which is very useful for eulerian description. Another stability
condition to be verified by F to hold is to satisfy

∀F |F ∈Md×d, det (F ) > 0 (3.11)

Particularly, when there is no deformation, F must verify F = I , which is a rigid body
(J=det (F ) = 1). As a consequence, we introduce J the Jacobean of the transformation, which
measures the proportion of volume change of the body under the bijection φ and is obtained by
the formula

J = det (F ) , F ∈Md×d (3.12)

With F at hand and using the chain rule, we can derive transport formulas in Table 3.1
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Table 3.1: Transport formulas

Names Transport formula

Vector transport dx = F dX

Surface transport ds = J F−TdS

Volume transport dv = J dV

Given that deformations that structures undergo need to be quantitively measured, it is more
practical to have an expression that expresses the deformations in terms of metrics. This is
achieved by calculating the right Cauchy Green deformation tensor C through the formula

C = F TF or Cij = FKiFjK (3.13)

Then with respect to the reference configuration, we define the Green-Lagrange strain tensor E
by the following

E =
1

2
(∇Xu+

T ∇Xu+∇Xu
T∇Xu) =

1

2
(C − I) (3.14)

Apart from the definition of the strain tensor from Eq. (3.14), many others exist in the literature
[100], and we report in Table 3.2 only the most frequently used.

Table 3.2: A family of strain tensors

Name of the strain tensor Expression

Green-Lagrange strain E =
1

2
(C − I)

Logarithmic Lagrange strain E =
1

2
ln(C)

Seth–Hill strain family E(n) =
1

2n

(
U2n−I

)
, n ∈ N+

Power strain family E(n) =
1

n+m

(
Um−U−n

)
, n,m ∈ N+

Where U is the right stretch tensor, obtained from the polar decomposition of F (ie. F =

RU ). N+ is the set of natural numbers.

A variety of stress measures:

Under certain prescribed boundary conditions, applied external forces/moments generate inter-
nal forces/moments that cause material displacements, resulting in deformations which sponta-
neously induce stresses in any representative volume of the body. Conversely, applied stresses
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in turn cause the material to react and deform, creating a feedback loop that further affects the
body’s response to its external environment.
The flowchart in Fig highlights the duality that exists at any point M∈ Ωt between the stress
and the strain in any chosen RVE. Consequently, any change in stress results in a change in
strain and vice versa. In fact, the material’s response at any given time during the loading/un-
loading course is governed by the stress-strain relationship, also known as constitutive laws.
Several constitutive behaviors for different material responses exist in the literature and range
from reversible to irreversible depending on the hypothesis of small deformations or large de-
formations with either small or large rotations. It is important to emphasize that this section
does not include all the constitutive laws in the literature but focuses only on those concerned
with materials involved in tire structure.
Before jumping into constitutive laws, we need to define stress and strain. In the current con-
figuration, the Cauchy stress tensor σ is fully described in terms of its 9 components of which
3 are normal components (σxx, σyy and σzz) and 6 are shear components (σxy, σyx, σxz, σzx, σyz
and σzy). In terms of these components, the matricial representation of σ reads as follows

σ =

 σxx σxy σxz

σyx σyy σyz

σzx σzy σzz

 (3.15)

Where shear components {σij}i̸=j=x,y,z are usually referred to as {τij}i̸=j=x,y,z. Each col-
umn of σ stands for the components of the stress state in the directions of the basis (O, x, y, z).
For further details about this kinematics, the reader is referred to [100], [101], [102]. In addition
to the Cauchy stress tensor, many other definitions exist depending on the configuration where
the force and the area of action are expressed. Furthermore, these definitions are essential and
are employed for deriving the variational formulation of the boundary value problems in a given
configuration. In that regard, Table 3.3 summarizes the expression of the other definitions of
stress tensors.
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Table 3.3: A family of stress tensors.

Stress formula Definition

Piola–Kirchhoff stress tensor
T

T = Jσ ≡ (F)Rt

(A)Rt

First Piola–Kirchhoff stress
tensor P

P = JσF−T ≡ (F)Rt

(A)R0

Second Piola–Kirchhoff
stress tensor S

S = F−1σF−T ≡ (F)R0

(A)R0

Nominal stress tensor N N = P T ≡ (F)Rt

(A)R0

Where the expression P ≡
(F)R0

(A)R0

means that the targeted tensor relates a force in the spatial

configuration Rt to an area A in the reference configuration R0 and so on for other tensors (S,
T and N ).

3.2 Material constitutive models

3.2.1 In small strain

Linear elasticity

In the hypothesis of infinitesimal strain, the second order term
1

2
∇
X
u
T

∇Xu from eq. of the
Green-Lagrange tensor E can be neglected such that E reduces to the small strain tensor ε.

ε =
1

2
(∇Xu+∇Xu

T ) (3.16)

Where we recall that ε has three normal components (εxx, εyy and εzz) and six shear components
(εxy, εyx, εxz, εzx, εyz and εzy) organized in the matricial form as

ε =

 εxx εxy εxz

εyx εyy εyz

εzx εzy εzz

 (3.17)
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Since ε and σ are symmetric tensors, it is possible to reduce their order with fewer number of
components using Voight notation as follows{

{ε} = (εxx, εyy, εzz, εyz, εxz, εxy)
T

{σ} = (σxx, σyy, σzz, σyz, σxz, σxy)
T (3.18)

In order to get an insight into the real nature of the effects of loads in the matter, it is a common
practice to decompose the stress tensor in its volumetric and deviatoric parts. The idea behind
this transformation is justified by the fact that the failure in some materials is driven by either
the volumetric changes or excessive shear (for instance, in elastoplastic materials). By defini-
tion, the deviatoric and volumetric components of a nth-order tensor A is given by the linear
mappings ℘sph and ℘dev such that {

Asph = ℘sph : A

Adev = ℘dev : A
(3.19)

Where the symbol : is the double inner product and the 2 ∗ nth-order tensors (℘sph and ℘dev)
are formulated in terms of the second-order unit tensor I and the fourth-order unit tensor II ,
associated with the basis (−→e1 ,−→e2 ,−→e3 )

℘sph =
1

n
I ⊙ I

℘dev = II − 1

n
I⊙ I

(3.20)

℘sph and ℘dev are called the spherical and deviatoric projection tensors, respectively. Replacing
these two expressions in Eq. (3.20) leads to

Asph =
1

n
tr (A) I

Adev = A− 1

n
tr (A) I

(3.21)

So for A = σ, with the help of the equality σ = II : σ, the decomposition of the Cauchy Stress
tensor reads as 

σsph =
1

3
tr (σ) I

σdev = σ − 1

3
tr (σ) I

(3.22)

Where σsph and σdev are also called hydrostatic or volumetric stress tensor and isochoric stress
tensors, respectively. This same decomposition can be applied to the strain tensor and material
tensor to find out the contribution of their volumetric and isochoric components.
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Isotropic elastic materials: Mechanical properties of such materials are the same at any
point M ∈ Ωt , in all the direction of space (isotropy) and the stress state remains linearly
related to the strain state

σ = C : ε or ε = D : σ (3.23)

Where C and D are material tensor and the compliance tensor, respectively. The former and
the latter are fourth-order tensors with 9x9 components. In Voight notation, this equation reads
as

{σ} = C {ε} or {ε} = D {σ} (3.24)

Where {σ} is Cauchy stress or true stress vector, {ε} is the strain vector, C is the material
tensor and D the complicance tensor. Due to the linear isotropy and homogeneity of the media,
material and compliance tensors (C and D ) described in eq. we end up in 3D with only 12
components, so they can be reduced to two-order tensors (C and D) in Voight notation.

D =



1/E −ν/E −ν/E 0 0 0

−ν/E 1/E −ν/E 0 0 0

−ν/E −ν/E 1/E 0 0 0

0 0 0 1/2G 0 0

0 0 0 0 1/2G 0

0 0 0 0 0 1/2G


(3.25)

Wherein, λ =
Eν

(1− 2ν)(1 + ν)
and G =

E

2(1 + ν)
are Lamé’s first parameter and shear mod-

ulus, respectively. It is worth noting that the definition of this constitutive law is based entirely
on the determination of two parameters, namely the Young’s modulus E and Poisson’s ratio ν,
which are commonly obtained via simple tests like tensile or compression tests.

Transversely isotropic materials: As shown in fig., the mechanical properties of such mate-
rials are characterized by symmetry with respect to a chosen direction that is orthogonal to the
plane of the material’s isotropy. The material responds differently in the direction of isotropy
than it does in the other two orthogonal directions as a result of this oriented local anisotropy.
Therefore, two distinct Young modulus and Poisson’s ratio are needed to fully characterize the
model. Let us assume that −→e1 is the direction of isotropy, so we have E1 ̸= E2 = E3 and
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ν23 ̸= ν12 = ν13 making that

D =



1/E1 −ν12/E1 −ν12/E1 0 0 0

−ν12/E1 1/E2 −ν23/E2 0 0 0

−ν12/E1 −ν23/E2 1/E2 0 0 0

0 0 0 1/G23 0 0

0 0 0 0 1/G12 0

0 0 0 0 0 1/G12


(3.26)

Where Gij =
Ej

2(1 + νij)

∣∣∣∣
i̸=j∈{1,2,3}

is the shear moduli in the plane (i, j).

This constitutive model is typically observed in composite materials in which a material A also
called matrix, is unidirectional reinforced with stiffer material called fibers or reinforcements.
In order to set this model, the material has to be tested at least in two directions:

• The direction of isotropy (by −→e1 )

• and either with respect to −→e2 or −→e3

Orthotropic linear elastic materials: Due to the fact that this type of materials has at least
two planes of isotropy or symmetry, the material response varies from one direction to the
others depending on what direction you observe. Therefore, Young moduli and Poisson’s ratios
are all different in the three main directions ox, oy and oz; that is to say E1 ̸= E2 ̸= E3 and
ν23 ̸= ν12 ̸= ν13. The compliance tensor of such materials is given by

D =



1/E1 −ν21/E2 −ν31/E3 0 0 0

−ν12/E1 1/E2 −ν32/E3 0 0 0

−ν13/E1 −ν23/E2 1/E3 0 0 0

0 0 0 1/G23 0 0

0 0 0 0 1/G13 0

0 0 0 0 0 1/G12


(3.27)

Where Gij =
Ej

2(1 + νij)

∣∣∣∣
i̸=j

is the shear moduli in the plane(i, j). Taking into account the fact

that D has to be symmetric (DT = D), three conditions have to be verified:

ν12
E1

=
ν21
E2

,
ν13
E1

=
ν31
E3

,
ν23
E2

=
ν32
E3

(3.28)

The construction of such a constitutive law requires to perform experimental tests with respect
to all three main directions [103], which is sometimes very cost-consuming or even difficult to
achieve for composites whose at least one dimension is very thin.
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Linear viscoelasticity:

Under the effects of an external prescribed displacement/force, certain materials exhibit both an
elastic and viscous response, which means that at any time t ∈ [0, T ], the stress state at any point
M ∈ Ωt is fully described in terms of both the strain and the strain rate; and vice versa. In order
words, the stress/strain states in such media are time-dependent and do not immediately vanish
after the external load or excitation is removed. As a result of this, irreversible phenomena
occur and are revealed by a decrease in stress (stress relaxation), an increase in strain (creep),
or a rise in temperature (hysteresis, etc...). Experimentally, this behavior can easily be put into
evidence by analyzing the stress-strain curve of the specimen loaded in cyclic tension or cyclic
compression. In such tests, the stress-strain dependence of both the loading and unloading
course do not coincide (see Figure 3.2). This observation is a result of an activation of internal
rearrangement of long molecular chains, which itself is a source of dissipation. Basically, the
material adapts its molecular structure to accommodate the newly imposed excitation. The
cause of this is hysteresis.

Figure 3.2: Typical hysteresis loop in a rubber material [104].

In virtue of the fact that the unloading path in the stress-strain curve is not identical to
the loading path, more energy is needed to deform the material throughout the loading course
than it is released mechanically during the unloading course. As a consequence, the energy of
the inner part in the hysteresis loop [105] is not instantly released by the material at the end
of the unloading but is rather converted and released by molecular friction as thermal energy:
hysteric losses. Keeping in mind that rubber behavior is highly influenced by the temperature,
this thermal energy impacts mechanical parameters by decreasing them [106], [107]. This
phenomenon is more accentuated when the loading and unloading courses are done quickly and
we therefore draw that the stress/strain state is heavily rate dependent. The characterization
of the viscoelasticity of rubber compounds brings significant insight into understanding their
damping properties under dynamic loads. Generally, rheological viscoelastic models are the
most common choices for capturing both creep and stress relaxation of materials, which are
two dual forms of viscoelasticity manifestations. Before all, we define stress relaxation and
creep as follows
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stress relaxation

The stress relaxation phenomenon is the observed decay in the stress state in materials un-
der constant strain as illustrated in Figure 3.3. Basically, under a constant imposed field of
strain applied (see Figure 3.3(a)) for some time, the material adapts itself at the molecular level
through molecular chain rearrangements. Gradually, as the adaptation process evolves, the state
of stress decreases (see Figure 3.3(b)) since the progressive changes in molecular arrangements
confer the structure a better mobilization of all its molecular potential to withstand instabilities
arising in the media.

(a)

0

ε0

t

ε
(b)

0

σ0

σmin

t

σ

Figure 3.3: Stress relaxation. (a) applied constant strain ε0, (b) stress response induced

However, the resulting molecular arrangements do not return to their original states once the
imposed field of strain is removed. For instance, the physical evidence of this principle can
be observed by considering a rubber band pulled from both ends and maintained for a certain
time. When the considered time has elapsed, and the strain has been canceled, one can observe
that the length has increased and does not instantly retake the initial dimensions. These effects
are more pronounced when either the amount of the imposed strain increases or the application
time is prolonged. If many levels of strain are applied as depicted in Figure 3.4(a), the material
depicts a series of many portions with relaxation decay for each of the prescribed constant strain
values as shown in Figure 3.4(b).

(a)

0 t1 t2

ε1

ε0

t

ε
(b)

0 t1 t2 t

σ

Figure 3.4: Stress relaxation. (a) applied constant strain ε0, (b) stress response induced.

Creep:
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The creep phenomenon illustrated in Figure 3.5 is basically defined as an increase in strain
when the material is subjected to a constant field of stress or applied force over a certain time,
as illustrated in Figure 5.4(b). Unlike stress relaxation, the strain state increases monotonically
over time as long as the load is maintained. However, if the load/stress is indefinitely sus-
tained, it would eventually increase and tend to a maximum value denoted εmax as shown in
Figure 5.4(c).

(a)

0

σ0

t

σ
(b)

0

ε0

εmax

t

ε

Figure 3.5: Creep process. (a) applied constant stress σ0, (b) strain response induced.

Similarly, in the case of a series of prescribed constant stress or force, a piecewise smooth
increase in strain is obtained as depicted in Figure 4.12.

(a)

0 t1 t2 t3

σ0

σ1

σ2

t

σ
(b)

0

ε0

t1 t2 t3 t

ε

Figure 3.6: Multiple creep process. (a) series of applied constant stress ε0, ε0. (b) stress response
induced.

In a dynamic load sequence, it is very common to encounter load sequences that can contain
both creep and stress relaxation. Nonetheless, they cannot happen simultaneously. Owing to this
fact, there is a transfer mapping that links both transformations and is often used to determine
parameters of creep from stress relaxation data and vice versa, as we have discussed further in
chap experimental.
In regards to these irreversible phenomena occurring in rubber-like materials under dynamic
loads due to creep and relaxation, it is thereafter obvious to include corresponding dissipative
terms in the general formulation of the problem, since internal damping of rubber materials, as
well as temperature changes and friction contact, are one of the major sources of dissipation in
tires’ performances. Studying the contribution of these underlined phenomena becomes one of
the milestones in building up a realistic dynamic response of tires. In order to fully describe the
dissipation observed, one needs to define internal variables (from which the free energy function
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of the system stands) that can capture the evolution of the system from the thermodynamic point
of view. Several rheological-based models have been utilized to model simple or relatively
complex viscoelastic responses of materials. The main idea behind these rheological models
is to combine one or more springs and one or more dashpots in series/parallel to mimic the
response of the material as illustrated in Figure 3.7.

(a) (b) (c) (d)

Figure 3.7: Simplest material rheological models. (a) Kevin model, (b) Kelvin-Voigt model, (c) Burgers
model, (d) Maxwell model.

Besides the previous basic models, the so-called standard linear solid model (SLS) of Maxwell
(see Figure 3.8) is the simplest complete rheological model and is made of a spring assembled
in parallel with one internal spring in series with a dashpot portraying the dissipation. This
model is the first simple choice that helps make a rough approximation of both creep and stress
relaxation phenomena.

Figure 3.8: Standard Linear Solid (SLS) Maxwell model.

Constitutive law formulation:

Under the hypothesis of small strain and constant temperature, we consider the SLS model
shown in Figure 3.8, where the parameter E1 stands for the purely quasi-static elastic contribu-
tion in the strain energy density andE2 for the internal parameter of the elastic perturbed portion
and η is the viscosity of the material represented analogically as a viscous fluid. Recalling that
the stress level in a spring component is given by the formula

σelastic = E εelastic (3.29)

And the stress in the viscous component in terms of the rate of deformation and the viscosity
through

συ = η
dεv
dt

(3.30)
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We can write the stress in each component of the model as

σ1 = E1ε1, σ2 = E2ε2, συ = η
dευ
dt

(3.31)

In parallel, one has the following properties:
ε = ε1 = ε2 + ευ

σ = σ1 + σ2

σ2 = συ

(3.32)

Where σ and ε are the total stress and strain of the SLS model, respectively.
Replacing the terms from Eq. (3.31) into Eq. (3.32), we get


ε = ε1 = ε2 + ευ

σ = E1ε1 + η
dευ
dt

σ2 = σ − σ1

(3.33a)

(3.33b)

(3.33c)

Then, applying time derivative to Eq. (3.33a), we obtain the time derivative of the viscous strain

ε̇υ = ε̇− ε̇2 = ε̇− σ̇2
E2

(3.34)

After replacing the expressions from Eq. (3.31) and Eq. (3.34) into Eq. (3.33) and simplifying
so to have only σ and ε as variables, we obtain

E1ε1 + η

[
ε̇− σ̇2

E2

]
= E1ε1 + η

[
ε̇− σ̇ − E1ε̇

E2

]
(3.35)

From Eq. (3.35), we rewrite everything in such a way that stress terms are moved to the left-hand
side and the strain expressions on the right-hand side, we end up with the governing equation
of the SLS model of Maxwell

σ +
η

E2

σ̇ = E1ε+ η

[
1 +

E1

E2

]
ε̇ (3.36)

In the case of a stress relaxation test, a prescribed constant strain level ε0 is applied to the
specimen, and it implies that the second term of the right-hand side Eq. (3.36) vanishes and we
can deduce the governing equation of stress relaxation

σ +
η

E2

σ̇ = E1ε0 (3.37)
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Similarly, in the case of creep test, a prescribed constant stress σ0 is applied. Thus Eq. (3.36)
would be transformed into

σ0 = E1ε+ η

[
1 +

E1

E2

]
ε̇ (3.38)

Now, given that stress relaxation or creep progressively occurs in the material at different char-
acteristic times instead of at a single time, one needs more branches with springs and dashpots
in the SLS model to capture the response of the material as accurately as possible. This require-
ment is fulfilled with the model introduced by James Clerk Maxwell and E Wiechert [108] and
is widely known as the Generalized Maxwell model, which takes into account the fact that stress
relaxation or creep processes happen at different characteristic times [109]. Physically, this is
explained by the fact that the size of molecular chains is not uniformly distributed, and neither
are their properties.
Before going further, let us define Carson transform L [110] that maps a real-value function in
time domain onto the Carson domain with parameter p

L : φ (t) 7−→ Lφ
′
= φ∗ (p) = p

∫ ∝

0

e−ptφ (t) dt (3.39)

With the properties
φ is continuous in D ⊂ R
∀ t < 0 , φ = 0

∃ ϑ > 0 ,
∣∣e−ϑtφ (t)

∣∣ < 0

(a ∗ b′)∗ = a∗∗b∗

ε∗ = f ∗ σ∗

σ∗ = g∗ ε∗

f ∗g∗ = 1

(3.40)

Where σ∗and ε∗ are Carson transform notations of stress and strain, respectively; f ∗ and g∗ the
associated transfer functions so that

ε = f σ and σ = g ε (3.41)

• Case of a purely elastic material with modulus E

ε =
1

E
σ → f =

1

E
y (t) → f ∗ =

1

E

g∗ =
1

f ∗ = E → g = E y (t)
(3.42)
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• Case of a purely linear viscous material with viscosity η

ε̇ =
1

η
σ → ε =

t

η
σ → f =

t

η
y (t) → f ∗ =

1

ηp

g∗ =
1

f ∗ = ηp→ g = ηδ
(3.43)

In case of a disposition of elements in both parallel and series, the resulting transfer functions
(g and f ) are calculated by summing up

• In parallel

g =
Nb∑
i=1

gi (3.44)

• In series

f =
Nb∑
i=1

fi (3.45)

Having the expression of the transfer functions for each basic rheological model and knowing
how to figure out the case with many rheological components, we can characterize the Gener-
alized model of Maxwell depicted in Figure 3.9.

Figure 3.9: Generalize model of Maxwell.

In the first branch (i = 0), there is only the spring with parameter E0 = Ee , therefore From
Eq. (3.42), the transfer function g0∗ of the branch is trivial

g0
∗(p) = E0 (3.46)

As for others, there is a spring and a dashpot connected in series so in virtue of Eq. (3.42), (3.43)
and (3.45), for each branch i (1 ≤ i ≤ N, N number of internal branches) the corresponding
transfer function fi∗ in the Carson domain is given by

fi
∗(p) =

1

Ei
+

1

ηi p
→ gi

∗(p) =
1

f ∗ =

(
1

Ei
+

1

ηi p

)−1

(3.47)
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With aid of Eq. (3.44), the resulting transfer function g∗ of all the branches is obtained

g∗(p) = g0
∗ +

N∑
1

gi
∗ = E0 +

N∑
1

[
ηi p Ei
Ei + ηi p

]
(3.48)

At this stage, we need to determine the transfer function g in the time domain instead of in the
Carson transform domain. We need for this purpose to rearrange the expression g∗(p)

g∗(p) = E0 +
N∑
1

Ei

 p
Ei
ηi

+ p

 (3.49)

This function is called the relaxation modulus of the model in the Carson transform domain and
links the stress to the strain through the relation in Eq. (3.40). Writing the inverse transform of
that expression leads to

L−1(g
∗
(p)) = g(t) = L−1

(
E0 +

N∑
1

Ei

[
p

Ei

ηi
+ p

])

→ H(t) = E0 +
N∑
1

Ei,rel e
− Ei

ηi t

(3.50)

Then it is often simpler to rather used normalized relaxation modulus g(t), thereby we
suppose Ei = g

(r)
i E0 such that g(r)∞ = 1−

∑M
1 g

(r)
i (long term relative modulus), thus Eq. (3.50)

reduces to

H (t) = E0

(
g(r)∞ +

M∑
1

g
(r)
i e

− Ei
ηi

t

)
= E0gr (t) , gr (t) = g(r)∞ +

M∑
1

g
(r)
i e

− Ei
ηi

t
, (3.51)

Using the same token for describing creep, the creep and normalized moduli read as

G (t) = G0

(
g(c)∞ +

M∑
1

g
(c)
i e

− Ei
ηi

t

)
, gc (t) = g(c)∞ +

M∑
1

g
(c)
i e

− t
µi (3.52)

Where µi|1≤i≤N are creep times associated with the generalized Maxwell model.
With these moduli at hand, it is then straightforward to derive stress or strain states by applying
Volterra theorem [102], [111], for a given time interval

σ (t) = E0 ε (t) +

∫ t

0

H(t− t′)ε̇(t′)dt′ (3.53)
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The second term in Eq. (3.53) can be simplified by partial integration into∫ t

0

H(t− t′)ε̇(t′)dt′ =
[
H(t− t′)ε(t′)

]t
0
+

∫ t

0

dH(t− t′)
dt

ε(t
′
)dt

′
(3.54)

Which is analogous to the form∫ t

0

H(t− t′)ε̇(t′)dt′ = H (t− t) ε(t)−H(t− 0)ε (0) +

∫ t

0

dH(t− t′)
dt

ε(t
′
)dt

′
(3.55)

In the latter equation, the term ε (0) is the residual strain tensor. For simplicity, we assume a
strain-free state at t = 0. Thence, with the Eq. (3.55), the expression for stress relaxation and
creep can be straightforwardly deduced as follows

σ(t) = E0 ε(t) +

∫ t

0

Ḣ(t− t′)ε(t′)dt′ if stress relaxation

ε(t) = G0 σ(t) +
∫ t

0

Ġ(t− t′)σ(t′)dt′ if creep

(3.56a)

(3.56b)

Where in the hypothesis of small strain, the strain tensor ε reads as

ε (u) =
1

2

(
∇Xu+

T ∇Xu
)
= εD + εH (3.57)

Where εH = tr(ε) is the hydrostatic or volumetric strain tensor and εD = ε−εH is the deviatoric
strain tensor.
In Eq. (3.56), E0 and G0 stands for the instantaneous elastic moduli for creep and relaxation,
respectively; H and G are relaxation and creep moduli functions, respectively. Futhermore,
Eq. (3.56) clearly outlines that creep and relaxation have a dual connection, which essentially
means that a single test can be used to define both models under certain assumptions underlined
in detail in Chap. Experimental.
For incompressible or nearly incompressible material, it is worth splitting Cauchy stress from
Eq. (3.56a) into the volumetric and deviatoric parts.

σ (t) = σ0
D (t) +

∫ t

0

σ0
D(t− t′)ġr(t

′
)dt

′
+ σH (t) (3.58)

Wherein σ0D (t) = E0ε
D(t) and σH(t) are respectively the deviatoric part of the instantaneous

stress tensor and the hydrostatic part of Cauchy stress tensor σ (t). Based on the Eq. (3.58), the
extension of the problem to 2D or 3D linear viscoelasticity becomes obvious from Hooke’s law

σ0 (u) = C ε (u) = dev [σ0 (u)] + σH0 (3.59)
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Where C is the fourth-order elasticity or material tensor, see Section 3.2.1.

3.2.2 In finite strain:

Throughout the loading/unloading course, this category of models pertains to materials that
exhibit large strains, but in the elastic domain. At any given time t, their material tensor depends
on the displacement field. Their behavior is typically described by the strain energy density W
and enables to derive the stress-strain relationship. As an example, this model is commonly
adopted to model rubber-like materials, as well as soft tissues by fitting the chosen model to
experimental data [112], [113].

Hyperelasticity

Hyperelastic materials are materials that exhibit a high level of strain while remaining in the
elastic domain. The behaviour of such materials is entirely characterized by the so-called strain
energy density function W , which is a scalar-valued tensor function and is defined in such a
way that

W : Ωt ×Md×d −→ R+

(M,F ) 7−→ W (F )
(3.60)

The choice of the mathematical expression of the W is not made arbitrarily since it has to
coherently verify certain physical conditions such as:

• Positive definiteness :{
∀M ∈ Ωt , F ∈Md×d and det(F ) ≥ 0 | W (M,F ) > 0 at any t > 0

W (M, I) = 0 at t = 0
(3.61)

Having assumed that there are no residual deformations (implies F = I )within the body
Ω0 in the reference frame, the strain energy density function is simply equal to zero at
any material point M0 ∈ Ω0 at the initial time t = 0. However, for every t > 0, the strain
energy function must always be positive for this to hold. This mathematical description
satisfies the physical interpretation because deformations observed on the body subjected
to loads are proof of the existence of a created energy. In purely elastic considerations,
this energy is released by the material once the external load is canceled. For the sake of
stability, the function W has to fulfill the following properties:

• Principle of material frame indifference:

∀ Q ∈ Orth3, M ∈ Ωt | W (M,QF ) = W (M,F ) (3.62)
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Where we recall that Orth3 is the space of square orthogonal matrices. This property
infers that the strain energy density of the material is independent of the material fiber
orientation. If verified, the material is, therefore, said to be isotropic (properties are the
same in all directions of the space).

• Polyconvexity: The functional W is polyconvex if and only if there exists a function f
that is convex with respect to all its 19 variables arising from F , adjF , and J such that.

W : Ωt ×Md×d −→ R+

(M,F ) 7−→ W (F ) = f(F, adjF, J)
(3.63)

Where adjF = JF−T is the adjoint of the deformation gradient F .

• Thermodynamic Consistency: Another important requirement for the existence of the
strain energy density function W is the thermodynamic consistency condition defined
within Clausius-Duhem inequality as follows

P : Ḟ − Ẇ ⩾ 0 (3.64)

For further details about the above requirements, the reader is referred to [114], [115].
As a result of Eq. (3.62),W can be fully defined in terms of the deformation gradient tensor F or
the right Cauchy-Green deformation tensor C or, equivalently, the left Cauchy-Green tensor B.
With:

C = F TF (3.65)

One can thence point out that C is symmetric and positive definite. The straightforward conse-
quence of the abovementioned property is that the strain energy density can uniquely be defined
either in terms of the eigenvalues λ2i ϵ {1,2,3} , principal invariants Ii ϵ {1,2,3} or principal traces
of the tensor C.

W (C) = Ŵ
(
λ
2

1, λ
2

2, λ
2

3

)
= W (I1, I2, I3) =W

(
trC, trC2, trC3

)
(3.66)

With aid of [31], we can assume an uncoupling of volumetric and deviatoric responses and
introduce the distortion gradient or volume-preserving gradient tensor F = J−1/3F ; in such a
way that the strain energy density can be split up into two components: energy due to changes
in volume (volumetric component) and energy due to pure stretches under constant volume
(isochoric component).

W (C) = Ŵ
(
F
)
+ U (J) (3.67)

In the light of this decomposition, the Jacobean of the new transformation is volume-preserving
(det

(
F
)
= 1). To this distortion gradient, corresponds the right Cauchy-Green tensor C =
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F
T
F with eigenvalues λ

2

1, λ
2

2, λ
2

3, and principal invariants I1, I2, I3 related as follows:

I1 = λ
2

1 + λ
2

2 + λ
2

3, I2 = λ
2

1λ
2

2 + λ
2

2λ
2

3 + λ
2

3λ
2

1, I3 = λ
2

1λ
2

2λ
2

3 = det
(
F
)
, I1 = J− 2

3 I1 (3.68)

Bearing in mind that the Jacobean of the primal problem is J = det(F ) and measures volume
changes and getting advantage of this formalization, the volumetric term is quantified by the
expression

U (J) =
M∑
I=1

1

di
(J − 1)2i (3.69)

Where di are incompressibility parameters and N the order of the polynomial series of J re-
quired to fit the experimental data recorded from the volumetric test. It is, therefore, obvious
that for an incompressible or nearly-incompressible material (J = det (F ) = 1), this term is
equal to zero (for Nylon cords, this term is zero). Often in commercial software, the nearly in-
compressibility is enforced by setting Poisson’s ratio to a value in [0.480, 0.4997] so as to avoid
instability in the course of the simulation[116], [117]. Besides the volumetric energy density
function in Eq. (3.69), other forms[118], [119], [120] are also often used and a few are reported
in Table 3.4.

Table 3.4: A few volumetric strain energy density functions.

Volumetric strain energy density References

U (J) = κ (J − 1)2

U (J) =
κ

4
(logJ)2 [120]

U (J) =
κ

4

(
J2 − 1 + 2log(J)

)
[120]

U (J) = κ (J − 1− log(J)) [119]

U (J) = κ (1− J − Jlog(J)) [118]

Where κ is the bulk modulus.
In the case of incompressible material, the above volumetric energy density functions vanish.
This is usually implemented with help of mixte variational formulation with u-p verifying the
inf-sup condition or with stabilization methods [118], [121], [122].
As per the deviatoric parts, several hyperelastic models (mostly phenomenological ones) are
most often considered for approximating the rubber contribution of shear effects in the strain
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energy density. These models are summarized in Table 3.5.

Table 3.5: A few deviatoric strain energy density functions.

Models Deviatoric strain energy functions Constants Reference

Neo-hookean Ŵ
(
I1
)
Neo_h = C01 (I1 − 3) C01 [120]

Mooney
Rivlin

Ŵ
(
I1, I2

)
=

M∑
i,j=0

Cij (I1 − 3)
i(
I2 − 3

)j
Cij [123]

Ogden Ŵ
(
λ
)
=

M∑
i=1

µi
α2
i

(λ
αi

1 + λ
αi

2 + λ
αi

3 − 3) µi, αi [124]

Yeoh Ŵ
(
I1
)
=

M∑
I=1

Ci0 (I1 − 3)
i

Ci0 [119]

Gent Ŵ
(
I1, I2

)
= C1

(
I1 − 3

)
+ 3C2ln(I2) Ci [125], [126]

Polynomial Ŵ
(
I1, I2

)
=

M∑
i,j=1

Cij (I1 − 3)
i
(I2 − 3)

j
Cij [127]

Anisotropic hyperelasticity

Due to the non-homogeneous structure of the material, characterized by the presence of molec-
ular heterogeneities or fibers (see Figure 3.10), the strain energy density function does not have
the same properties in all spatial directions at any M point in the media but remains hyperelas-
tic. As a result, one or more preferential directions generate the anisotropic energy term [113],
[128].

(a) one direction reinforced (b) three directions reinforced

Figure 3.10: Fiber-reinforced polymer.
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Let us define
−→
Aα

∣∣∣
i∈⟨1,2, ...,k⟩

as the k unit vectors of fibers orientation of the material. At any

time t ≥ 0, the functional W is defined as

W :Ωt ×Md×Rd −→R+

(M,F,
−→
Aα) 7−→ W (M,F,

−→
Aα)

(3.70)

Where d is the dimension of the problem (i.e. 2 in 2D or 3 in 3D). In this definition, the
functional W (M,F,

−→
Aα) equally has to be positive definiteness as stated in Eq. (3.61); however

does not verify the material indifference frame. It is usually admitted a split of W (M,F,
−→
Aα)

into the isotropic term W iso (F ) and the anisotropic term W aniso
(
F,
−→
Aα

)
as follows

W
(
M,F,

−→
Aα

)
= W iso (F ) +W aniso

(
F,
−→
Aα

)
(3.71)

Before explicitly introducing the strain density energy of such materials, we need to define
more invariants in addition to I1, I2 and I3. Let us consider that the material is reinforced with a
family of k groups of fibers, whose each group is oriented following the unit vector

−→
Aα ∈(1,2,..,k).

I
(α)
4 = tr

(
C
−→
Aα

)
=
−→
Aα·C

−→
Aα , I

(α)
5 = tr

(
C2−→Aα

)
=
−→
Aα·C2−→Aα (3.72)

In some cases, fibers interaction is taken into account by means of coupled invariants I(ı,ȷ)8 and
I
(ı,ȷ)
9 given as

I
(ı,ȷ)
8 =

(−→
Aα·
−→
Aα

)(−→
Aα·C

−→
Aα

)
; I

(ı,ȷ)
9 =

(−→
Aα·C

−→
Aα

)2
; ı̸=ȷ∈ (1, 2, . . . , k) (3.73)

This constitutive behavior is of particular interest since there has been an increasing number
of research in the last decade making use of it to generate a geometric homogeneous model
to reduce the computational complexity of some fiber-reinforced composites. Initially, it was
developed to model certain fiber-reinforced soft tissues, but it has recently witnessed wider use.
There is a plethora of models in the literature[129] and we report a few of them in Table 3.6

Table 3.6: A few anisotropic-hyperelastic strain energy density functions.

Models strain energy density functions constant references

Humphrey
and Yin

W = c1
[
exp

(
c2(I4 − 1)2

)
− 1
]

c1, c2 [130]

Holzapfel W = C1(I1 − 3) + c1
2c2

[exp(c2(I4 − 1)2)− 1] C1, c1, c2 [131]

Extended
Holzapfel

W = C1(I1 − 3) +
c1
2c2

[exp((1− κ)(I1 − 3)2 + κ(I4 − 1)2 − 1)]

C1, c1, c2 [132]
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Linear visco-hyperelasticity:

In section 1.2, we have covered the strain energy density functions for hyperelastic materials
and unlike linear elastic materials, rubber-like materials exhibit large strain and the deriving
Cauchy stress tensor σ is also non-linear and can be split into the hyperelastic component (σe)
and viscous component (σv) [133] as follows

σ (t)=σD (t)+σH (t) = σe (t) + σv (t) (3.74)

However, we note this time that expression in Eq. (3.58), which portrays the response (creep
or stress relaxation) of a linear viscoelastic material for any given excitations (prescribed stress
or prescribed strain), needs to be extended to comply with visco-hyperelastic properties of the
material. To do so, we reconsider the generalized Maxwell rheological model in Figure 3.9
and prosny series of the same form as in the last section. Recently, authors in [133] and [134]
proposed a modified version of the Cauchy stress tensor without the need to have a different
strain density energy for the viscous part [135]. In there, the hydrostatic component σH and
deviatoric component σD of the stress tensor are explicitly given in the relations in Eq. (3.75a)
and (3.75a), respectively

σD (t) = σD0 (t) +

∫ t

0

F−1
t (t− t′)σD0 (t− t

′
)F−1

t (t− t′)ġr(t
′
)dt

′

σH(t) = σH0 (t) +

∫ t

0

σH0 (t− t′)ġr(t
′
)dt

′

(3.75a)

(3.75b)

Where Ft(t− t
′
) = F (t− t′)F−1(t) is the relative deformation gradient, σD0 and σH0 are the

instantaneous deviatoric and hydrostatic stress, respectively. We recall from sect. that the strain
energy density function of the material undergoing finite deformation can be decomposed into
its deviatoric and volumetric components

W (F (t)) = Ŵ
(
F
)
+ U (J(t)) (3.76)

So we can obtain σD0 (t) and σH0 (t) from the following

σH0 (t) =
∂U (J(t))

∂J
, σ0(t) =

1

J

∂W (F (t))

∂F
F T , σD0 (t) = σ0(t)− σH0 (t) (3.77)

Where σ0(t) is the instantaneous purely hyperelastic Cauchy stress tensor. For further details
about Eq. (3.74), the reader is referred to papers [134], [136] and [137]. Once σ (t) is computed
from Eq. (3.74), the first Piola–Kirchhoff stress tensor P , Second Piola–Kirchhoff stress tensor
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S and Kirchhoff stress tensor T can be readily calculated at each time step by the relations


P (t) = J(t)σ (t)F−T (t)

S (t) = F−1 (t) σ (t)F−T (t)

T (t) = J (t) σ (t)

(3.78a)

(3.78b)

(3.78c)

Depending on the configuration from where energy integrands are evaluated using the dis-
cretized form of the weak variational formulation of the boundary value problem, the latter
expressions will be of great importance in later chapters.

Nonlinear visco-hyperelasticity:

In the presence of large deformations, the linear viscosity approach described using the
Prony series in the Section cannot efficiently capture the nonlinear viscoelastic flow. Now
assuming the multiplicative split principle [138] illustrated in Fig, the deformation gradient F
is decomposed into its hyperelastic Fe and viscous Fv parts as follows.

F = FeFv (3.79)

Subsequently, it is assumed that viscous deformation takes place in an isochoric process.

det (Fv) = 1 (3.80)

such that the flow rule can be derived as

ε̇v = λ̇
∂q

∂σ
(3.81)

Where q̂ = J

√
3

2
σdev : σdev and λ̇ = ε̇veq are the equivalent deviatoric Cauchy stress and equiv-

alent creep strain rate, respectively. After writing out the derivative in Eq. (3.83), we end up
with

ε̇v =
3ε̇veq
2

σdev

q
(3.82)

The complete description of the above-defined flow rule is obtained by prescribing ε̇veq. In this
regard, several creep evolution models exist in the literature, out of which the most famous and
efficient one suitable for rubber-like materials was proposed by Bergstrom and Boyce[139] and
is known as the BB power-law model, given as

ε̇veq = a (λv − 1 + ζ)c (q̃)m (3.83)
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Where λv =

√
1

3
I : Cv. a, ζ,m, c and c are material parameters, usually determined using a

nonlinear optimization scheme based on creep test data.

Remark. It should be noted that in ABAQUS, the flow rule cannot be used in conjunction with

Mullins damage. Additionally, ABAQUS explicit does not offer this feature. However, it is

possible to utilize this model with the ABAQUS standard solver. Thereby, it is essential to keep

in mind that selecting this model implies that the user is limited to running static or dynamic

simulations using an implicit scheme.

This model has efficient capabilities in predicting nonlinear viscous flow in rubber-like ma-
terials, as demonstrated in the tire rolling analysis work conducted in [2].

Mullins effect:

The Mullins effect is defined as the progressive softening of the material as the number of cycles
increases. Basically, in the current cycle, reloading the material to the first unloading point of
the previous cycle requires less energy than loading up to the maximum stretch in the previous
cycle [133], [140]. This damage evolves as the number of cycles increases, and we can interpret
it as a progressive loss in stiffness, which simply means that at the molecular level, there is
some molecular chain damage taking place.

Figure 3.11: Influence of Mullins damage on stress-strain curve [133].

A viscoelastic damage model at finite strain was initially proposed by Simo [141] and consists
in introducing a penalty factor φ (Ξt) to the deviatoric part of the strain energy density Ŵ

(
F
)
,

since Mullins damages are only due to shear effect in the material [142]. So the derived energy
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function proposed by Simo [141] reads as

W (F,Ξt) = φ (Ξt) Ŵ
(
F
)
+ U (J) (3.84)

Where φ (Ξt) ∈ [0, 1] is the damage factor, where particularly φ (Ξt) is 1 when there is no
damage and 0 when the damage is total. However, the definition of damage Ξt evolution with
this approach is not always easy. A simple formula is given as

Ξt = max
s∈]−∞,t]

√
2Ŵ

(
F
)

(3.85)

As for the damage evolution, an exponential-based expression has been proposed by Simo and
Taylor [143] and Simo and Taylor [144] and formulated as

φt (Ξt) = β + (1− β) e
−Ξt/ξ

Ξt/ξ
, β ∈ [0, 1], ξ ∈ ]−∞, 0] (3.86)

In this expression, β and ξ are prescribed parameters and usually their choice is not always
objective since it should be taken on a justified basis in regards to physics-driven considerations.
A more stable augmented form of the pseudo-strain energy density function has been developed
by Dorfmann and Ogden [60] and reads as

{
W (F, η) = ηŴ

(
F
)
+ U (J) + ψ (η)

ψ
′
(η) = −Ŵ

(
F
) (3.87a)

(3.87b)

Where η ∈ [0, 1] is the damage factor. A simple derivative of ψ (η) with respect to η from
Eq. (3.87b) was suggested by Ogden and Roxburgh [57] as

ψ
′
(η) = −

(
m+ βŴmax

)
erf−1 (r (η − 1))− Ŵmax (3.88)

Where erf is the Gauss error function and the triplet (m ≥ 0, β ≥ 0, r > 1) are positive
constant materials. Ŵmax is the maximal strain energy density at the first point of unloading
in the first loading cycle. By replacing ψ′

(η) from Eq. (3.88) into Eq. (3.87b), we obtain the
damage parameter given in Eq. (3.89)

η
(
F
)
= 1− 1

r
erf

(
Ŵmax − Ŵ

(
F
)

m+ βŴmax

)
(3.89)

The numerical implementation of this latter damage model is quite stringent and is available in
many commercial software like ABAQUS, where the user has only to define the triplet (m,β, r)
when setting material properties.
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3.3 Temperature dependence:

Viscoelastic properties of rubber-like materials are closely susceptible to temperature changes,
which can have a significant impact on their simulation accuracy. When the temperature rises,
the material loses its stiffness and becomes softer [145], [146], [147], [148], [149], as shown
in Figure 3.12. This process is accelerated in the presence of an external source of thermal
energy or if the ambient temperature is higher than the reference temperature of the material.
Furthermore, the smaller the melting temperature of the material is, the more sensitive it is to
small temperature changes.

Figure 3.12: Stress relaxation responses for the unfilled silicone rubber for different temperatures [147].

In tire thermodynamics, heat can impact tire performance and longevity. Two major sources of
heat generation are predominant, namely external heat exchange and road friction-induced heat
generation.
When tires are operating in an environment with higher or lower temperatures, an exchange of
temperature progressively takes place between the tire and its surrounding environment, which
can vary significantly depending on weather conditions and ambient temperature. On the other
hand, permanent frictional contact with the road during rolling generates friction-induced heat.
Two factors come into play in this phenomenon: the roughness and the relative speed of the
contacting surfaces.

Usually, the simplest approach to account for temperature effects on the viscoelasticity
of rubber-like material is to assume that the material is a thermo-rheologically simple ma-
terial[150] so that the so-called time-temperature superposition principle ([133],[151], [152],
[153], [154], [155], [156]) can be applied to determine viscoelasticity parameters at a given
temperature θ from their known values at the reference temperature θref using the so-called
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temperature shift factor aθ. In the literature, there exist two major approximations of aθ, most
often used:

• The Williams–Landel–Ferry approach [152]

log (aθ) = − C1(θ − θref )
C2 + (θ − θref )

(3.90)

Where C1 and C2 are material constants that depend on material temperature. θ and
θref)are temperature in degrees (°C)

• The Arrhenius law
ln (aθ) = −γ

(
1

θ
− 1

θref

)
(3.91)

Where γ is a material constant. In this regard, θ and θref are temperature in Kelvins. Once the
empirical shift function at(T ) is determined, relaxation modulus at the temperature is given by
the formula

∀ θ, G (θref , t) , G (θ, t) = G
(
θref ,

t

at(θ)

)
(3.92)

Where tR =
t

aθ(θ)
is the reduced time. This process is summarized in the flowchart in Fig-

ure 3.13.

Figure 3.13: Interpolation process of the shifted moduli and relaxation/creep times.

3.4 Wear of tread:

Since treads are directly in contact with the road, they are highly exposed to the effects of con-
tacting surface roughness. With their grooves designed to offer the best possible stability and
avoid aquaplaning on a wet road, repeated friction with the road is a source of both heat gen-
eration and wear [157], [158], [159], [160], [161]. Wear is the progressive deterioration of the
tire part (tread) that is directly in contact with road. This phenomenon is by nature unavoided
but becomes abnormal when the damage process is whether too fast or unevenly distributed
on grooves and in some cases, reveals imbalance problems with steering and suspension sys-
tems for instance [162], [163]. Several wear models have been proposed in the literature for
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accounting tire wear. The simplest model is called Archard wear equation [160] and reads as

Qwear = K
Fnds
H

(3.93)

Where H is the harness of contacting surface, K is a constant, Fn is the applied normal force,
ds is the sliding distance, and Qwear is the volume of worn debris. One can note that Archard’s
model is not directly described in terms of the friction coefficient and footprint area. To alleviate
this limitation, many improved versions exist in the literature [164], [165], [166]. Tangential
and normal contact constraints are enforced in the computational model by enforcing contact
constraints in the potential energy of the structure through the Lagrange multiplier, discretized
in the Garlekin space and solved with the Newton-Raphson scheme by iteration after a con-
sistent linearization of the weak form of the variational formulation (see [167], [168], [169],
[170]).

3.5 Contact constitutive laws:

As outlined in the introduction section, one of the key roles of a tire is to ensure a stable and
smooth transfer of vehicle loads to the ground. This function entails permanent contact between
the tire and the road surface. This interaction is a complex phenomenon that can be split into
two components, namely tangential and normal, and conveys an entire field of interest for tire
manufacturers worldwide, aiming to improve the rolling properties of their products for optimal
grip and stability on the road, especially during hazardous weather conditions. Consequently,
accurate tire modeling relies closely on the choice of the correct contact algorithm and enforce-
ment of contact-type boundary conditions. In the computational contact mechanics literature
[167], [168], [169], [170], researchers have proposed several numerical approaches to solving
contact problems between deformable bodies:

• Penalty method:

• Lagrange multiplier:

• Augmented Lagrange multiplier:

• Nitsche’s method:

In order to introduce contact laws, let denote by Ω(1) and Ω(2) the domains of the space respec-
tively occupied by the tire and the ground at each time. Just for illustration, we assume the
longitudinal view in Figure 4.13. Let also the boundaries Γ(1) and Γ(2), in red (–) and magenta
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(–) in Figure 4.13, be the potential contact zones between both bodies.

(a) (b)

Figure 3.14: Basic representation of the contact gap and potential contact surfaces between the tire and
the road. (a) in Static, (b) in rolling.

Whilst in static situations, the potential contact surfaces Γ(1) and Γ(2) are respectively reduced
to just the lower tread part of the tire and the corresponding adjacent surface on the ground as
illustrated in Figure 4.13(a), in rolling conditions, the contact surface of the tire is extended to
the entire outermost surface of the tread as schematically shown in Figure 4.13(b).
Then, we also denote x

(2)
c the orthogonal projection of a point x(1) ∈ Γ(1) along the normal n⃗

onto the surface Γ(2).

3.5.1 Normal contact behavior:

At each time step, the compatibility of the normal interaction between the two bodies has to be
fulfilled by verifying the contact inequality defined in Eq. (3.94)

∀ x
(1) ∈ Γ(1) such that ∃ x(2)c ∈ Γ(2)

gN (X, t) = n⃗ ·
[
x(1)(X(1), t)− x(2)(X(2)

c , t)
]
≥ 0

(3.94a)

(3.94b)

Where gN is called the gap distance function.
The condition in Eq. (3.94) ensures the enforcement of the non-penetration constraint between
the two contacting surfaces throughout the course of the simulation. With the gap function at
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hand, the normal contact behavior is outlined in Figure 3.15.

penetration

gN

pn

Figure 3.15: Strict normal contact law.

Where pn is the contact pressure. This normal contact formulation in ABAQUS is named
"hard" contact.
It can be noted from this illustration that when the normal gap is closed, that is to say, gN (X, t) =

0, the contact pressure has a value different from zero. The overall summarized normal contact
conditions based on Eq. (3.94b) and the relationship between gN and pn have been proposed
by Hertz-Signorini-Moreau, referred to as KKT conditions in contact mechanics literature and
given in Eq. (3.95)

gN (X, t) ≥ 0, pn (X, t) ⩽ 0, pn (X, t) gN (X, t) = 0 (3.95)

This formulation of the normal contact law is also relevant for tied contact type, which means
the contacting surfaces remain tied to each other throughout the simulation. Thus, a more
straightforward form of Eq. (3.94b) is obtained in Eq. (3.98) after simplification

x(1)(X(1), t)− x(2)(X(2)
c , t) = 0 (3.96)

Besides the contact behavior depicted in Figure 3.15, other approaches exist, such as the lin-
ear and exponential behaviors that allow for a slight violation of the non-penetration condition.
Nevertheless, the strict approach outlined herebefore is the most realistic, though computation-
ally a bit more challenging.

3.5.2 Tangential contact behavior:

Whenever two contacting surfaces come into contact, they typically touch each other at some
points at which there are forces acting in the tangential plan. These forces are responsible
for resisting the motion between the two surfaces. Numerous works in the field of tribology
have been devoted to building a computational framework to better understand the complex
mechanics involved in surface contact and friction[]. The most widely known is the Coulomb
model, which is described by the conditions below.
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

∥tτ∥ − µ |pn| ⩽ 0, slip condition

vτ,rel + β tr = 0, slip rule

β > 0, stick/slip separation

β (∥tτ∥ − µ|pn|) = 0

(3.97a)

(3.97b)

(3.97c)

(3.97d)

Where vτ,rel is the relative velocity of the two bodies and given as

x(1)(X(1), t)− x(2)(X(2)
c , t) = 0 (3.98)

Graphically, this law is shown in Figure 3.16. Indeed, we distinguish the pure and stiction
frictional models. While in the former model, the contacting bodies are stuck when vτ,rel = 0

(ie. ||tτ || < µs|pn|), which corresponds to blue segments in Figure 3.16 stated in Eq. (3.97a).
However, as soon as vr,rel ̸= 0, the threshold motion is reached (||tτ || = µs|pn|), leading to a
relative frictional slip between the two contacting surfaces and oriented towards the direction
of vr,rel. In contrast, when the motion threshold is reached in the Coulomb model with stiction
(see Fig. 3.16(b)), the relative slip/sliding takes place under the kinematic friction force, which
is calculated based on the dynamic friction coefficient µdyn < µs (i.e. ||tτ,dyn|| = µdyn|pn|).

(a) Pure Coulomb law

tτ,s

vr

tτ

(b) Coulomb law with stiction

tτ,s tτ, dyn

vr

tτ

Figure 3.16: Basic Coulomb frictional laws.

Though the numerical implementation of these models may seem relatively simple due to lin-
earity, the jump observed at vτ,rel = 0 makes its convergence quite tedious, given that these
laws are non-differentiable at this point. As a solution to alleviate this hindrance, numerous
smoothing-based or regularization models such as the Coulomb-Stiction-Stribeck model [171],
and many others [172], [173] have been proposed in the literature.
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4 Proposed computer model for tire
simulation

4.1 Motivation and assumptions

4.1.1 Motivation

Thanks to the tremendous potential offered by scientific computing and cutting-edge architec-
ture of modern computers, dynamic simulation is an integral part of tire development process, as
it not only enables manufacturers to carry out in-depth analysis of tire behavior in various sce-
narios, namely normal and accidental conditions, explosion, impact with an obstacle but also to
optimize design and reduce costs and time between design and prototype manufacturing. This
technique is based entirely on numerical modeling, which is the computerized emanation of the
mathematical description of the mechanical response of tires (see Figure 4.1). To this end, the
assumptions underlying the formulation of such a model must integrate as faithfully as possi-
ble the parameters of the problem (topology, material constitutive laws, boundary, and initial
conditions) while maintaining a certain balance between accuracy, efficiency, and complexity.

FEM
model

Geometry Material properties

Boundary conditions

Result visulization

Loadings

Initial conditions

Physical
problem

Mathematical
equations

Figure 4.1: From the physical problem to the FEM model.
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As highlighted in the Figure 4.1, the accuracy of the results obtained by FEM is closely
linked to the definition and properties of four main components: the creation of the domain and
its topology, the identification of the material properties of the components, the imposition of
boundary and initial conditions, and the judicious choice of the solver. Therefore, we present in
this chapter the proposed FEM model for tire simulation under dynamic loads.

4.1.2 Assumptions

The model proposed in this thesis is grounded on the following assumptions:

1. The interlayer contact is perfectly bonded: No debonding or delamination is sought in
this work.

2. The rim is assumed rigid. The deformation of the rim is infinitesimal compared to that of
the tire. Thus, for computational reasons, we consider the rim as a rigid body.

3. Deformation of the road is also neglected, so that the road can be modeled as a rigid body.

4. Tire parts failure mechanism is not the target of this work; thus, material failure criteria
were disregarded.

5. Only the phenomena pertaining to mechanical sources are analyzed in this work. Thus,
thermal, acoustic, or multiphysics responses are not investigated.

4.2 Tire geometry creation:

In order to obtain tire geometry, the common practice in the field combines tire scanning
(cross-section and tread pattern) and CAD creation of the tire digital geometry, including tread,
sidewalls, inner liner, bead regions, and reinforcements, as investigated by Liu et al. [174], who
proposed a MATLAB build-in tool that uses image processing techniques to automatically help
the user identify rubber domain as well as the location, dimension, and number of reinforce-
ments (steel cords, textile cords, carcass, and bead) in the cross-section. The creation of the
digital cross-section from the real tire cross-section is conducted following the process shown
in Figure 4.2.
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Start

Scanning of Tire Cross-Section

Image Preprocessing

Segmentation of Tire Components

Extraction of dimensions

Creation of CAD Model

Verifications

Output: digital Cross-Section

Pass

Fail

Figure 4.2: Flowchart for creating a digital tire cross-section from cross-section scanning.

4.3 Proposed material parameter identification method:

During the design and manufacturing processes, tire manufacturers must ensure that each
component of the tire meets necessary structural requirements to ensure optimal functioning,
stability, and durability of the final product. These requirements have been reviewed in Sadjiep
Tchuigwa et al. [20] (also referred to as P2).

Aside from the above-mentioned experimental observations, the complexity of material pa-
rameter identification and experimental cost are of significant concern. In the current practice,
three tests, volumetric, deviatoric, and relaxation/creep tests, are required to determine visco-
hyperelastic material parameters. In light of the review of existing models in the literature sec-
tion and the interpretation of experimental data collected on rubber and textile cord specimens
extracted from tires, we have identified the following limitations of existing material behaviors:

• The Mullins effect: analysis of the stress-strain curves obtained on rubber (specimens ex-
tracted from tires) during cyclic mechanical testing reveals that, in addition to the visco-
hyperelastic response, progressive damage inevitably occurs, denoted by a decrease in
strength (called Mullins softening), highlighted graphically in the figure, by the fact that
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below the maximum stress of all previous cycles, the loading path of the current cycle
does not coincide with the unloading path of the previous cycle. This characteristic phe-
nomenon of filled rubbers was first studied by Mullins and described mathematically by
Ogden and Roxburgh [57]. However, an examination of the research carried out to date
on tire simulation reveals that it has not been taken into account. Given that in the tire, dy-
namic forces involve loading-unloading sequences, such as those performed in the cyclic
test on rubber specimens, it is essential to include this damage in the constitutive law.

• In recent tire finite element models, three tests are commonly required to characterize the
visco-hyperelastic behavior of rubber elements: a monotonic loading test (uniaxial, equi-
biaxial, or shear), a volumetric test, and a relaxation/creep test. Depending on the model
chosen from those mentioned in the section, the corresponding parameters are determined
after calibration with the experimental data. However, this approach is costly in terms of
both materials and equipment, as it requires three different machines, which is beyond
our reach in the VVCD laboratory, where there is a single equipment for both monotonic
and cyclic tests.

• Similar to rubber compounds, textile cords also exhibit a visco-hyperelastic response type
with Mullins damage, unlike the linear elastic model considered in numerous works in the
literature.

Thanks to the recent identification scheme proposed in [133] and [134], it is now possible
to determine these parameters (including Mullins damage parameters) with solely the cyclic
tensile test. In these articles, the authors proposed a material identification procedure that enable
to determine material mechanical properties using only the cyclic test.

In the next section, we describe the material parameter determination procedure adopted in
this project.

4.3.1 Material constitutive behavior:

Based on the interpretation of cyclic tensile test of rubber compounds, their constitutive behav-
iors are, in fact, visco-hyperelastic+Mullins effect. This suggests the simultaneous coexistence
of three important phenomena:

1. Hyperelasticity: described mathematically in Section 3.2.2.

2. Viscoelasticity: outlined mathematically in Section 3.2.2.

3. Mullins damage: introduced kinematically in Section 3.2.2.
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Regarding tire reinforcements, including steel cords, textile cords, and carcass, they experimen-
tally exhibit a linear elastic response, as highlighted in the Section 2.3.1. Therefore, the material
properties used for tire components in this dissertation are summarized in Table 4.1.

Table 4.1: Constitutive laws and parameters of tire components.

Parts Components Models Parameters Tests

Tire

rubber compounds
(tread, sidewall,
inner liner,
undertread,
bead filler}

Mooney–Rivlin C01 and C10

Cyclic tensile
test

simple volumetric
model

D1

Generalized Maxwell
model

gi and τi

Mullins effect r, m and β

Steel cords Linear elastic Esteel and νsteel
Uniaxial tensile
test

Textile cords Linear elastic Etextile cap and νtextile cap
Uniaxial tensile
test

carcass cords Linear elastic Ecarcass and νcarcass
Uniaxial tensile
test

Among the existing phenomenological material models, the Mooney–Rivlin model was se-
lected due to its simplicity and good balance between computational cost and accuracy. Addi-
tionally, it is reliable for deformation ranges of up to 200% [175]. Another advantage of this
model is that the incompressibility parameter D1 can be determined using C10, C01 and ν as
follows:

D1 =
2(1− 2ν)

C10(5ν − 2) + C01(11ν − 5)
(4.1)

Where ν is Poisson’s ratio. Rubber compounds used in tire manufacturing are generally nearly
incompressible, with a Poisson’s ratio (ν) typically falling within the range of 0.480 to 0.499.

4.3.2 Material parameter identification

Cyclic test on rubber compound The tensile cyclic test procedure for rubber-like material can
be carried out within the guidance provided in the standard ISO 37:2017[127] entitled Rubber,

vulcanized or thermoplastic elastomer - Determination of tensile properties. During this test,
dumb-bell specimen type 3 is preliminarily cut from tire’s part to be tested and then tested as
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per the procedure above:
Test procedure:

1. At room temperature, the specimen should be mounted in the machine grips;

2. Positioning of elongation measuring device (video-extensometer or contact extensome-
ter);

3. After an initial preload of 0.1 N, the specimen has to undergo four cycles with loading
and unloading up to 25% and 2.5 % of the engineering strain, respectively;

4. Then, followed with four cycles of loading and unloading up to 75 % and 5% of the
engineering strain, respectively;

5. Subsequently, four cycles of loading-unloading up to 150 % and 7.5% of the engineering
strain, respectively;

6. Finally, four cycles of loading-unloading up to 250 % and 10% of the engineering strain,
respectively.

In each of the four loop cycles above, we avoid to unload up to the final state of the last loop to
avoid compressive stresses in the specimen. A graphic representation of the engineering strain
spectrum is depicted in Figure 4.3.
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Figure 4.3: Spectrum of the loading sequence.

Steel cords:
According to experimental results existing in the literature, steel cords are predominantly so-
licited in the lower region of the stress-strain where Hooke’s law suffices to account for their
contribution. Thus, no plastic deformation is expected here, as depicted in Figure 2.8. In this
regard, a simple uniaxial tensile test (as per ASTM D2969) is enough to determine Young’s
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modulus (Est) and Poisson’s ratio (νst), which are the only parameters we need from this com-
ponent.

σst= Est ϵ (4.2)

Textile overlap cords and carcass cords:
Similar to steel cords, the mechanical properties of textile and carcass cords are determined
using a uniaxial tensile test. However, it is conducted in accordance with the ASTM D885
standards.

4.3.3 Temperature influence on material parameters:

Definition 1. let us consider n set of experiments in which the prescribed variable Tα =

⟨T1α,T2α, . . . ,Tnα⟩ generates the response Bα = ⟨B1α,B2α, . . . ,Bnα⟩ at the temperature

(θα)α∈⟨1,2,..,t⟩ for the range of times tα = ⟨t1α, t2α, . . . , tnα⟩. With the help of the time-temperature

superposition principle, it is possible to estimate material parameters at a temperature (θα)α∈⟨1,2,..,t⟩
from parameters at reference temperature or room temperature using master curves by interpo-

lating as shown in Figure 4.4.
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Figure stress-strain dependence of PA66 in cyclic tensile test at 20°C and 120°C.[129] 

 

Material parameter identification is carried out as outline in the flowchart in Fig. 
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Figure: Calibration methods for temperature-dependent parameters. 

∀ 𝜃𝑇 ≠ (𝜃𝛼)𝛼∈〈1,2,..,𝔱〉, (𝔗𝛼 , 𝔅𝛼 , 𝜃𝛼) 

 Linear interpolation: this method is 

suitable for linear elastic material 

(steel cord and textile belts).  

Parameter: 𝐸(𝜃) 

 Shift function: for temperature 

effect on visco-hyperelasticity of 

rubber compound. 

Parameter: 𝜏(𝜃) 

  

Naïve method Equation-based 

Figure 4.4: Adjustment of the mechanical properties in response to changes in temperature.

The mathematical process behind this process is described in Section 3.3.

4.4 Creation of the topology:

The accuracy of results obtained from the finite element method heavily depends on the quality
of the topology or geometry being analyzed. In the tire industry, the creation of tire topology
begins with cross-section scanning. This is effective since the tire construction, or casing, is
symmetric with respect to the wheel’s axle. The scanned image is then imported into a CAD
program, where it serves as a layout for sketching each layer that forms the tire casing. Once
this is completed, the file is imported into simulation software such as ABAQUS or ANSYS as
a reference.

At this stage, there are two methods for creating a 3D tire mesh:

Chapter 4. Proposed computer model for tire simulation 72



1. Method 1: One− time Mesh

This method is entirely performed in the CAE interface. It involves first creating the
3D geometry and then meshing it. Each rubber compound is modeled separately in this
approach. While this method results in a denser mesh, it is computationally expensive. In
this method, rubber compounds are meshed with the following finite element:

2. Method 2: axisymmmetric− based

This method takes advantage of the tire’s symmetry about the wheel axle. It begins with a
2D axisymmetric model of the tire, which is then meshed. Within ABAQUS, the built-in
symmetric model function is utilized to generate the 3D profile. This function allows the
creation of equally spaced mesh sectors (Type 1) or locally refined mesh sectors (Type 2)
in the circumferential direction. The resulting mesh is illustrated in Figure 4.5. This
method is computationally efficient; however, it has a drawback: it can only be applied
using input files and requires familiarity with the script language.

(a) Type 1

x

z

O

(b) Type 2

x

z

O

Figure 4.5: Possible circonferential mesh of tire from 2D axisymmetric tire model. (b) Type 1: Equally
spaced sector mesh and (a) Type 2: Sectorized mesh.

Before meshing, the choice of element types depends on the material constitutive laws, the level
of deformation the structure may undergo, and the type of solver to be used—whether implicit
or explicit—based on the specifics of the problem.

• Given the incompressibility of tire rubber, a mixed variational formulation needs to be
adopted. In this formulation, the hydrostatic field p is introduced as a supplementary
unknown along with the displacement field u.

• For simplicity, linear elements are generally preferred over quadratic elements. Therefore,
reduced integration must be activated to address volumetric locking during the deforma-
tion process.
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• Finally, for static, quasi-static, and moderately dynamic problems, implicit solvers are
suitable, whereas explicit solvers are more effective for impact, transient rolling, and
strongly dynamic problems.

While the meshing method 1 was utilized at the conceptual level, method 2 was used for
validation of the model.

4.4.1 Modeling of rubber compounds and beads

The finite elements listed in Table 4.2 can be utilized for creating a 3D mesh of rubber com-
pounds and tire beads.

Table 4.2: Element type configurations for different parts.

Parts Dimension Element type
Implicit solver Explicit solver

Rubber 3D C3D6H C3D6R
C3D8RH C3D8R

Bead 3D C3D8RH C3D8R

Where
C3D8: 8-node linear brick element.
C3D6: 6-node linear pentahedron element.
H: hybrid element
R: reduced integration
A spatial representation of these elements is shown in Figure 4.7.

(a) C3H8RH (b) C3H8R (c) C3H6H

Legend:
Displacement u
Pressure node p
Integration point

Figure 4.6: 3D finite element types for meshing rubber compounds and beads.

Since hybrid elements (denoted with H) are not supported in the ABAQUS explicit solver,
it is necessary to activate the enhanced strain formulation to manage instabilities caused by
material incompressibility. Enhanced strain formulations address issues such as shear locking,
incompatible modes, and hourglassing, particularly in bending-dominated or nonlinear materi-
als.

4.4.2 Modeling of reinforcements

Reinforcements such as steel cords, textile cap cords and carcass are incorporated into rubber
matrix to rigidify the tire and absorb stresses and deformation resulting from loads. Their
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modeling is also of major interest. In ABAQUS, one distinguishes two modeling techniques for
reinforcements:

• Surface element: Mostly used with axisymmetric modeling, it offers to use a zero-
thickness element of type SFMGAX1 in 2D and SFM3D4R in 3D to model rebars.
These elements (see Fig) have three active degrees of freedom namely 1, 2, 5. Which
corresponds to two translations (about ur, uz) and one rotation (θ), given in cylindrical
coordinates.

• Beam element: this type of element is used for modeling individual rebars in a realistic
reinforcement model. In ABAQUS, B21 and B31 are used in 2D and 3D, respectively.
In terms of degrees of freedom, B21 has three active degrees of freedom (ux,uy and θ),
while B31 has six active degrees of freedom (ux,uy,uz,θx,θy and θz).

• Solid element:

For simplicity, linear elements are preferred for computational motivations. In both cases, a
single integration point is needed as depicted in the illustration shown in Figure 4.7.

(a) surface element:
SFMGAX1 in
axisymmetric

(b) surface element:
SFM3D4R in 3D

(c) beam elements: B21/B31 in 2D/3D

Legend:
Displacement u
Integration point

Figure 4.7: Possible FE elements for reinforcements.

In a 3D tire model with realistic reinforcements, the problem size becomes significantly
larger due to the doubling of the number of degrees of freedom when compared to surface
elements, which only have three degrees of freedom per node. As a result, the computational
cost associated with a realistic model is high.

4.4.3 Modeling of reinforced layers

In order to capturing an accurate response in dynamic loading, it is important to thoroughfully
model reinforced layers. Actually, there are three modeling possibilities:

• The laminate approach which is governed by homogenization theory and enables to re-
place the composite layer by an homogenized layer with mechanical properties function
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of the rubber and rebar individual mechanical properties. Under this theory, two pop-
ular approaches exist: the orthotropic solid model and the shell (S4R) or membrane
composite-based model. In the orthotropic solid model [83], [176], a biaxial test is used
to determine the material mechanical properties, which are assigned to the whole domain
of concern.

• The materially realistic or hybrid approach: In this approach, mechanical properties of
the matrix and the rebar are determined separately. Within FE commercial software such
as ABAQUS, matrix domain (rubber) is modeled seperately (in 2D axisymmetric with
CGA3RH /CGA4RH elements and in 3D with C3H6H/C3H6/ C3H8RH/C3H8R

elements) and assign its individual material constitutive law. On the other hand, reinforce-
ment layers are modeled as a surface elements (SFMGAX1 in 2D and SFM3D4R in
3D) with embedded rebars and assign its properties namely, the constitutive behavior,
the spacing of rebars and the aspect ratio between the volume of rebars over that of the
rubber. This approach has been extensively utilized and validated by authors like.

• The realistic approach with embedded rebars: In this model, both matrix and rebars are
modeled with the real geometry and material constitutive laws. That is to say, unlike with
the previous two approaches, each rebar is modeled as a linear beam element.

Geometry and material law considerations for these models are graphically illustrated in Fig-
ure 4.8

Figure 4.8: Graphical illustration of modeling approaches for reinforced rubber belts.
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A comparison of the existing modeling approaches for rubber reinforced layers is summa-
rized, considering factors such as accuracy, computational cost, validity, and the advantages and
disadvantages in Table 4.3.

Table 4.3: Comparison of modeling approaches for tire reinforced layers.

factor
Reinforced layer modelling approaches

Laminate Hybrid Realistic
Validity Only small deformation

under static loading
small and large defor-
mation in under static
and dynamic loads

small and large de-
formation in under
static and dynamic
load

Accuracy very low high very high

Advantage reduces the problem
size.

Best trade of between
accuracy and computa-
tional cost

Can predict stress/s-
train and individual
rebar failure mode

Disadvantage Does not account for
rebar aspect ratio and
large deformations.
Cannot incorporate
rubber and rebar real
material law

Predict stress / strain in
the layer as a whole not
on individual rebar

Requires a denser
mesh

Computational
cost

very low low very high

In the scope of this dissertation, both the realistic (see author’s articles P5, P6, and P8) and
hybrid approaches (see author’s articles P3 and P4) were utilized at the conceptual and model
validation stages, respectively.

4.5 Modeling of interactions

4.5.1 Tire-rim interaction modeling

Under operational conditions, the tire is mounted on the rim and is secured through the rim
cushion in the rim jaws. There are three modeling concepts for tire-rim interaction:

• Tire-center kinematic coupling approach: A kinematic coupling is a constraint that en-
sures the kinematic state of a reference point (such as a wheel’s axle) is imposed on a set
of points (like part of the rim cushion). In this constraint, the degrees of freedom of the
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dependent nodes are controlled by the reference point.

(a) In 2D axisymmetric (b) In 3D

Figure 4.9: Tire-center kinematic interaction.

• Tire-center rigid body interaction approach: This constraint establishes a rigid body
deformation type between the reference point (the wheel’s axle) and the set of points on
the rim cushion. It is similar to a kinematic constraint and has the advantage of being
supported during the transition from the 2D axisymmetric model to the 3D model, as
described in Method 2 above.

(a) In 2D axisymmetric (b) In 3D

Figure 4.10: Tire-center rigid body interaction.

• The realistic tire-rim interaction approach: In this approach, the rim surface is modeled
using a parametric analytical rigid element. Next, a surface-to-surface contact type is
defined, using the tire rim cushion surface and rim surface as contact pairs.

(a) In 2D axisymmetric (b) In 3D

Figure 4.11: Tire-rim surface interaction.
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For computational simplicity, the tire-center rigid body interaction and Tire-center kinematic
coupling approaches were used in this dissertation.

4.5.2 Tire-road interaction modeling

FEM demonstrates versatility in efficiently modeling interactions between contacting bodies.
There are two formulations for modeling the contact between tire tread (slave surface) and road
surface (master surface).

• Node-to-surface contact formulation:In this approach, the slave nodes are restricted from
penetrating the master surface, while the nodes from the master surface are permitted to
do so. As a result, the distribution of the contact output such as contact stresses and slip,
is not ideal. However, this method is computationally inexpensive.

• Surface-to-surface contact formulation: Unlike the previous contact formulation, surface-
to-surface contact ensures the non-penetration of nodes from both surfaces. As a result,
the contact outputs are more accurate, though it comes at a higher computational cost.

Concerning the numerical treatment of contact interactions, both normal and tangential formu-
lations such as penalty methods, Lagrange multipliers, and augmented Lagrange multipliers
are commonly used in commercial software like ABAQUS. More recent approaches, including
the mortar method [167], [169] and Third Medium Contact (TMC) [177], have not yet gained
widespread adoption in commercial FE software. A brief definition of contact properties is
outlined in Section 3.5.

4.5.3 Rubber-reinforcements interaction

Within ABAQUS, the embedded constraint is used to constrain reinforcements to remain inside
their host rubber domain. When an element is embedded into a host region, the displacement
nodal degrees of freedom are used as constraints to enrich the displacement of the host region.
This constraint is similar to the displacement enrichment used in the Generalized Finite Element
Method (GFEM).

4.6 Static/Dynamic loads on tire

In operating conditions, tires are subjected to various loads from the vehicle’s body loads or
from contact with road asperities or irregularities. These loads can be classified as either static
or dynamic. Static loads remain constant over time, while dynamic loads change. In forced dy-
namic vibrations, applied forces on the tire can be either deterministic (see Figure 4.12(b) and
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4.12(c)) or nondeterministic. In the first case, the history sequence of the excitation can be de-
scribed with a mathematical expression. In the second case, the loading sequence is stochastic.
In all existing works, there is no tire model that accounts for dynamic loads (see Figure 4.12(b)
and Figure 4.12(c)).

(a) Static load

0

Fstatic

t

Fz

(b) Undamped dynamic load

0

Favg

t

Fz

(c) Damped dynamic load

0

Favg

t

Fz

Figure 4.12: Types of loads applied to the tire.

4.7 Kinematics

In this section, we focus our attention of kinematics of rubber compounds in tire casing.
Domain and Boundaries
The boundary value problem of the rubber domain consists of:

Ω ⊂ R3 : Tire rubber domain

Γ = Γu ∪ Γσ ∪ Γc : Boundary

Γu : Prescribed displacement (Dirichlet)

Γσ : Prescribed traction (Neumann)

Γc : Potential contact surface with rigid road
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(a) (b)

Figure 4.13: Basic representation of the contact gap and potential contact surfaces between the tire and
the road. (a) in Static, (b) in rolling.

Deformation Measures
Let us recall Ω0 ⊂ R3 be the reference configuration and Ωt the current configuration at time t.
The deformation map φ : Ω0 × [0, T ]→ R3 defines:

F = ∇Xφ, J = det(F) (4.3)

φ̇ =
∂φ

∂t
, φ̈ =

∂2φ

∂t2
(4.4)

4.7.1 Governing Equations

For all x ∈ Ωt and t > 0, the equilibrium of rubber compound is governed by:
Linear Momentum Balance

ρü(x, t) = ∇ · σ(x, t) + b, ∀(x, t) ∈ Ωt × [0,T] (4.5)

where:

• ρ: Material density

• ü(x, t): Acceleration field

• σ(x, t): Total Cauchy stress tensor

• b: Body force per unit volume
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Nearly-to Incompressibility Constraint

det(F)− 1 = 0 (4.6)

where F = I+∇u is the deformation gradient.

3. Constitutive Law: visco-hyperelastic-mullins effect

σ(x, t) = −pI+ σeq,dev(x, t) + σneq(x, t,Q) (4.7)

where:

• p: Hydrostatic pressure (Lagrange multiplier for incompressibility)

• σdev,eq(x, t): Deviatoric part of the equilibrium stress component

• σneq(x, t,Q): Non-equilibrium stress component

A simpler form can then be derived by exploiting expressions from Eq.(3.75b) and (3.87b).

Equilibrium Stress (Ogden-Roxburgh)

σeq =
1

J
F
∂Weq

∂C
FT = −pvolI+ σeq,dev(x, t); J = det(F) (4.8)

with strain energy density:

Weq(C̄, J, η) = ηŴdev(C̄) + U(J) (4.9)

and softening function:

η(ζ) = 1− 1

r
erf

(
ζ −Wmax

m+ βζ

)
(4.10)

History variable evolution:

ζ(x, t) = max
s∈[0,t]

Wdev(x, s) (4.11)

Non-Equilibrium Stress (Prony Series)
Non-equilibrium stress is due to rubber viscoelasticity and is defined as

σneq =
M∑
k=1

Qk (4.12)
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with evolution equations:

Q̇k +
1

τk
Qk = gkε̇dev, k = 1, . . . ,M (4.13)

where:

• ε: Hencky (logarithmic) strain tensor

• εdev = ε− 1
3
(tr ε)I: Deviatoric part of Hencky strain

• gk, τk: Prony series parameters

Hencky Strain Definition:
The Hencky strain tensor is given by:

ε =
1

2
lnb, b = FFT (left Cauchy-Green tensor) (4.14)

where ln denotes the tensor logarithm.

Contact Conditions on Γc

∀t ∈ [0, T ], contact compatibility conditions between tread surface and road have to be satisfied
in the normal direction and tangential plane:

1. Normal Contact Conditions

g ≥ 0 (4.15a)

λn ≤ 0 (4.15b)

λng = 0 (4.15c)

where g = (x− xroad) · nroad is the gap function.

2. Frictional Contact Conditions (Coulomb Model)

∥λτ∥ ≤ µ|λn| (4.16a)

λτ · vT + µ|λn|∥vT∥ = 0 (4.16b)

vT = u̇T − vroad,T (4.16c)

where:

• tT : Tangential traction vector
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• vT : Relative tangential velocity

• µ: Coefficient of friction

• u̇T : Tangential component of material velocity

• vroad,T : Tangential component of road velocity

3. Traction Decomposition

σn = λnnroad + λτ (4.17)

Boundary Conditions

1. Dirichlet Condition on Γu: This type of boundary conditions is used to enforce the
contact between the rim and tire rim cushion or the rigid body constraint between wheel
axle and tire.

u = ū (4.18)

2. Neumann Condition on Γσ: This type of boundary condition is used to prescribe the
inflation pressure on tire inner surface.

σn = t̄ (4.19)

Initial Conditions (at t = 0)

Besides spatial conditions, there is also initial conditions. At t = 0, we have the following
conditions:

u(x, 0) = u0(x) (4.20a)

u̇(x, 0) = v0(x) (4.20b)

Qk(x, 0) = 0, k = 1, . . . ,M No residual viscous stress (4.20c)

ζ(x, 0) = 0 No residual damage (4.20d)

ε(x, 0) = 0 No residual strain (4.20e)
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Summary of the Strong Form for tire rubber-road BVP

Find fields u(x, t), p(x, t), λn(x, t), and λτ (x, t) such that:

ρü = ∇ · σ + b in Ω× (0, T ] (4.21a)

det(F)− 1 = 0 in Ω× (0, T ] (4.21b)

σ = −pI+ σdev,eq + σneq in Ω× (0, T ] (4.21c)

Q̇k + τ−1
k Qk = gkε̇dev in Ω× (0, T ]; k = 1, . . . ,M (4.21d)

σn = pcnroad + tT on Γc × (0, T ] (4.21e)

g ≥ 0,λn ≤ 0,λng = 0 on Γc × (0, T ] (4.21f)

∥λτ∥ ≤ µ|λn| and λτ · vT + µ|λn|∥vT∥ = 0 on Γc × (0, T ] (4.21g)

u = ū on Γu × (0, T ] (4.21h)

σn = t̄ on Γσ × (0, T ] (4.21i)

u(x, 0)u0(x) (4.21j)

u̇(x, 0) = v0(x) (4.21k)

Qk(x, 0) = 0, k = 1, . . . ,M (4.21l)

ζ(x, 0) = 0 (4.21m)

ε(x, 0) = 0 (4.21n)

4.8 Challenges:

Although an enhancement with the above-mentioned method of identifying tire material param-
eters overcomes the limitations associated with existing models, it is imperative to note that the
accuracy, performance and robustness of the resulting model are closely conditioned by certain
constraints inherent to its deployment within the framework of the finite element method, which
entails the following challenges:

• Nonlinearity related challenges: Tire modeling involves three major types of nonlinear-
ities, which require a deep understanding of the problem we are dealing with and also the
capabilities of the computer program we want to use since all this is to be involved in a
dynamic contest.

– Geometrical nonlinearity: the fact that the material undergoes large deformation
inevidently implies that in the course of the dynamic loading the geometry or domain
significantly changes which in the context of Finite element method can result in
mesh distortion. Even more, this is accentuated when the loading rate is relatively
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high. That is to say there happens a huge change in shape in a single load increment.
Latter, we discuss solutions to overcome this challenge;

– Material nonlinearity: viscoelasticity behavior of the material is responsible for this
type of nonlinearity and drives the strain rate dependence of the material. As the
strain state in such materials is time dependent, so does the stress state via the con-
stitutive law. This key information is very important for the choice of the numerical
solver in dynamics;

– Contact nonlinearity: given that the tire is permanently in contact with the road
through its tread, we must ensure that at each time step there is contact compatibil-
ity, which is enforced with boundary conditions by choosing an appropriate numer-
ical scheme among those integrated in the software. This imposes a requirement
on the mesh size, which must be densified in the vicinity of potential contact pairs.
However, in the case of dynamic explicit solver the refinement of the mesh leads to
a decrease in stable characteristic time increment, resulting in a very long compu-
tational time.

• Mesh distortion: Depending on the loading rate, tire mesh shape and size can signifi-
cantly change due to hyperelasticity in the course of deformation between two instants
tn and tn+1, leading to spurious or inaccurate results. This deterioration of mesh quality
is called mesh distortion and is a major problem to be addressed when choosing either
an implicit or explicit solver for solving dynamic problems. Thus, for stability reasons, a
suitable procedure is to be implemented to work this problem around and guarantee that
the mesh quality is permanently verified at each time step or increment.

• Computational cost: FEA can be very expensive when the size of the topology is large
and when many sources of nonlinearities are involved, like in tire simulation. In order to
improve the runtime of the model, parallel computing has to be utilized and also the mesh
size has to be optimized.

Thus, the proposed computer model is expected to efficiently deal with these challenges while
ensuring accuracy, reliability, and efficiency for more convenient practical deployment for fur-
ther innovation in the field.

4.9 Design of the modeling road-map

In the literature, the standard modeling process of tire consists in four main phases (see Fig-
ure 4.14): the generation of the 3D geometry, Mounting of the tire on rim, Inflation of the tire
and the loading of the tire with axle load.
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Figure 4.14: Standard tire modeling process [178].

For a concrete case study of tire modeling and given all the challenges it involves, we have
adopted a progressive improvement of the model, starting from the simplest case to the targeted
one, as illustrated in the flowchart in Figure 4.15.

(a) Modeling with
linear elastic incom-

pressible material
law for uniformized
rubber compounds

(b) Modeling with
simple hyperelastic

incompressible material
law for uniformized
rubber compounds

(c) Modeling with sim-
ple visco-hyperelastic

incompressible material
law for uniformized
rubber compounds

(d) Modeling with sim-
ple visco-hyperelastic

incompressible +
Mullins effect for
uniformized rub-
ber compounds

(e) Modeling with sim-
ple visco-hyperelastic

incompressible +
Mullins effect for
differentiated rub-

ber compounds

(f) Modeling with real-
istic visco-hyperelastic

incompressible +
Mullins effect for
differentiated rub-

ber compounds

Figure 4.15: Modeling road-map adopted: progressive improvement.

In the following two chapters, stages (a) to (d) were used to implement and refine the
proposed model. Then, the validation with laboratory experiments was conducted in stage (f).
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5 Implementation of the method

5.1 Case study 1: a proof of concept analysis

This section summarizes outcomes from the published conference proceedings [179] and [180],
respectively referred to as P5 and P6:
P5: B. S. Sadjiep Tchuigwa, J. Krmela, and J. Pokorny, “Toward detailed modeling of
tires with linear elastic rubber compounds using finite element method,” IOP Conference Series:
Earth and Environmental Science, vol. 1380, no. 1, p. 012 018, Aug. 2024. DOI:10.1088/1755-
1315/1380/1/012018. (indexed in Scopus and Web of Science).

P5: B. S. Sadjiep Tchuigwa, J. Krmela, and J. Pokorný, “A numerical study of the influ-
ence of the choice of rubber material behavior on the static response of tires,” IOP Confer- ence
Series: Earth and Environmental Science, vol. 1380, no. 1, p. 012 019, Aug. 2024. DOI:
10.1088/1755-1315/1380/1/012019. (indexed in Scopus and Web of Science).

5.1.1 Motivations

The tire response under static and dynamic loads is intrinsically linked with rubber compounds;
thus, as observed with the experimental data, the constitutive law of the rubber part has to be
chosen accordingly. Although Mullins’s damage is intricately associated with rubber compound
response captured experimentally, as mentioned, there is no existing tire simulation inventoried
with hyper-pseudoelastic rubber behavior in the literature. So, for the completeness of our
comparison, we also consider it in this study. Thereby, in this work, a dynamic explicit FE-
based comparative study is conducted on a static tire using ABAQUS[38] and considering four
types of incompressible constitutive laws for rubber compounds: elastic(EL), hyperelastic(HE),
visco-hyperelastic(VH), and hyper-pseudoelastic(HM). The selected comparison variables are
radial deformation, maximum Von Mises stress, CPU time, contact patch, and contact pressure,
respectively.

5.1.2 Material and method

Before going further, it is worth defining the hypothesis under which the current study was
conducted:
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• Rubber compounds, namely tread, inner liner, sidewall, undertread, and apex, are as-
sumed to have the same mechanical behavior so that the unique rubber matrix model
holds;

• The rim is modeled as a rigid body using coupling contact with the wheel’s center;
• The simplified bead approach with a homogenized property is adopted [181];
• The rigid road model is considered;
• Since only the static vertical loading setup is treated here, frictional effects are disre-

garded.

5.1.3 Geometry of the tire:

The geometry of the tire 175/75R14, whose half cross-section is depicted in Figure 5.1, was
selected for this study and was drawn out from [182]. It is a radial passenger tire with 618mm
diameter and 175mm tread width. It is designed to be mounted on a 355.6mm rim diameter.

Figure 5.1: half cross-section of 175/75R14 tire [182]

This scanned image was utilized as a layout to sketch a cross-section in the software AU-
TOCAD. Subsequently, the DXF file was imported into ABAQUS and used to draw the 3D
tire using a combination of commands such as revolution, symmetry, and mirror. Based on the
cross-section in Figure 5.2(f), beads in Figure 5.2(a) and rubber compounds Figure 5.2(f) were
generated from their respective cross-sections using a 360° revolution along the transversal axis
passing through the wheel’s center(O). As for carcass parts in Figure 5.2(d), a single element
was first drawn, and the other 299 were generated using a radial pattern feature around the
transversal axis.
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(a) Beads
(b) Steel cords

X

Y

Z

(c) Textile cords

(d) Carcass
(e) Cross section of rubber compounds

X

Y

Z

(f) 3D view of rubber compounds

Figure 5.2: Parts of the tire

5.1.4 Material properties:

Another important input needed for building the FE model is the mechanical properties of parts
or structural components of the problem. For this sake, a combination of uniaxial tensile tests is
usually performed in laboratory conditions on steel cords, textile cords, and beads in compliance
with the relevant test standards. Similarly, a cyclic tensile test is needed to capture the dynamic
response of rubber compounds as investigated by authors in [133], [134]. Hence, the mechanical
properties of the reinforcements adopted in this study are highlighted in Table 5.1.

Table 5.1: Reinforcement material propeties

Tire parts E [MPa] ν � [mm] ρ [Kg/m3]

Steel cords 15.724 0.3 0.60 7 850
Textile cords 1 900 0.35 0.80 1 250
Carcass 1 900 0.40 1.00 1 250
Bead 164 499 0.29 7 850

Aside from that, with data extracted from [133], [182], [183], we consider four (04) cases of
incompressible rubber material behavior, ranging from elastic (EL), hyperelastic (HE), visco-
hyperelastic (VH), to hyper-pseudoelastic (HM), all with mechanical properties reported in Ta-
ble 5.2.
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Table 5.2: Material properties of rubber compounds

Elastic

Density ρ [Kg/m3] 1200

E [MPa] 100
ν 0.485

a Case 1: linear elastic material model

Hyperelastic

Density ρ [Kg/m3] 1200

C01 [MPa] 15.724
C10 [MPa] 1.111
D1 [MPa−1] 0.0018

b Case 2: Hyperelastic material model

Hyperelastic viscoelastic

Density ρ [Kg/m3] 1200 g1 0.1433
C01 [MPa] 15.724 g2 0.0852
C10 [MPa] 1.111 τ1 [s] 7.6125
D1 [MPa−1] 0.0018 τ2 [s] 235.62

c Case 3: Visco-hyperelastic material model

Hyperelastic Mullins damage

Density ρ [Kg/m3] 1200

C01 [MPa] 15.724 r 2.18
C10 [MPa] 1.111 m 0.38
D1 [MPa−1] 0.0018 β 0.5

d Case 4: Hyper-pseudoelastic material model

5.1.5 Mesh properties:

Bearing in mind that the time step in a dynamic explicit scheme is closely conditioned by a
stable time increment, which in turn depends on mesh properties, special care must be taken
when creating the mesh. The best procedure is to mesh each entity separately. Furthermore,
it prevents us from ending up with densified mesh in the rubber domain in the vicinity of re-
inforcements. However, for the sake of reducing the problem size, knowing that the contact
zone between the tire and the road is located in the lower portion of the tire throughout the test,
the rubber part in Figure 5.2(f) was partitioned into two parts: the lower part is bounded by an
angle of 35° on either side of the vertical axis centered at O and the second part the remainder.
The mesh size of the former part is smaller than that of the latter. Except for beads that were
meshed using C3D8R elements, all the other fibers were meshed as B32H elements, which cor-
respond to 1D beam elements (with 3 translations and 3 rotations degrees of freedom per node).
Table 5.3 summarizes the details of the mesh of the tire’s parts.
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Table 5.3: Mesh properties

Parts Elements Element type Number of
elements

Rubber
parts

3D solid C3D8R: 8-node linear brick,
reduced integration with hourglass control

20 090

Bead 3D solid C3D8R: 8-node linear brick,
reduced integration with hourglass control

3 248

Textile cords 1D beam B32H: 3-node quadratic hybrid elements 3 082

Carcass 1D beam B32H: 3-node quadratic hybrid elements 19 800

Steel cords 1D beam B32H: 3-node quadratic hybrid elements 5 768

Road 2D Shell S4R: 4-node linear shell with hourglass control 16 950

In addition, enhanced hourglass control together with distortion was activated to prevent mesh
distortion arising from large deformation. Also, reduced integration was selected to avoid vol-
umetric locking, mostly in the rubber part. The created mesh is shown in Figure 5.3.

(a) Mesh view on the cross-section (b) Longitudinal view on the tire

Figure 5.3: Parts of the tire

5.1.6 Boundary conditions:

Three types of boundary conditions were enforced: Prior to this, the so-called hard contact type
was created.

• Rim-tire interaction: As assumed in the introduction, the rim is a rigid body, so we enforce
this condition by linking the rim’s center (reference point) to its contact zone with the tire
through a coupling constraint. To maintain consistency with this concept, we activated
kinematic coupling under the coupling window and enabled all degrees of freedom;
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• Tire-road interaction: This contact constraint was enforced using a combination of gen-
eral contact interaction and surface-to-surface contact. While the former helps handle
contact in general, including self-contact, which prevents contact violations in a body’s
interaction with itself, the second formulation helps restrict the contacting surface to the
specified master (road) and slave (tread outermost face);

• Embedded constraints: all fibers, namely carcass, steel cords, textile cords and bead were
connected to rubber matrix (hosting domain) using embedded constraints;

• all the degrees of freedom of road’s nodes were blocked through the reference point at
the center of the road;

• For stability reasons, Ux at the wheel’s center was fixed.
• Vertical applied load Fy was applied linearly at the reference point located at wheel’s

center in Figure 5.3(b) up to the value of 7500N;
• Inflation pressure: a uniformly distributed pressure of 0.35MPa was applied on the inner

liner surface;
• Tire self-weight was taken into account thanks to gravity effects defined on all model’s

elements except the road.
The abovementioned loads were applied in a single load step of 1s, as represented in time
history in Fig. 5.4

(a) gravity in N/Kg

0

9.81

1 t

∗104
(b) Inflation pressure in MPa

0

0.35

1 t

pin

(c) Fy in N

0

Fy,max

1 t

∗104N

Figure 5.4: Load definition

With the help of a dynamic explicit scheme, it is possible to solve this equation without
strictly enforcing equilibrium like in the implicit scheme through Newton-Raphson algorithm.
Therefore, the former method is faster, but its drawback is that it necessitates choosing a stable
time step ∆t that fulfills the stability condition given as

∆tstable =
h

cL
(5.1)

where h is the characteristic length of the element and cL =

√
E

ρ
. An alternative to this

approach defined the critical time step as a function of the maximal eigenfrequency of the mesh
and reads as follows

∆tstable ≤
2

ωmax
(5.2)
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Depending on the size of the finite elements, ∆tstable can be very small and lead to very long
execution times. For the sake of getting the highest value possible, hexahedral elements were
chosen over tetrahedral elements, and the mesh feature was set to comply with contact condi-
tions and stability reasons. Under the details provided in Table 5.3, an initial time increment of
∆tstable = 1.0128× 10−6s was obtained. Among possible acceleration strategies, mass scaling
is considered here to increase the time step. So, after many stability verifications, we obtained
an acceptable mass scaling factor of 100, which means that in virtue of Eq. (5.1), we ended up
with ∆t = 1.0128× 10−5s.

5.2 Results and discussion

All of the four tire models with rubber compounds outlined in Table 5.2, were computed sepa-
rately, and the corresponding distribution of Mixes stress, vertical displacement Uy and normal
contact stress are presented below in Figure 5.5 to 5.8, Figure 5.9 to 5.12 and Figure 5.13,
respectively.

5.2.1 Von Mises stress distribution in [MPa]

(a) 3D view (b) rear view

Figure 5.5: σVM at t = 1 s in the tire with incompressible linear elastic rubber materials.
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(a) 3D view (b) rear view

Figure 5.6: σVM at t = 1 s in the tire with incompressible hyperelastic rubber materials.
(a) 3D view (b) rear view

Figure 5.7: σVM at t = 1 s in the tire with incompressible visco-hyperelastic rubber materials.
(a) 3D view (b) rear view

Figure 5.8: σVM at t = 1 s in the tire with incompressible hyper-pseudoelastic rubber materials.

As expected, we observe that Von Mises stress is not the same for all the models, of which the
values of the visco-hyperelastic and hyper-pseudoelastic models are closer to each other. The
hyperelastic model has the lowest values and is followed by the elastic model.
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5.2.2 Distribution of the vertical displacement Uy [mm]

(a) 3D view (b) rear view

Figure 5.9: UY [mm] at t = 1 s in the tire with incompressible linear elastic rubber materials.

(a) 3D view (b) rear view

Figure 5.10: UY [mm] at t = 1 s in the tire with incompressible hyperelastic rubber materials.
(a) 3D view (b) rear view

Figure 5.11: UY [mm] at t = 1 s in the tire with incompressible visco-hyperelastic rubber materials.
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(a) 3D view (b) rear view

Figure 5.12: UY [mm] at t = 1 s in the tire with incompressible hyper-pseudoelastic rubber materials.

When it comes to the comparison of vertical displacement Uy, we observe that the elastic model
witnesses the highest vertical deformation Uy = 40.019mm and is followed by the hyperelas-
tic model with Uy = 37.857mm. After the previous ones, the visco-hyperelastic and hyper-
pseudoelastic models come with almost the same value of Uy.

5.2.3 Distribution of the normal contact stress pN [MPa]

(a) Elastic (b) Hyperelastic (c) Visco-hyperelastic (d) Hyper-pseudoelastic

Figure 5.13: Normal contact stress pn at t = 0.46 s for different rubber material constitutive laws.

We see that, for instance, at t = 0.46, the contact patch shape is nearly the same for all models.
However, there is a higher normal contact stress (circa 18%) with the visco-hyperelastic and
hyper-pseudoelastic models than the elastic model.

5.2.4 Comparison of results

At the end of the simulation, we collected σVM , Uy, pN and CPU time for all of the four
models and summarized them in Table 5.4 below
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Table 5.4: results and performance

Model Elastic Hyperelastic Visco-hyperelastic Pseudo-hyperelastic

σVM [MPa] 13.190 12.460 14.910 14.864
Uy [mm] 40.02 37.63 34.86 34.65
pN [MPa] 6.783 9.502 11.230 11.385

CPU time [min] 82.00 70.53 100.30 68.82

It is more convenient to compare these models using a bar chart of the data in Table 5.4 and
depicted in Fig. 5.14.
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Figure 5.14: Performance analysis of the different models

5.3 Conclusion

This study has explored different approaches to modeling static tire response using different rub-
ber constitutive behaviors, including elastic, hyperelastic, visco-hyperelastic, and unexplored
hyper-pseudoelastic rubber behaviors. The comparative analysis was conducted on the results
obtained using dynamic explicit FEM in ABAQUS, taking into account tire performance met-
rics such as radial deformation, maximum Von Mises stress, contact patch, and contact pressure.
In light of the findings of this study, we demonstrate that the choice of rubber compound mate-
rial behavior has to be made judiciously in accordance with the real material response recorded
in laboratory testing so as to mimic the mechanical contribution of the element in the FE model.
In such a way, there should be a good tradeoff between computational complexity and mod el
accuracy. So, as long as the vertical displacement is the only target of the study, the visco-
hyperelastic suffices, but when extended results such as stress distribution, contact pressure and
CPU time are concerned, the model with Hyper-pseudoelastic rubber compound has to be prior-
itized. Furthermore, this model is better than the others since it is computationally less intensive
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and gives better results. The knowledge gained in this study paves the way for a more in-depth
consideration of the constitutive behavior of rubber compounds for more accurate prediction
of tire response, which is essential for the optimal use of materials but also for improving tire
energy performance.

The remaining bottleneck to the industrial deployment of the proposed method is inherent
in the considerable computational cost associated with the finite element method. In fact, the
design of the tire involves, in reality, dynamic loads in more complex scenarios, such as tran-
sient rolling, steady state rolling and steady state dynamic. Therefore, in the next section, we
introduce a numerical solution to improve FEM computational time.

5.4 Case study 2: a solution to computational cost

This section summarizes outcomes from the published journal article [184] and the conference
paper [185], respectively referred to as P1 and P7:
P1: B. S. Sadjiep. Tchuigwa, J. Krmela, J. Pokorny, V. Krmelová, and P. Jilek, “Vectfem:
A generalized MATLAB-based vectorized algorithm for the computation of global matrix/-
force for finite elements of any type and approximation order in linear elasticity,” Zeitschrift
für angewandte Mathematik und Physik, vol. 75, no. 4, p. 150, 2024, ISSN: 1420-9039. DOI:
10.1007/s00033-024-02293-w, WoS Q2 (SCOPUS Q1/D2) Jimp.

P7: B. S. Sadjiep. Tchuigwa, J. Krmela, J. Pokorny, and V. Krmelová, “Improved and
vectorised MATLAB-based algorithms for serial and parallel implementation of finite element
method in linear elasticity,” in Proceedings of the 23rd International Scientific Conference on
Engineering for Rural Development, Jelgava, May 2024, pp. 1–6. DOI: 10.22616/ERDev.2024.23.TF212.
(indexed in Web of Science and Scopus).

5.4.1 Motivations

In the context of the implementation of the finite element method, one of the major problems
encountered is the computational cost. In order to speed up the computation of matrices and
forces arising from FE formulation, we introduce a vectorized algorithm that drastically reduces
the computational cost while maintaining the same memory usage as the existing algorithms.

This method can be implemented in any vector object-oriented language, such as Python,
Fortran, and Julia.
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6 Simulation, results and validation of the
model

In this chapter, we have proceeded with the implementation and experimental validation of the
computer model proposed in this thesis. The structure of the chapter is as follows: First, Section
6.1, the finite element model (FEM) of the selected tire was introduced. Next, in Section 6.2, we
utilized this model for simulations and validated it against experimental results obtained from
laboratory tests. Subsequently, in Section 6.3, we conducted further analyses to assess the tire’s
response under various operating conditions, such as steady-state rolling, random vibrations,
and transient rolling.

6.1 Methodology

6.1.1 Model presentation

In this study, we have chosen the Matador 165/65R13 77T MP16 tire for the analysis and
validation of the proposed model. This tire, specifically designed for passenger vehicles, has
a width of 165mm, an aspect ratio of 65%, and goes with a rim of diameter 330.2mm. More
details are provided in Appendix 7, and its cross-section is shown in Figure 6.1. The tire’s
casing consists of rubber components, two layers of steel cords, one layer of textile cord, and
one layer of ply, as depicted in the figure. The load index (LI) and maximum inflation pressure
of this tire are equal to 412 Kg and 300kPa, respectively.
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(a) (b)

Figure 6.1: Cross-section and 3D view on 165/65R13 77T MP16 tire.

Figure 6.2: Details of casing.

This tire is made up of several rubber-like components, including the tread, sidewall, rim
cushion (also known as bead rubber), inner liner, bead bundle (or bead filler), rubber for steel-
cord belts, and rubber for textile-cord belts. In terms of tire reinforcement orientation, the
carcass angle is set at zero degrees, while the steel cords are embedded at an angle of 23 de-
grees. The textile overlaps are oriented at 90 degrees. A better view of these components is
shown in Figure 6.1.
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Figure 6.3: Tire casing parts.

Besides the internal components of the tire casing, the rolling surface of this tire is designed
with patterns to ensure stability in adverse rolling conditions, as shown in Figure 6.1(b).

6.1.2 Topology

The creation of the tire topology (geometry) started with scanning of the cross section (see Fig-
ure 6.3), then the generated image was imported into AUTOCAD as a reference for the sketch-
ing of the cross-section layers and components. Afterward, the obtained sketch was imported
with the extension .stp into ABAQUS. Next, this sketch was used to create the cross-section of
the tire in 2D axisymmetric. In this context, rubber compounds were modeled using CGA3RH
and CGA4RH elements, while all reinforcements (steel cords, textile cap cords, and carcass)
were modeled with SFMGAX1 surface elements. Subsequently, the 3D mesh of the tire was
generated following the workflow in Figure 6.4.
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Figure 6.4: Full 3D model for static analysis.

Figure 6.5 provides a 3D view of the tire components along with their mesh. It should be
noted that each reinforcement layer is created individually and then assembled with its host
rubber component using embedded constraints.
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(a) Tread (b) Sidewall (c) Bead filler (d) Inner liner

(e) Rim cushion (f) Steel cords layer 1 (g) Steel cords layer 2 (h) Rubber layer for
carcass

(i) Carcass cords layer (j) Textile cord layer (k) Rubber layer for textile
cords

Figure 6.5: Discretized parts of the finite element model.

For simplicity, we assume that the road is a non-deformable body and model it as an analyt-
ical rigid surface (see Figure 6.6).

Figure 6.6: Road
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After assembling everything, we obtained the complete finite element model depicted in
Figure 6.7.

Figure 6.7: Full 3D model for static analysis.

Throughout the analysis, surface-to-surface interaction was used to model the contact be-
tween the tread surface (slave surface) and the road (master surface). Apart from the above
topology created with sectorized mesh (referred to as mesh Type 2 in Section), we also utilized
a topology created with equally spaced sector mesh (Type 1).

6.1.3 Material properties

Input parameters, such as mechanical properties, are essential data in a finite element model.
Therefore, experimental tests were conducted on specimens extracted from the tire. Rubber
compounds underwent uniaxial tensile cyclic testing according to standard ISO 37:2017[127],
following the procedure outlined in Section 4.3.1 and conducted experimentally as described
in Krmela et al. [186] (also referred to as P10, part of the author’s contribution). Meanwhile,
reinforcements, including steel cord, textile cord, and carcass, were tested using a uniaxial
tensile test as specified in ASTM D2969 and ASTM D7269, respectively. After calibration
with the constitutive laws detailed in Section 4.3.1, we obtained the material properties listed in
Table 6.1 and Table 6.2.

Table 6.1: Reinforcement material propeties.

Tire parts E [MPa] ν � [mm] spacing [mm] ρ [Kg/m3] Orientation [°]

Steel cords 160 000 0.30 0.60 1.09 5 600 23
Textile cap cords 3 400 0.40 0.69 0.9 950 90

Carcass 11 000 0.40 0.49 1.0 950 0
Bead 180 000 0.30 / / 6 800 /
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Table 6.2: Material properties of rubber compounds.

Hyperelasticity Mullins effect

Parts ρ [Kg.m−3] C01 [MPa] C10 [MPa] D1 [MPa−1] r m β

Bead filler 801 -0.111 1.945 0.01097 10.25 0.8 1.25

Inner liner 801 0.109 0.259 0.05471 13.2 0.92 1.91

Rim cushion 801 0.692 0.0371 0.01894 8.36 1.08 2.52

Sidewall 801 0.532 0.065 0.03372 21.67 0.732 1.151

Tread 801 0.417 0.519 0.02151 17.37 1.19 1.05

Rubbera 801 0.328 0.119 0.04504 12.18 0.987 2.349

Rubberb 801 0.548 0.112 0.03051 26.94 1.03 1.102

Rubberb 801 0.638 0.284 0.02183 21.615 0.89 3.25

Viscoelasticity: Prony series

Parts g1 τ1 [s] g2 τ2 [s] g3 τ3 [s]

Bead filler 0.00498 0.000265 0.1082 258.341 0.207 1786.528

Inner liner 0.0835 0.0321 0.264 128.341 0.172 2185.35

Rim cushion 0.217 0.0108 0.3897 108.836 0.0428 1152.719

Sidewall 0.0137 0.512 0.124 204.534 0.0587 2431.25

Tread 0.0207 0.012 0.315 317.654 0.0934 1386.241

Rubbera 0.0125 3.464 0.137 148.26 0.223 2124.201

Rubberb 0.0231 0.0231 0.225 187.054 0.127 1350.16

Rubberc 0.0364 0.726 0.135 238.780 0.0605 2057.35
a rubber part for steel cords.
b rubber part for textile cap cords.
c rubber part for carcass cords.

We should bear in mind that the orientation of steel cords given in Table 6.1 is measured
with respect to the local axis 2 of the layer. Since angles were defined with respect to the local
axis 1 in axisymmetric, we calculate the angle as follows: 90◦ − 23◦ = 67◦.

6.1.4 Analysis flowchart

With all the ingredients of our model prepared, we proceeded with simulations. In this context,
we have conducted several simulations and utilized various equipment and experimental tests
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to validate the model:
• Quasi-static validation on the static adhesor.
• Quasi-static and dynamic validation on the dynamic adhesor.
• Modal vibration validation.

After validation, we conducted a comprehensive analysis to evaluate tire response with the
proposed model during steady-state rolling, post-steady-state rolling vibration, random vibra-
tion, and transient rolling. The workflow implemented for these analyses is summarized in
Figure 6.8.

Figure 6.8: Workflow for model deployment and validation.
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6.2 Results and Validation of the model

6.2.1 Quasi-static state validation using static adhesor setup:

Experimental setup

The laboratory test for this study was conducted on the static adhesor (see Figure 6.10)located
within the Alexander Dubček University of Trenčín. On this machine, it is possible to test
passenger tires with rim ranging from R13 to R18 and with a maximum width of 235 mm. The
loading capacity goes up to 1 tonne and it is equipped with:

• Three force tensiometer sensors EMSYST EMS40 2.0kN (see Figure 6.9(b)).
• A linear potentiometer (see Figure 6.9(b)) and three sensors with an X-Y recorder for the

orientation of the force-deformation relationship.
• A data logger system (see Figure 6.10(b)): during the test, data are recorded thanks to the

data logger system DataQ DI-718B-US equipped with three strain gage input modules
DI-8B38 and one Potentiometer input module DI-8B360.

(a) (b)

(c)

Figure 6.9: Views of the static adhesor [183].
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This data logger is connected to a computer and using the software WinDaq/Lite, data are
visualized and stored on the computer.

(a) (b)

Figure 6.10: Views of the static adhesor [183].

Procedure of the test:
• Firstly, the selected tire is mounted on the rim.
• Then, it is inflated up to the chosen inflation pressure.
• The wheel is mounted on the test rig indicated in Figure 6.10. At this stage, the wheel is

only subjected to its self weight and leads to a zero state equilibrium.
• Afterward, the quasi-static application of the vertical load starts.

Since two inflation pressures were chosen, this procedure was followed for testing at each of
these pressures.The data were recorded and stored in the computer.

Finite element Model

The tire-road interaction in this analysis was considered frictionless in the tangential contact
and hard contact type, in the normal direction. The Abaqus standard solver was selected, and
given that hyperelastic materials are involved, the NLGEOM keyword was added to activate the
Newton-Raphson scheme. The following three steps were created:

1. Inflation: In this step, the tire is inflated at the specified inflation pressure. Here, the rim
is fixed as well as the road, though not in contact.

2. Equilibrium: In order to avoid convergence issues, we must leave a small gap between
the deformed shape of the tire and the road. In this step, a small displacement is applied
at the reference point of the road towards the tire. This helps close the gap.

3. Preloading with selfweight: as pointed out in the experimental setup, before the loading
starts, the tire sits on the contact 2 (see Figure 6.10(a)) under its self-weight. Thus, a load
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of 140 N representing the wheel’s load (tire+rim) is applied on the reference point of the
road towards the tire. The rim remains fixed.

4. Static test loading: Here begins the static loading up to 135%LI . This load is applied
on the reference point RP1 downward towards the road surface. The road is fixed in this
step.

Experimental data were collected following the experimental setup outlined on the static adhe-
sor at different inflation pressures (180kPa and 250kPa) and under a vertical load varying from
0 to 125% of the LI. We recall that for the selected tire, LI = 412 Kg, which corresponds to a
load of 4041.72 N.

Results and validation

The simulation with the proposed model was efficient and cost-effective. The total CPU time
for this analysis was approximately 10 minutes.

(a)

(b)

Figure 6.11: Visualization of tire deformation during vertical static loading. (a) Experiment and (a) FE
model.

Particularly, Figure 6.12 displays the distribution of Von Mises stresses σVM (MPa) and
normal force (MPa) at Fz = 100%LI in both rubber parts and reinforcements. Especially,
we note that the rim cushion experiences the highest stress value of 2.86 MPa, followed by
the rubber part for the steel cords layer 1 and the textile cords, with 1.97 MPa and 1.71 MPa,
respectively. Concerning reinforcements, steel cords layer 2 sustain the highest force of magni-
tude 53.82 N.
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(a) Tread (b) Sidewall (c) Bead filler

(d) Inner liner (e) Rim cushion (f) Rubber for steel cord layer 1

(g) Steel cords layer 1 (h) Rubber layer for carcass (i) Carcass cords layer

(j) Rubber for textile cords (k) Textile cords layer (l) Steel cords layer 2

Figure 6.12: Distribution of Von Mises stress (in rubber parts) and normal force (in reinforcements).
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A 3D visualization of the distribution of the vertical displacement on the tire is presented in
Figure 6.13.

Figure 6.13: 3D view on the deformed tire at pin = 250 kPa and under 100%LI .

Comparison between uexpz and uFEMz

After executing the jobs with the created Abaqus input file, the dependence of force versus
deflection at the node RP1 (wheel center) was retrieved and plotted in a Figure 6.14 alongside
the curve of force versus displacement measured experimentally.

Figure 6.14: Numerical and experimental results of the applied load Fz versus the radial deflection uz
on the static adhesor.

Now, talking quantitatively about the data from Figure 6.14, Table 6.3 compares the experi-
mental and numerical values obtained for an inflation pressure of 180 and 250 kPa, considering
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a load Fz equal to 100% of the load index. Here, the absolute relative error (%) is utilized as
the metric for this comparison.

Table 6.3: Comparison of radial deformation between the numerical model and experiment at 100%LI

pin [kPa]
Radial deformation Uz (in mm) at 100%LI

Simplified model Experimental Relative error (%)

180 27.75 27.00 2.78

250 21.76 21.50 1.16

We observe that the resulting relative error is less than 5% in both cases. Consequently, the
proposed model is accurate with respect to the prediction of the radial deflection on the static
adhesor.

Comparison of the contact patch from experiments and FEM results

Another important output we can obtain from the numerical model is the variation of contact
area with applied force Fz as depicted in Figure 6.15.

Figure 6.15: Numerical and experimental results of the applied load Fz versus the radial deflection uz
on the static adhesor.

During the experimental tests with an inflation pressure of 250kPa, the contact patch on
the ground was captured at 100%LI using a thin film, and the resulting dimensions were also
measured. In addition, the contact shape was recorded as output from the numerical model
on both the simplified and the complex models. The visualization of these contact patches is
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displayed in Figure 6.16(a).

(a)

(b) (c)

Figure 6.16: Visualization of contact stress and contact patch from FE model and expriment at 100%LI.
(a) Experiment, (b) and (c) are respectively the contact pressure and contact patch from FE model.

The examination of the contact patches reveals a similarity in the distribution of the contact
imprints, which is especially noticeable towards the edges. Additionally, it is observed that the
effective contact surface is larger in the FE model. This is evident because, in this model, the
actual shape of the grooves has been simplified. The resulting contact areas are summarized in
the Table 6.4.
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Table 6.4: Comparison of contact area between the numerical (simplified) and experimental results at
100%LI

pin [kPa]
Contact area Acontact (in mm2) at 100%LI

Simplified model Experimental Relative error (%)

180 11840 11820 0.2

250 11200 10125 10.6

We observe that at an inflation pressure pin of 180 [kPa], the experimental and numeri-
cal contact areas are consistent at 100% load index (LI). However, at an inflation pressure of
180 [kPa], the contact area from the finite element (FE) model is approximately 10% larger than
the experimental measurement. This difference makes sense because a tire model with a smooth
or simplified tread surface will have a greater contact area with the road compared to a tire with
a real tread pattern. At 180 kPa inflation and under a radial force (Fz) of 100%LI, the tire is
under-inflated.This indicates that the effective contact area is concentrated on the longitudinal
edges of the tire.

A more accurate contact area can be obtained for the case with pin = 250kPa by using
instead the tire model with a real tread pattern and a friction coefficient of 0.70. The resulting
contact area is summarized in Table 6.5.

Table 6.5: Comparison of contact area between the numerical model and experiment at 100%LI

pin [kPa]
Contact Area (in mm2) at 100%LI

Complex model Experimental Error(%)

250 10015 10125 1.1

The obtained contact patch is displayed in Figure 6.17.

Figure 6.17: Contact patch obtained on the tire with tread pattern.
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Comparison of the radial stiffness from experiment and FEM

Based on the dependence of the applied force on the deflection, it is possible to compute the
radial stiffness kz.

Figure 6.18: Numerical versus experimental radial stiffness kz .

For vehicle dynamic analysis, it is a common practice to estimate a single value of kz rather
than having it dependent on the applied force. According to ČSN 63 1511 standard [187], this
value is given as

kz =
Fz,125%LI − Fz,75%LI
uz,125%LI − uz,75%LI

(6.1)

The main drawback of this formula is that it does not take into account some features related
to the loading process. Thus, Krmela and Michal [188] alleviated this limit with the formula
below

kz =
Fz,100%LI − Fz,60%LI
uz,100%LI − uz,60%LI

(6.2)

Therefore, using the formula in Eq.(6.2), we can compare the experimental and numerical val-
ues in Table 6.6.

Table 6.6: Comparison of radial stiffness between the numerical model and experiment

pin [kPa]
Radial stiffness kz (in [N.mm−1])

Simplified model Experimental Relative error (%)

180 151.29 153 1.11

250 194.97 185 5.38

In view of the results, it can be seen that the absolute relative error is acceptable.
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6.2.2 Quasi-static and dynamic state validation using the dynamic adhe-
sor setup:

Static testing on the dynamic adhesor (see Figure 6.19) involves using a stationary drum (of
diameter ϕdrum = 1.705m), which remains at zero speed, onto which the tire is moved through a
force-driven sequence. This sequence is regulated by a hydraulic system, which is monitored on
the control board located in the control room. The outcome of this testing procedure measures
the radial deformation in response to the applied force.

 

66 

Dynamic adhesor 

 

Figure. Dynamic adhesor DA-1 at the VVCD 

Table. Technical specifications of the dynamic adhesor at the VVCD in Doubravice. (x axis in 

yellow, y axis in red and z axis in white) 

Designation values 

dimensions w/h/d [mm] 3716/2090/2090 

cylinder diameter [mm] 1705 

weight [kg] 4848 

maximum pressing force [kN] 5 

slip angle [°] ± 8 

Camber angle [°] ± 10 

displacement of the arm in the X axis [mm] 0–633 

speed range [km/h] 0–50–180 

power consumption [V/A] 400/63 

Range of tire width tires R13–R17 

Test setup: 

Dynamic 

adhesion arm 

Safety cage 

Tested tire 

Drum 

wheel 

Driven 

pulley 

wheel 

Supporting frame 

Figure 6.19: View on the dynamic adhesor.
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A schematic illustration of this testing setup is shown in Figure 6.20.

z

x

ωdrum

Fz

Figure 6.20: Schematic view of tire testing on dynamic adhesor: drum on the left and tire on the right.

Three inflation pressures pin ∈ {160kPa, 250kPa, 300kPa} were considered, and the ap-
plied load varying monotonically such that Fz ∈ [0, 135%LI]. The drum was modeled as a rigid
surface.

Static test validation: At zero speed

The simulation was completed very quickly, taking approximately 10 minutes for each inflation
level. The experimental and numerical results are shown in Figure 6.21.

Figure 6.21: Numerical and experimental results of the applied load Fz versus the radial deflection uz at
zero speed on the dynamic adhesor.
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It can be seen from the curves that the numerical model predicts the response of the tire
to vertical loads very well. More concretely, at 100%LI , the absolute error is less than 5% as
summarized in Table 6.7.

Table 6.7: Comparison of radial deflection on dynamic adhesor at 300kPa inflation and 0 Km.h−1

speed.

pin [kPa]
Radial deformation Uz (in mm)

Simplified model Experimental Relative error (%)

160 33.03 32.40 1.9

250 23.60 23.05 2.4

300 20.45 20.15 1.5

Dynamic test validation: with a rotating drum

On the dynamic adhesor, it is also possible to carry out the radial test with a rotating drum. Thus,
the tire was tested with a drum rotating at a speed of V = 120 Km.h−1, which corresponds to
an angular speed of ωdrum = V

Rdrum
= 19.55 rad.s−1. The visualization of the experimental and

numerical results is presented in Figure 6.22.

Figure 6.22: Numerical and experimental results of the applied load Fz versus the radial deflection uz
on the dynamic adhesor at a speed of 120 Km.h−1.

We observe that both results are very similar, despite a small difference at low force. The
comparison at 100%LI is reported in Table 6.8.
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Table 6.8: Comparison of the radial deflection on the dynamic adhesor at 300kPa inflation and
120 Km.h−1 speed.

pin [kPa]
Radial deformation Uz (in mm) under 100%LI

Simplified model Experimental Relative error (%)

300 18.90 18.87 0.16

Although the absolute error under low force (Fz < 45%LI) is about 7%, under higher
load, the error is less than 2%. The greater relative error observed under lower forces may be
attributed to the influence of temperature. When the tire is pressed against the rotating drum,
the frictional energy is converted into thermal energy (heat). This effect, along with the errors
stemming from the hyperelastic material model, likely contributes to increased relative error
under lower loads. Nevertheless, the relative error is still acceptable. Thus, we conclude that
the model effectively predicts tire deformation under dynamic load.

6.2.3 Modal analysis

The purpose of this section is to analyze the natural vibration of the unloaded tire under an
inflation pressure of 250kPa and use experimental results to validate the accuracy of simulation
results.

Experimental setup

Under laboratory conditions, the tire was inflated to 250kPa and mounted on the test rig, as
shown in Figure 6.23.

Figure 6.23: Wheel mounted on a fixed rig.
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An Electronic Speckle Pattern Interferometer (ESPI) system was utilized to measure tire
surface deformation, as well as modal frequencies and shapes. The components of the ESPI
system are illustrated in Figure 6.24. Basically, the ESPI system is a laser-based and non-
destructive technique utilized for capturing and analyzing the intricate vibration patterns of the
surfaces of a structure subjected to an excitation. By illuminating a surface with coherent laser
light, ESPI generates a speckle pattern that is exploited to measure the structure’s response.
With this system, it is also possible to measure fatigue response, stress-deformation response
and detect internal defects and cracks in materials.

(a)

(b)

Figure 6.24: Experimental setup for measuring modal vibration of unloaded tire. (a) View on the
experimental setup (b) Apparatus and its components [189].
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FEM model

Kinematics basis

In the presence of material, geometrical, and contact nonlinearity, modal analysis can be per-
formed at a specific deformed configuration. In this context, the modal analysis of the tire must
be conducted after applying the inflation pressure preload.

Problem formulation: A Two-Stage Solution Strategy

Unloaded tire model analysis involves two stages: the first stage being a nonlinear static analysis
(under the inflation pressure) and the second stage is the extraction of natural frequencies from
the deformed configuration.

• Stage 1: Nonlinear Static Analysis
From the weak form, in Section 4.7.1, we solve for mean displacement u0 under static
loads: ∫

Ω0

P (u0, ξ0) : δFdΩ0 =

∫
Ω0

ρ0b̄ · δudΩ0 +

∫
ΓN

t̄ · δudΓN (6.3)

Here the damage effect is frozen at ξ0 = maxΨ0(C(u0)).

• Stage 2: Linearized Dynamic Analysis
The weak form of the problem in dynamics is given by:∫

Ω0

ρ0ü · δu dV︸ ︷︷ ︸
Inertial term

+

∫
Ω0

P (u0, ξ0) : δFdΩ0 =

∫
Ω0

ρ0b̄ · δudΩ0 +

∫
ΓN

t̄ · δudΓN (6.4)

Let us now linearize this weak form around the pre-deformed state (F0,C0,D0) with
static equilibrium P0 = 0.. We assume that the displacement u can be decomposed in
terms of its mean value u0 and ũ (the perturbed part), we can linearize it around u0 as
follows:

δF ≈ ∇Xδu (6.5)

δE = FT
0 δF (Symmetric part) (6.6)

P ≈ P0 + Ctang : ∆E + D : ∆Ė (6.7)

where Ctang is tangent modulus and D is damping modulus.
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Consistent Material Tangent Modulus
The consistent tangent modulus relates stress and strain variations:

δS = Ctang : δE (6.8)

where:

Ctang = ηCeq︸︷︷︸
Damaged elastic

+
N∑
k=1

Ck
neq︸ ︷︷ ︸

Viscoelastic

−
(
∂η

∂C
⊗ Seq,0

)
︸ ︷︷ ︸

Damage effect

+ Cgeo︸︷︷︸
Geometric stiffness

(6.9)

Components:
• Elastic tangent: Ceq = 4

∂2ψeq

∂C∂C

• Damage derivative: ∂D
∂C

= ∂D
∂ψeq

∂ψeq

∂C

• Geometric stiffness: Cijkl
geo = Sjl0 G

ik (where Gik is the contravariant metric tensor)
Viscoelastic Material Response in Frequency Domain
Prony series time dependent material properties can be converted into frequency-dependent
viscoelastic response by the complex modulus tensor D(ω) as follows

D(ω) = C0

[
g∞ +

m∑
k=1

gk
iωτk

1 + iωτk

]
(6.10)

where:
• g∞ = 1−

∑
gk is the equilibrium modulus fraction

• gk and τk are Prony series parameters
• C0 is the instantaneous elastic modulus

The damping matrix C(ω) is then computed as:

C(ω) =

∫
Ω0

BTDimag(ω)BdΩ0 (6.11)

where Dimag is the imaginary part of D(ω), representing energy dissipation.

Frequency Domain Formulation
Let us apply Fourier transform F{ũ} = ˆ̃u(ω) and rewrite the weak form accordingly:∫

Ω0

[
−ω2ρ0 ˆ̃u+ iωσ̂visco + σ̂el

]
: δϵ̂dΩ0 = 0 (6.12)

where:
• σ̂el = C(η(ξ0)) : ϵ̂ is the linearized elastic stress
• σ̂visco = Dreal(ω) : ϵ̂ is the viscoelastic stress
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Discretized Finite Element Equations
After FEM discretization using ˆ̃u = N ˆ̃d and Ba = ∂Na

∂X
F0 (strain-displacement matrix), we

obtain (
−ω2M + iωC(ω) +K

) ˆ̃d(ω) = 0 (6.13)

where:

M =

∫
Ω0

ρ0N
TNdΩ0 and K =

∫
Ω0

BTCtang(η(ξ0))BdΩ0

(6.14)

C(ω) =

∫
Ω0

BTD(ω)BdΩ0 and D(ω) =
m∑
k=1

iωτkgk
1 + iωτk

C0 (6.15)

D, M , K and C are the damping modulus matrix, mass matrix, the stiffness matrix and the
damping stiffness. Also,

• ωk: are Natural frequencies (rad/s)
• ˆ̃d(ω): are eigenvectors

In the Static Preload Analysis step, the tire is inflated to a specified pressure and securely fixed
to its axle. Next, in this deformed configuration, we calculate the consistent stiffness matrix,
damping matrix, and mass matrix for use in the subsequent modal analysis. The flowchart for
the whole analysis is shown in Figure 6.25.

START

Preprocessing

Static Preload Analysis

Update History Variables

Linearization at Equilibrium

Modal Solution

Postprocessing

END
Figure 6.25: Flowchart for the modal vibration analysis of the unloaded tire.

The 16 lowest natural frequencies were extracted using LANCOZ solver in a frequency
step. In accordance with the experimental setup, the tire is fixed at its wheel center. In terms
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of topology (mesh), the tire was meshed equally into n sectors in the circumference (see Fig-
ure 6.26) and generated using symmetric model generation function in ABAQUS in-
put file procedure.

x

z

O

Figure 6.26: Equally space circumferential meshing of the tire

The workflow exploited for this analysis is highlighted in Figure 6.27.

Figure 6.27: Flowchart of the Modal analysis

Results and discussions

In order to select the suitable mesh, a sensitivity mesh analysis was performed on the set of
meshes reported in Table 6.9.

Table 6.9: Set of meshes selected for mesh sensitivity analysis.

Mesh index nnode nelements

1 13450 11950

2 26900 23900

3 40350 35850

4 53800 47800

5 67250 59750

6 80700 71700
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After running the program using the created input file, we obtained the frequencies versus
mesh size data points plotted in Figure 6.28.

Figure 6.28: Mesh sensitivity analysis for frequency extraction

We observe that beyond mesh 4, the frequencies are almost the same. Hence, mesh 4 was
adopted for the remainder. After the simulation, we obtained a set of modes, which we classified
into two categories: in-plane and out-of-plane modes. A visualization of in-plane vibration
modes is presented in Table 6.10.
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Table 6.10: Eight (08) lowest in-plane natural vibration modes of the unloaded tire.

Mode f [Hz] X− Z view Y − Z view Mode f [Hz] X− Z view Y − Z View

R0 59.09 R1 96.03

R2 129.36 R3 160.00

R4 190.17 R5 220.27

R6 248.93 R7 275.37
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Natural out-of-plane vibration modes are reported in Table 6.11.

Table 6.11: Eight(08) lowest out-of-plane natural vibration modes of the unloaded tire

Mode f [Hz] X− Z view Y − Z View Mode f [Hz] X− Z view Y − Z View

A0 46.73 A1 59.09

A2 107.34 A3 166.92

A4 206.70 A5 234.76

A6 258.27 A7 279.92

Validation of modal analysis

Now that we have frequencies and mode shapes obtained using the proposed FEM model and
experiment, we proceed with the comparison of both results. The obtained frequencies are
summarized in Table 6.12.
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Table 6.12: Comparison between FEM calculated and experimentally measured frequencies.

Radial modes

Code fFEM [Hz] fExperimental [Hz] Relative Error (%)

R2 129.36 136 4.88

R3 160.00 166 3.61

R4 190.17 188 1.15

R5 219.27 208 5.89

R6 248.93 239 4.15

Axial modes

Code fFEM [Hz] fExperimental [Hz] Relative Error (%)

A1 108.34 120 9.72

A2 166.92 179 6.75

Besides the axial mode A1 and A2, the relative error between calculated and measured
modes is less than 6%. Thus, we conclude that the accuracy of the model is verified.

Furthermore, ESPI system also enables to capture modal vibration shapes. Thus, we orga-
nized them into radial and axial mode shapes, then compared them with those obtained from
the simulation. Table 6.13 compares radial modes from FEA results with those measured.
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Table 6.13: Comparison of in-plane shapes between the FE and experiment results

Name
Experiment FEM

fExp[Hz] Mode shape fFEM [Hz] Mode shape

R2 136 129.36

R3 166 160.00

R4 188 190.17

R5 208 220.27

R6 239 248.93

Equally, Table 6.14 presents the visualization of the computed and measured axial mode
shapes.
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Table 6.14: Comparison of out-of-plane mode shapes between the FE and experiment results

Name
Experiment FEM

fExp[Hz] Modeshape fFEM [Hz] Modeshape

A2 120 107.34

A3 179 166.92

The analysis of the mode shapes reveals that the vibration patterns exhibit great similar-
ity across the FE model and experiment. Specifically, the number of vibration lobes or fields
remains consistent for each mode, underscoring a strong correlation between both results.

Influence of the inflation pressure on the natural vibration

In the previous section, the unloaded vibration was examined considering an inflation pressure
of 250kPa. However, given that the tire is made of highly nonlinear materials, the natural
frequencies are not constant. They are influenced by many other factors such as the temperature
and the inflation pressure. That is why the frequency extraction takes place considering the
deformed shape from the inflation analysis step. Thereby, the purpose of this section is to
investigate the influence of the inflation pressure on the frequencies.
To this end, we consider 05 inflation pressures, namely 175kPa, 200kPa, 250kPa, 275kPa, and
300kPa. Afterward, the 05 separate input files were created with these values, and the obtained
frequencies (12 lowest) versus mesh size data points are plotted in Figure 6.29.
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Figure 6.29: Modal frequency sensitivity analysis

It can be observed that all frequencies increased linearly with inflation pressure. In particu-
lar, the rate of increase is much higher for modes 8 to 12.

6.3 Further analysis on numerical model

6.3.1 Steady state rolling

As mentioned in the Section 3.1 the finite element method (FEM) is a highly versatile tech-
nique that allows modeling a wide range of problems, among which is the tire-road steady state
rolling. Basically, the steady-state rolling of a tire analyzes its rolling response when subjected
to a constant velocity and applied load, which simulates real-life driving conditions. The main
objective is to gather data on tire characteristics, such as axle loads and their interaction with
the road. Key data collected during these simulations encompass various forces, including lat-
eral and longitudinal forces during cornering, braking, and traction. Additionally, the analysis
targets moments (torques) that affect the tire’s maneuverability and the distribution of contact
stresses on the tire-road interface. These factors significantly determine tire handling perfor-
mance under different driving conditions, such as during acceleration, braking, and cornering
maneuvers.
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Problem definition: an Arbitrary Lagrangian-Eulerian (ALE)

We consider a rolling tire Ω ⊂ R3 rotating with angular velocity ω. The boundary ∂Ω =

Γu ∪ Γt ∪ Γc consists of Dirichlet (Γu), Neumann (Γt), and contact (Γc) surfaces.

Rolling

Figure 6.30: Illustration of tire rolling.

Governing Equations

Momentum Balance
At any time t ∈ [0, T ] and for M ∈ Ωt, in a rotating reference frame, the momentum balance
fulfills:

∇ · σ + ρbeff = 0 in Ω ⊂ R3 (6.16)

Where effective body force includes:

beff = b+ bcent + bcor (6.17)

bcent = −ω × (ω × x) Centrifugal force (6.18)

bcor = −2ω × vrel Coriolis force (6.19)

vrel = ω × (x− x0)− u̇ is relative velocity. ω is the angular velocity vector.

Constitutive Equations
Cauchy stress derives from the fundamental expressions introduced in Section 3.2.2, which can
be decomposed into:

σ = σeq + σneq (6.20)

• Ogden-Roxburgh damage[57]:

η = 1− 1

r
erf

(
Wmax

eq −Weq

m

)
(6.21)
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• Equilibrium stress:

σeq = −pI+ σdev
eq , σdev

eq =
2

J
F
∂W dev

eq

∂C
FT (6.22)

• Volumetric constraint:

p = −∂U(J)
∂J

(6.23)

• Viscoelastic stress: Evolves according to

σ̊neq,k +
σneq,k

τk
= γ̇k (6.24)

Mixed Variational Formulation
Due to the incompressibility of rubber, a mixed variational formulation must be employed. In
this formulation, the hydrostatic pressure p is introduced as an additional unknown variable in
the problem. Various variants of mixed formulations can be found in the literature, with de-
tailed discussions provided in the works of J.C. Simo [102] and Brezzi and Fortin [190]. In the
following, we briefly introduce a weak form in the context of steady state rolling.

Function Spaces
Let us define the functional spaces U , Q and U′ such that:

U =
{
u ∈ [H1(Ω)]3 : u = u0 on Γu

}
Q =

{
p ∈ L2(Ω)

}
U0 =

{
w ∈ [H1(Ω)]3 : w = 0 on Γu

}
Weak Form Residuals
Based on Eq.(6.16) and Eq.(6.23), we use the (u, p) and the test functions (w, q) to derive the
residuals Ru and Rp :

• Momentum residual (Ru):

Ru(u, p;w) =

∫
Ω

[
η
(
−pI+ σdev

eq

)
+ σneq

]
: ∇wdΩ

−
∫
Ω

ρ [b− ω × (ω × x)− 2ω × vrel] ·wdΩ

−
∫
Γt

t ·wdΓ−
∫
Γc

[ϵn⟨g⟩−(w · n) + tt ·wt] dΓ︸ ︷︷ ︸
Contact term

(6.25)
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• Volumetric constraint residual (Rp):

Rp(u, p; q) =

∫
Ω

[
p+

∂U(J)

∂J

]
qdΩ (6.26)

Variational Statement
Now, we seek (u, p) ∈ U ×Q such that:

Ru(u, p;w) = 0 ∀w ∈ U0
Rp(u, p; q) = 0 ∀q ∈ Q

(6.27)

Finite Element Discretization
With the weak form at hand, we proceed with the discretization of u, p, w and q.

Field Approximations

u =
nu∑
i=1

Nu
i ui, w =

nu∑
i=1

Nu
i ci, p =

np∑
j=1

Np
j pj, q =

np∑
j=1

Np
j dj (6.28)

Matrix Formulation
After replacing Eq.(6.28) into Eq.(6.27) and rewriting everything out, we obtain the discrete
system in the form: [

Kuu Kup

Kpu Kpp

][
∆u

∆p

]
= −

[
Ru

Rp

]
(6.29)

Where Sub-Matrix Definitions are:
• Displacement tangent stiffness:

Kuu =

∫
Ω

BT
[
ηCdev

eq + Cneq
]
BdΩ +Kinertia +Kcontact (6.30)

• Displacement-pressure (up) coupling stiffness:

Kup = −
∫
Ω

η(∇ ·w)TN pdΩ (6.31)

• Pressure-displacement (pu) coupling stiffness:

Kpu =

∫
Ω

∂2U

∂J2

∂J

∂u
(N p)TdΩ (6.32)
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• Pressure stiffness:

Kpp =

∫
Ω

(N p)TN pdΩ (6.33)

Constitutive Update Algorithm
In the numerical implementation of the above discretized form, the following computations are
carried out at each integration point:

1. Compute kinematics: F, J , C
2. Calculate strain energies:

Weq = U(J) +W dev
eq (C) (6.34)

3. Update damage variable:

Wmax
eq ← max(Wmax

eq ,Weq), η = 1− 1

r
erf

(
Wmax

eq −Weq

m

)
(6.35)

4. Compute stresses:

σdev
eq =

2

J
F
∂W dev

eq

∂C
FT , p = −∂U(J)

∂J
(6.36)

5. Update viscoelastic stress:

σn+1
neq = F(σn

neq, γ̇,∆t) (6.37)

Contact-Friction Implementation
Contact enforcement has to be achieved numerically for each contact element:

1. Compute normal gap:

g = (x− xc) · n (6.38)

2. Calculate normal pressure:

pn = ϵn⟨g⟩− (6.39)

3. Determine tangential traction:

tt =


ϵtξ if ∥ϵtξ∥ ≤ µ|pn| (stick)

µ|pn|
ξ

∥ξ∥
otherwise (slip)

(6.40)
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Steady-State Advection
• Material velocity field:

v = ω × x− u̇ (6.41)

• History variable advection:

DWmax
eq

Dt
= 0 (Advect along streamlines) (6.42)

• ALE formulation for mesh motion:

vmesh = ω × x (6.43)

Stabilization Techniques
Throughout the numerical implementation, instability may arise from the pressure constraint,
the Coriolis force, and the contact constraint; thus, stabilization techniques are introduced to
handle them.

• Inf-sup stabilization:

Rstab
p = Rp +

∫
Ω

κ∇p · ∇qdΩ (6.44)

• Coriolis stabilization:

bstab
cor = bcor + ζh(vrel · ∇)u̇ (6.45)

• Contact regularization:

⟨g⟩− ≈ −
g

2
(1− tanh(kg)) ,

ξ

∥ξ∥
≈ ξ

∥ξ∥+ ϵreg
(6.46)

Solution Algorithm
1. Initialize: η = 1, Wmax

eq = 0, σneq = 0

2. For each load increment:
(a) Update mesh position (ALE framework)
(b) Advect history variables Wmax

eq

(c) Newton-Raphson iteration:
i. Compute deformation measures

ii. Update constitutive state
iii. Calculate contact forces
iv. Assemble residuals Ru, Rp
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v. Construct tangent matrix K

vi. Solve linear system for ∆u, ∆p

vii. Update solution: u← u+∆u, p← p+∆p

viii. Check convergence: ∥∆u∥ < ϵu, ∥∆p∥ < ϵp

It is important to note that there are different formulations for the steady-state rolling problem,
specifically the Eulerian and Lagrangian formulations. In the Lagrangian formulation, the refer-
ence configuration used to describe motion is tied to the material itself. In contrast, the Eulerian
formulation describes the problem based on the current configuration.
In ABAQUS[38], a mixed Eulerian/Lagrangian approach is implemented to reduce computa-
tional costs. Specifically, in the analysis of tire-road steady-state transport, the tire is modeled
using the Eulerian frame, while the rigid road is modeled using the Lagrangian formulation.

Results and discussions

In this section, we performed steady-state rolling analysis of 165/65R13 tire using input script
language in ABAQUS. We chose an inflation pressure of 250kPa, a speed of 80 Km.h−1 and
considered three loading levels, namely 50%LI, 75%LI, and 100%LI. The basic Coulomb
Friction Model (see Figure 3.16(b)) was adopted by setting the friction coefficient (µ) and the
slip rate to 0.8 and 0.02, respectively.

Free rolling analysis

In rolling conditions, the contact patch and stress distribution have an impact on the rolling
and grip resistance of the tire as well as fuel consumption. The aim of this analysis is to find
the free rolling angular velocity, where, particularly, the torque is equal to zero. The Eulerian
formulation introduced in Section 3.1 was utilized for this purpose. Since the footprint analysis
was conducted assuming a frictionless contact, contact properties were modified in the script
with the *contact change option.
Under the above-described conditions, the free rolling was performed for each level of load
using the footprint analysis result as a restart file. The recorded longitudinal resistance force
and the rolling resistance moment (wheel torque) are shown in Figure 6.31.
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(a) (b)

Figure 6.31: Dependence of the tire rolling resistance force and wheel torque on the angular velocity ω
and applied load Fz at a rolling velocity of 80Km.h−1. (a) longitudinal resistance force Fx and (b)

wheel torque My.

With this result at hand, the free rolling position was computed using the results in Fig-
ure 6.31(b) as illustrated with the red marker in the curves in Figure 6.32.

Figure 6.32: Identification of the free rolling angular velocity ω0.

At full traction and full braking, the rolling resistance force reaches the threshold value of
µFz, in absolute value, as can be seen in Figure 6.31(a). For example, when Fz = 100%LI =

4041.72 N, the maximum rolling resistance force is Fx,friction = 3233, 38 N.
At free rolling point, the distribution of the contact patch and stress is shown in Figure 6.33.
The maximum contact stress rises from 0.46 MPa at 50%LI to 0.64 MPa at 75%LI , then to
0.85 MPa at 100%LI . Furthermore, as a consequence of the fact that My yields zero, the
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contact patch has approximately two axes of symmetry with respect to the center of the contact
patch.

(a) at 50%LI (b) at 75%LI (c) at 100%LI

Figure 6.33: Distribution of the contact stress [MPa] at free rolling with a velocity of 80Km.h−1.

The figure is completely different at full braking, where the contact stress peak shifts toward
the front zone of the contact area in the heading direction as shown in Figure 6.34.

(a) at 50%LI (b) at 75%LI (c) at 100%LI

Figure 6.34: Distribution of the contact stress [MPa] at full braking from a speed of 80Km.h−1.

At full acceleration, however, the opposite situation occurs, with the concentration of the
contact stress being shifted towards the rear of the contact patch, as illustrated in Figure 6.35.
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Similarly, the maximum value of the contact stress increases with the load applied.

(a) at 50%LI (b) at 75%LI (c) at 100%LI

Figure 6.35: Distribution of the contact stress [MPa] at full acceleration from a speed of 80Km.h−1.

After finding the angular velocity corresponding to free rolling (0 torque), the next step was
to analyze the cornering and camber response of the tire.

Camber effect analysis

The effect of camber on tire-road interaction forces/moments was studied considering a camber
angle γ ∈ [0, 8°]. Figure 6.36 represents resulting tire characteristics

(a) (b)

Figure 6.36: Dependence of the tire forces/moments on the camber angle γ and applied load Fz at a
velocity of 80Km.h−1. (a) overturning moment Mx and (b) Aligning torque Mz .
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It should be noted that in the case of γ ∈ [−8°,+8°], the full curves of Mx and Mz can be
obtained by symmetry with respect to the origin, as illustrated with Mx in Figure 6.37.

Figure 6.37: Mx versus γ ∈ [−8°,+8°].

When the γ = 8°, the resulting contact patch and contact stress is depicted in Figure 6.38.

(a) at 50%LI (b) at 75%LI (c) at 100%LI

Figure 6.38: Distribution of the contact stress [MPa] at cambering with γ = 8° and a velocity of
80 Km.h−1.

Cornering effect analysis

When tire direction deviates from the direction of driving, such as in cornering, there is an
angle called the slip angle between these directions. These conditions generate forces/moments
that affect tire maneuverability and stability. Hence, in this section, we analyze the handling
characteristics of the 165/65R13 tire in pure cornering with a slip angle α ∈ [0, 15°]. Figure 6.39
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shows the resulting tire rolling forces/moments.

(a) (b)

(c) (d)

(e)

Figure 6.39: Dependence of the tire forces/moments on the slip angle α and applied load Fz at a
velocity of 80 Km.h−1. (a) Lateral force Fy and (b) Longitudinal force Fx, (c) overturning moment

Mx, (d) rolling resistance moment My and (e) Aligning torque Mz .
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Similarly, these characteristics can be easily deduced for the negative/positive slip angle as
shown in Figure 6.40.

(a) (b)

(c) (d)

(e)

Figure 6.40: Dependence of the tire forces/moments on the slip angle γ ∈ [−15°,+15°] and applied
load Fz at a velocity of 80 Km.h−1. (a) Lateral force Fy, (b) Lateral force Fx, (c) overturning moment

Mx, (d) rolling resistance moment My and (e) Aligning torque Mz .
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From the above results, it is possible to make use of the numerical derivative to compute the
cornering stiffness Cα based on the formula defined in Eq.(2.2). Figure 6.41 shows the variation
of the cornering stiffness as a function of α ∈ [0, 15°] at the same velocity of 80 Km.h−1.

Figure 6.41: Cornering stiffness Cα for α ∈ [0, 15°].

For completeness, it is very common to obtain Cα with α ∈ [−15,+15°]. According to the
definition of the derivative, the left-hand side portion of Cα can be obtained by making a sym-
metry of the initial portion with respect to the vertical axis. The result is shown in Figure 6.42.

Figure 6.42: Variation of the cornering stiffness Cα as function of α ∈ [−15°,+15°] and applied load.

As can be seen in Figure 6.41 and Figure 6.42, Cα reaches its maximum at 0 slip angle for
each level of load applied. Particularly at 100%LI , CFEM

α |max,α=0= 791.81 N.°−1. Physically,
this value means that at a rolling speed of 80 Km.h−1 and under 100%LI , one degree slip
angle generates the lateral contact force between the tire and the road of magnitude 791.81 N.
This parameter is very important to counteract centrifugal forces. Therefore, the higher this
parameter is, the stronger the tire is to guarantee the stability and grip during cornering.
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Validation of the steady state rolling analysis:

In Gillespie’s book[191] entitled "Fundamentals of vehicle dynamics", a reference in the field,
it is established that for PCR tires, the cornering stiffness at 100% Load Index (LI) can be
approximated using the formula provided in Eq. (6.47)

Cemp
α |max,α=0= 0.2 ∗ 100%LI = 808.34 N.°−1 (6.47)

The comparison between the calculated and empirical values at 100%LI and 0 slip angle is
summarized in Table 6.15.

Table 6.15: Comparison between the calculated and empirical cornering Stiffness at 100%LI , 0° slip
angle and 80 Km.h−1 rolling velocity.

CFEM
α α=0,max [N.°

−1] Cemp
α α=0,max [N.°

−1] Relative error(%)

791.81 808.34 2.04

Given that the relative error is very small, we validate the accuracy of the model.
The resulting tire-road contact interaction (contact stress and patch) is depicted in Figure 6.43.

(a) at 50%LI (b) at 75%LI (c) at 100%LI

Figure 6.43: Distribution of the contact stress [MPa] at cornering with α = 15° and a velocity of
80 Km.h−1.

6.3.2 Post-steady state rolling modal analysis

The purpose of this analysis is to study the modal vibration of the tire at free rolling state
(see Figure 6.32) at the velocity of vx = 80 Km.h−1. The mathematical formulation and the
resolution procedure are the same as explained in Section 6.2.3 for unloaded modal analysis.
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However, here the deformed configuration at the free rolling state is used instead as the base
configuration for the modal analysis. Therefore, the free rolling input file was utilized as a
restart file for this analysis. Only the case with Fz = 100%LI was investigated in this section.

Results and discussions

The obtained vibration frequencies and mode shapes are reported in Table 6.16 and Table 6.17
for in-plane (radial) and out-of-plane(axial) modes, respectively.

Table 6.16: Ten (10) lowest in-plane vibration modes of the free rolling tire at
80 Km.h−1.

R0 49.43 R1 71.37

R1′ 82.40 R2 109.61

R3 134.50 R3′ 137.46

R4 158.98 R4′ 163.11

Mode f [Hz] X− Z view Mode f [Hz] X− Z view

Continued on next page
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Table 6.16: Ten (10) lowest in-plane vibration modes of the free rolling tire at
80 Km.h−1. (Continued)

R5 182.22 R6 203.03

Mode f [Hz] X− Z view Mode f [Hz] X− Z view

Natural out-of-plane vibration modes are reported in Table 6.17.

Table 6.17: Eight (08) lowest out-of-plane vibration modes of the free rolling tire
at 80 Km.h−1.

A1 60.83 A2 88.43

A2′ 109.19 A3 145.86

A3′ 158.08 A4 183.75

A5 187.53 A6 204.12

Mode f [Hz] X− Z view Mode f [Hz] X− Z view
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Partial conclusion

When comparing the results of the natural vibrations of the unloaded tire to those of the tire
under steady-state free rolling conditions, the following characteristics of modal vibrations can
be observed:

• Several vibration modes appear in pairs but oscillate at different frequencies. The specific
pairs identified include modes R1 and R1′, modes R3 and A3′, modes R4 and A4′, modes
A2 and A2′ or modes A3 and A3′.

• With the exception of radial mode R2 and the axial mode A2′, the frequencies of the tire
in free rolling conditions are smaller.

6.3.3 Random Vibration Analysis via PSD

Random vibration analysis based on Power Spectral Density (PSD) is a convolutional technique
for studying a system’s response to nondeterministic loads or excitations. This method utilizes
PSD along with Mode Superposition to statistically predict displacements, strains, and stresses.

Problem formulation: A Two-Stage Solution Strategy

The implementation of this method typically involves two stages. The first stage involves non-
linear static analysis (with contact), which assesses the system’s behavior under static loads
while considering the inherent nonlinearities in material properties, geometry, and contact con-
ditions. Following this, the frequency extraction is conducted. Finally, the calculation of the
Power Spectral Density (PSD) response is carried out.

• Stage 1: Nonlinear Static Analysis
From the strong form, in Section 4.7.1, we solve for mean displacement u0 under static
loads:∫

Ω0

P (u0, ξ0) : δFdΩ0 =

∫
Ω0

ρ0b̄ · δudΩ0+

∫
ΓN

t̄ · δudΓN +

∫
ΓC

tc0 · δudΓC (6.48)

Here the damage effect is frozen at ξ0 = maxΨ0(C(u0)).
• Stage 2: Linearized Dynamic Analysis

The weak form of the problem in dynamics is given by:∫
Ω0

ρ0ü · δu dV︸ ︷︷ ︸
Inertial term

+

∫
Ω0

P (u0, ξ0) : δFdΩ0 =

∫
Ω0

ρ0b̄ · δudΩ0 +

∫
ΓN

t̄ · δudΓN +

∫
ΓC

tc0 · δudΓC

(6.49)
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Recalling that the displacement u can be decomposed in terms of its mean value u0 and
ũ (the random part), we can linearize it around u0 as follows:

δF ≈ ∇Xδu (6.50)

P ≈ P0 + C : ∆E + D : ∆Ė (6.51)

where C is tangent modulus and D is damping modulus.
Viscoelastic Material Response in Frequency Domain
Prony series time dependent material properties can be converted into frequency-dependent
viscoelastic response by the complex modulus tensor D(ω) as follows

D(ω) = C0

[
g∞ +

m∑
k=1

gk
iωτk

1 + iωτk

]
(6.52)

where:
• g∞ = 1−

∑
gk is the equilibrium modulus fraction

• gk and τk are Prony series parameters
• C0 is the instantaneous elastic modulus

The damping matrix C(ω) is then computed as:

C(ω) =

∫
Ω0

BTDimag(ω)BdΩ0 (6.53)

where Dimag is the imaginary part of D(ω), representing energy dissipation.

Frequency Domain Formulation
Let us apply Fourier transform F{ũ} = ˆ̃u(ω) and rewrite the weak form accordingly:∫

Ω0

[
−ω2ρ0 ˆ̃u+ iωσ̂visco + σ̂el

]
: δϵ̂dΩ0 = −

∫
Ω0

ρ0 ˆ̈ub(ω) · δ ˆ̃udΩ0 (6.54)

where:
• σ̂el = C(η(ξ0)) : ϵ̂ is the linearized elastic stress
• σ̂visco = Dreal(ω) : ϵ̂ is the viscoelastic stress
• ˆ̃g is the dynamic gap variation

Discretized Finite Element Equations
After FEM discretization using ˆ̃u = N ˆ̃d, we obtain

(
−ω2M + iωC(ω) +K

) ˆ̃d(ω) = −M ˆ̈ub(ω) (6.55)
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where:

M =

∫
Ω0

ρ0N
TNdΩ0 (6.56)

K =

∫
Ω0

BTC(η(ξ0))BdΩ0 +Kcontact (6.57)

C(ω) =

∫
Ω0

BTD(ω)BdΩ0 (6.58)

D(ω) =
m∑
k=1

iωτkgk
1 + iωτk

C0 (6.59)

D, M , K and C are the damping modulus matrix, mass matrix, the stiffness matrix and the
damping stiffness.

Contact Linearization in Frequency Domain
For active contact regions identified during static analysis, the contact stiffness contribution
remains constant in the linearized analysis:

Kcontact =

∫
ΓC

γcN
Tnc ⊗ ncNdΓC (for g0 < 0) (6.60)

This represents a constant spring-like constraint in the frequency domain for regions in contact
during static equilibrium.
PSD Response Calculation
From Eq.(6.55), we can easily compute the following key expressions:

• Frequency Response Function (FRF)
The FRF matrix H(ω) maps input excitation to output response:

H(ω) =
(
−ω2M + iωC(ω) +K

)−1 (6.61)

Thus, the displacement response to the excitation is then:

ˆ̃d(ω) = −H(ω)MΓˆ̈ub(ω) (6.62)

• Force Power Spectral Density (PSD)
Force PSD represents the distribution of force’s energy across different frequencies and
given by the expression

Sff (ω) = MSbb(ω)M
T (6.63)

• Response Power Spectral Density (PSD)
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Response PSD stands for the distribution of force’s energy across different frequencies
when subjected to a random excitation.

Suu(ω) = H(ω)Sff (ω)H
∗(ω); H∗(ω) = H(ω)

T
= HH(ω) (6.64)

where:
– The Hermitian adjoint H∗(ω) ∈ Cn×n

– H(ω) denotes the complex conjugate (all elements hij → h̄ij)
– T denotes the matrix transpose

• Root Root Mean Square(RMS) displacement:
The RMS displacement is the effective displacement under the random vibrations. It is
the square root of the area under the response power spectral density function.

RMSu =

√∫ ∞

−∞
diag(Suu(ω))dω (6.65)

Computational Algorithm
The flowchart below breaks down the numerical implementation of the procedure described
above.

Initialize

Nonlinear static analysis

Extract u0, ξ0,K,M

Linearize contact

For each ωk Compute H(ωk)

Compute Suu(ωk)Statistics/RMS

End

loop

exit

Figure 6.44: PSD-based random vibration analysis workflow

Further insights into this formulation for random vibration analysis can be found in the
works of Newland [192], Liu and Zhao [193], and Pashaei et al. [194].
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6.3.4 Steady State dynamic

Tire steady-state dynamic analysis examines the vibration response of a tire under periodic
applied loads. The procedure is akin to random vibration analysis and utilizes natural vibration
modes to determine the tire’s vibration response.

Implementation procedure

Start

Initialize: u0, p0,λ0 Ψmax = 0

Frequency sweep:ωj = ωmin → ωmax

Update deformation gradientF = I+∇u

Compute ∞(C̄);Update Wmax = max(Wmax,W∞)

Compute η and C∗(ω)

Compute stress P and tangent Ctang

Assemble residuals:Ru,Rp,Rλand stiffness matrix

Solve linear system for∆û,∆p̂,∆λ̂

Update variables:û← û+∆û;p̂← p̂+∆p̂λ̂← λ̂+∆λ̂

Converged?∥R∥ < ϵ Apply friction algorithm λT

Store solution for ωj

More frequencies? Post-processing

End

no yes

yes

no

Legend:
Start/End Program boundaries
Process Computational steps
Input/Output Data operations

Decision Conditional branches
Loop Iterative process

N
ew

to
n-

R
ap

hs
on

L
oo

p

Figure 6.45: Solution algorithm for steady-state dynamic analysis of tire in contact with road

Chapter 6. Simulation, results and validation of the model 153



Algorithm Description

1. Initialization: Set initial values for displacement (u0), pressure (p0), contact multipliers
(λ0), and maximum strain energy (Ψmax = 0)

2. Frequency sweep: Loop through frequency range ωj = ωmin to ωmax

3. Newton-Raphson loop:
(a) Compute deformation gradient F and isochoric right Cauchy-Green tensor C̄
(b) Calculate equilibrium strain energy Ψ∞ and update Ψmax

(c) Evaluate Ogden-Roxburgh damage function η
(d) Compute complex modulus C∗(ω) from Prony series
(e) Calculate stress P and tangent modulus Ctang

(f) Assemble residual vectors and tangent matrix
(g) Solve linear system for variable increments
(h) Update displacement, pressure, and multiplier fields
(i) Check convergence; repeat if needed

4. Contact friction: Apply return mapping algorithm for tangential contact
5. Solution storage: Save solution for current frequency
6. Post-processing: compute displacement, stress, contact pressure distributions, etc.

Results and discussion

The application of this scheme was conducted considering a loaded tire at 100%LI and inflated
with a pressure of 250 MPa, then two periodic impulse loads with respective amplitudes 500N
and 1000N were considered. These loads are assumed to vibrate at a frequency f ∈ [0, 275] Hz

such that:

Fz = Fz,max cos(ωt) (6.66)

Where Fz,max ∈ {500, 1000} [N] and ω = 2πf . The circumference equally spaced mesh (see
Figure 6.26) with 450 sectors was used. The simulation was quite straightforward. The foot-
print analysis took about 28 minutes, and the steady state dynamic analysis with both periodic
impulses took about 18 minutes. The vertical deflection of the center of the tire was extracted
and depicted in Figure 6.56.
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(a) under Fz = 500cos(ωt) [N]

(b) under Fz = 1000cos(ωt) [N]

Figure 6.46: Vertical displacement at tire center as per the excitation frequency.

In the curves above, the peaks indicate the points where the excitation frequencies align
with the natural frequencies of the tire, resulting in resonance. Now, we want to determine
the vertical displacements of the tire at other frequencies. To achieve this, we removed the
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resonance points and plotted the remaining data in Figure 6.47.
(a) under Fz = 500cos(ωt) [N]

(b) under Fz = 1000cos(ωt) [N]

Figure 6.47: Vertical displacement at tire center as per the excitation frequency. Without the natural
frequencies.

Let us now analyze the above figures. When f = 0, i.e. ω = 0, the load is static, (Fz =

500 N), and the resulting displacement is 2.4 mm. However, it can be seen that when f > 0,
the applied impulse generates a vertical displacement that is higher than that of a static load.
Specifically, at point A, an applied impulse force with amplitude 500 N and a frequency of
f = 84 Hz induces a displacement of 5.3 mm. Similarly, at point B, the same load amplitude
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oscillating at a frequency of f = 97.80 Hz generates a displacement of 26.9 mm. The same
observation can be made when the amplitude of the load impulse is 1000 N (see Figure 6.47(b)).

Furthermore, we observe that when comparing the results for both impulses, doubling the
amplitude of the load impulse results in a doubling of the resulting displacement. This is clearly
shown in Figure 6.48, where both results are plotted together.

Figure 6.48: Visualization of the effect of amplitude and the frequencies of the impulse force on the
vertical displacement of the tire.

6.3.5 Transient rolling state

Problem formulation

In this section, we briefly present a four-field mixed finite element formulation for the transient
rolling contact analysis of a tire composed of a visco-hyperelastic rubber material with Mullins
effect and frictional road contact. We assume a decomposition of the contact stress in its normal
part λn(X, t) and tangential part λt(X, t). The independent unknowns of the BVP are the
following:

• Displacement field: u(X, t) ∈ R3

• Hydrostatic pressure: p(X, t) ∈ R
• Normal contact multiplier: λn(X, t) ∈ R
• Tangential (frictional) contact multiplier: λt(X, t) ∈ R2

In the following, we use the strong form given in Section 4.7.1.
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Weak Formulation

The boundary value problem can be formulated as the task of finding the quadruple (u, p,λn,λt)
∈ V × Q ×Mn ×Mt such that the following weak form holds for all admissible variations
(δu, δp, δλn, δλt):
Momentum Balance (Virtual Work)∫

Ω0

ρ0ü · δu dV︸ ︷︷ ︸
Inertial term

+

∫
Ω0

[Pdev −
∫
Ω0

pJF−T ] : ∇δu dV︸ ︷︷ ︸
Internal term

−
∫
ΓC

λn(δu · n0) dA︸ ︷︷ ︸
normal contact term

−
∫
ΓC

λt ·Pt(δu) dA︸ ︷︷ ︸
tangential contact term

(6.67)

=

∫
Ω0

ρ0b · δu dV︸ ︷︷ ︸
body term

+

∫
∂ΩN

t · δu dA︸ ︷︷ ︸
traction term

(6.68)

Incompressibility Constraint

∫
Ω0

δp(J − 1) dV = 0 (6.69)

Normal Contact Constraint

∫
ΓC

δλn gn(u) dA = 0 (6.70)

Frictional Contact Constraint ∫
ΓC

δλt · gt(u) dA = 0 (6.71)

with friction constraint:

∥λt∥ ≤ µλn, (equality in sliding) (6.72)
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Discretized Matrix Form

After replacing all discretized variables and their admissible variations into the weak form, we
end up with the global system of equations of the form:

M 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0


︸ ︷︷ ︸

Inertial terms


ü

p̈

λ̈n

λ̈t

+


Kuu Kup Kuλn Kuλt

Kpu 0 0 0

Kλnu 0 0 0

Kλtu 0 0 0


︸ ︷︷ ︸

Tangent stiffness and coupling


u

p

λn

λt

 =


Fext

0

0

0

 (6.73)

Matrix Definitions

M =

∫
Ω0

ρ0N
T
uNu dV (6.74)

Kuu =

∫
Ω0

BTCeffB dV (6.75)

Kup = −
∫
Ω0

GT
pDp dV (6.76)

Kuλn = −
∫
ΓC

NT
λn(Nu · n0) dA (6.77)

Kuλt = −
∫
ΓC

NT
λtPt(Nu) dA (6.78)

with Ceff = ηCeq
dev + Ceq

iso +
∑

k C(k), including softening and visco-hyperelasticity via internal
variables.

Friction Law (Regularized)

It is not computationally always feasible to strictly enforce the pure Coulomb friction law.
Therefore, a smoothening is introduced to address discontinuity and contact instabilities. For
instance, the following regularized Coulomb friction model may be used:

λt = −µλn
gt

∥gt∥+ ϵ
+ ktgt (6.79)

with regularization ϵ > 0, and penalty stiffness kt. Alternatively, KKT-based active set
methods or Augmented Lagrangian schemes[195], [196] can be employed.
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Time Integration

The resolution of Eq.(6.78) demands also to choose a time integration scheme. In ABAQUS
explicit solver, time integration is implemented via central-difference integration scheme. This
scheme is given by the formula:

ün = M−1
[
fnext −Keffu

n −G⊤
nλ

n
n −G⊤

t λ
n
t

]
(6.80)

un+1 = 2un − un−1 +∆t2ün (6.81)

It is worth to bear in mind that this scheme is conditionally stable. Thus every time increment
∆t must satisfy the stability condition below:

∆t ≤ Lmin
cL

(6.82)

where:
• Lmin is the smallest characteristic length of element mesh.
• cL is the characteristic speed in the material.

Choosing a time step that meets the aforementioned condition does not completely eliminate
stability issues. In fact, for complex problems involving contact, it is still likely to encounter
stability challenges. To address this, a predictor-corrector approach is implemented to enhance
the stability of the scheme. For further details, the reader is referred to the work of [197], [198].

Post steady-state transient rolling on an uneven surface

This analysis comprises four steps:
1. Inflation analysis in ABAQUS Standard.
2. Footprint analysis in ABAQUS Standard.
3. Steady-state rolling via visco step in ABAQUS Standard.
4. Transient rolling analysis with ABAQUS explicit.

In order to avoid deformation instability during transient analysis, we utilized an enhanced
strain formulation. The road shape was represented as an analytical rigid surface with a curb
height of 30 mm. The horizontal distance from the tire axle to the curb is equal to 250 mm.

ω

Rolling

Figure 6.49: Schematic view on Tire transient rolling setup
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Pure Coulomb friction model was considered with µ = 0.8. A vertical preload of 100%LI
was chosen as load level for the analysis. In terms of velocity, three longitudinal velocity vx
were chosen : 10 Km.h−1, 40 Km.h−1 and 80 Km.h−1. The corresponding free rolling speeds
ω were computed during the steady state rolling analysis. For each analysis, vx and ω were
applied in a ramp-like manner, as shown in Figure 6.50.

(a) vx

0 t

vx
(b) ω

0 t

ω

Figure 6.50: Definition of (a) the longitudinal velocity vx and (b) the angular velocity ω.

Throughout this analysis, the vertical load Fz remained constant. The tire was permitted to
rotate freely around its axle (the y axis) and move vertically about the z axis, while all other
degrees of freedom were fixed. Also, the road was fixed.

The critical time step of ∆t = 1.867 ∗ 10−7 s computed by the software was maintained.
Thus, no increase in time step through mass scaling was utilized. The simulation was launched
in parallel with 7 CPUs and 1 GPU. The computational time of the transient analysis was about
5 hours.

Results and discussions

During the simulation, we recorded history outputs of displacement, velocity and acceleration
components at the tire axle, along with field outputs such as deformation and stress at various
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points. Figure 6.53 shows the evolution of the vertical deformation εzz over time.

(a) at t = 0 ms (b) at t = 5.0 ms

(c) at t = 50.0 ms (d) at t = 60.0 ms

(e) at t = 72.5 ms (f) at t = 117.5 ms

Figure 6.51: Evolution of the strain component εzz over the time at a rolling speed of vx = 10 Km.h−1.

Notably, at time t = 0, the maximum vertical deformation is εzz = 0.04. As the speed
increases to vx = 10 Km.h−1, this value rises to 0.07. After reaching a steady speed, the
deformation returns to its initial value. However, at full contact with the curb, the maximum
deformation dramatically increases to 0.09. Afterwards, beyond the curb, it drops back to the
initial value of 0.04. Additionally, we observe that, in contrast to the initial position (steady
state free rolling), the peak of the maximum deformation slightly shifts toward the front bottom
of the tire.
The lateral displacement (uy) was also analyzed. In Figure 6.52, we note that the maximum lat-
eral displacement is located at the bottom and moves similarly as above with the vertical strain.
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(a) at t = 0 ms (b) at t = 2.5 ms

(c) at t = 5.0 ms (d) at t = 32.5 ms

(e) at t = 47.5 ms (f) at t = 70.0 ms

(g) at t = 80.0 ms (h) at t = 100.0 ms

(i) at t = 137.5 ms (j) at t = 157.5 ms

Figure 6.52: Evolution of the transversal displacement uy over the time at a rolling speed of
vx = 10 Km.h−1.

One should note that the positive values of uy (uy > 0) are for nodes located on the opposite
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face of the tire.

We also scrutinized the evolution of the forces and stresses in rebar surface layers (steel
cords, textile cap cords, and carcass) and noticed that steel cords are the most solicited rein-
forcements during the rolling. Mainly when the contact with the curb occurs, steel cords sustain
the highest efforts while the other reinforcements are unaffected. Even beads are not affected.

(a) at t = 0 ms (b) at t = 2.5 ms

(c) at t = 80.5 ms

Figure 6.53: Evolution of the normal force (in Newton) in steel cords surface layer over the time at a
rolling speed of vx = 10 Km.h−1.

In this figure, we see that due to the contact, this force increases by a factor of approximately
1.5 in comparison with its initial value.

Influence of the velocity on tire transient rolling

Now, we focus our attention on how the increase of rolling longitudinal velocity affects tire
transient rolling response. For this sake, we also consider a speed of vx = 40 Km.h−1 and
vx = 80 Km.h−1. Figure 6.56 depicts the response of the tire at full acceleration and a contact
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with the curb.
(a) at vx = 10 Km.h−1 (b) at vx = 40 Km.h−1

(c) at vx = 80 Km.h−1

Figure 6.54: Visualization of the influence of the rolling velocity on the lateral deformation of the tire at
t = 2.5 ms.

At first glance at Figure 6.56, it is important to note that the sudden acceleration to the tar-
geted longitudinal velocity leads to an increase in lateral deformation of the tire, even though the
radial force remains constant. Additionally, we observe that at velocities of 40 and 80 Km.h−1,
there are two zones on each side of the tire that deform in opposite directions. This contrasts
with the deformation seen at 10 Km.h−1, which is unidirectional on each side.

Furthermore, we notice that at velocities of 40 and 80 Km.h−1, the sidewall surface exhibits
some undulations or waves in the same two zones of concentrated lateral deformation. The
amplitude of these waves increases with the velocity.
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(a) at vx = 10 Km.h−1 (b) at vx = 40 Km.h−1

(c) at vx = 80 Km.h−1

Figure 6.55: Visualization of the influence of the rolling velocity on the lateral deformation of the tire at
the contact with the curb.

As expected, the lateral sinkage of the tire at contact with the curb increases with tire rolling
velocity. However, at 80 Km.h−1 velocity, the tire loses its structural integrity when it comes
into contact with the curb.

Now, let us dive deeper into why this happens and why there are undulations on the sidewall
surface at higher velocities. For this purpose, the data of the wheel axle’s acceleration, velocity,
and displacement were extracted and plotted as a function of time.

(a) (b)

Figure 6.56: Visualization of the evolution of the vertical velocity, vertical displacement and distance
traveled over the time. vx given in Km.h−1.
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Also, the distance traveled ux was retrieved and plotted in Figure 6.57. A linear relationship
between ux and t was established for all the studied velocities.

Figure 6.57: Visualization of the evolution of distance covered over the time. vx given in Km.h−1.

Then, we focus our attention on the range t ∈ [0, 5]ms, where the full acceleration takes
place. In Figure 6.58, the variation of the vertical displacement uz at the tire center is shown.

Figure 6.58: Identification of generated vibration.

We observe that the sudden jump in velocity up to the targeted value induces vibrations
within the tire. It is noted that the amplitude of the resulting signal increases with the veloc-
ity, while the vibration frequency decreases as the velocity increases. Indeed, with the period
∆t40 = 9x10−3s and ∆t80 = 12x10−3s calculated as illustrated in Figure 6.58, we can compute
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the corresponding frequencies.

fv40 =
1

∆t40
= 109.89 Hz (6.83)

fv80 =
1

∆t80
= 82.64 Hz (6.84)

When we compare fv80 with the frequencies obtained from the post-steady state rolling vi-
bration analysis (see Section6.3.2), we discover that it closely matches the frequency fR1 =

71.37 Hz of the radial mode R1. Furthermore, we observe that the locations of the two vi-
bration fields (in red and blue) are identical. Therefore, we can conclude that the instability
observed is due to the onset of resonance.
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7 Conclusions

Summary

This study focused on developing a finite element model to simulate car tires subjected to
dynamic loads. After evaluating the limitations of existing literature, we constructed a finite
element (FE) model based on the consistent natural dynamic responses of tire components and
the dynamic nature of the loads encountered in real-world operations. We proposed a fine-
tuned, multistage modeling methodology that outlines the necessary inputs, such as topology,
mechanical properties, loads, and solution schemes, along with its implementation in ABAQUS.

The application of the model for simulating Matador 165/65R13 77T MP16 tire demon-
strated an accurate agreement with experimental data results under both static and dynamic
loads. The validation was performed in a static adhesion setup, a dynamic adhesion setup (both
with and without speed), and a free vibration setup using collected quantities such as displace-
ment, contact area, natural frequencies, and mode shapes. The maximum absolute relative error
between the experimental and numerical results is 5%, except for the axial natural frequencies,
which is about 9%.

In industrial practices, the characterization of a tire’s vibrational response often focuses
solely on extracting natural frequencies, under the assumption that under dynamic loads, fail-
ures occur only when the structure resonates. However, it is necessary to go beyond this ap-
proach. As evidence, we examined the case of a dynamic periodic load and used steady-state
dynamic analysis to determine the tire’s response. After assessing the deflection of the tire’s
center under a periodic load and isolating displacements at resonance frequencies, we found
that failure can also occur in resonance-free modes. Furthermore, our assessment of the dis-
placement spectrum revealed that even under a small amplitude load impulse, the induced dis-
placement was significantly larger than that under static loads.

In addition, in explicit transient analysis of the same tire rolling on an uneven surface has
brought out a key finding:

• A sudden acceleration can make the tire enter into resonance. This result brings a very
likely explanation to tire blowouts and structural disintegration in rolling conditions.

• In rolling conditions, dynamic deformation, stresses, and strains induced by the contact
with road asperities are critical for tire stability and durability.

In terms of computational efficiency, the model is very efficient. While the computational
time for footprint analysis was about 69 minutes on the preliminary model, with the final model,
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it is about 10 minutes on a similar mesh size. The analyses that require significant computation
time (several hours on a medium-sized mesh) include transient analysis, steady state rolling
analysis, and dynamic footprint analysis in the time domain. The major limitation of the model
is the computational cost associated with these demanding analyses when fine meshes are used.
As a solution, a vectorized algorithm has been proposed. This algorithm can be integrated to
fully leverage the computer’s vectorized architecture, thereby reducing computation time.

Based on the results obtained, we can conclude that this work contributes to the advance-
ment of tire modeling design. Its application at an industrial scale can provide engineers with a
deeper understanding of tire dynamics, ultimately leading to the development of safer and more
efficient car tires.

Future work

Future work could concentrate on validating the steady-state rolling analysis and incorporating
material failure criteria to simulate and experimentally validate tire failure mechanics.

Recommendations

Based on the findings from this work, the following recommendations are provided:
• Because of its computational robustness and accuracy, the creation of tire geometry and

topology based on the axisymmetric approach is the most optimal choice. As demon-
strated in the experimental and numerical results, it leads to accurate results.

• More accurate results in dynamic analysis can be obtained by incorporating thermal ef-
fects, specifically through thermo-mechanical analysis.

• To minimize mesh refinement in specific areas and significantly reduce mesh size, it is
recommended to partition the cross-section into smaller regions before meshing.

• The addition of Mullins damage not only enhances the prediction of material response
from the structural point of view but also improves the convergence of the numerical
scheme.

• When it comes to modal extraction, it is more suitable to use the so-called rebar-continuum
approach to account for reinforcement mechanical contribution.

• A more accurate result can be achieved by utilizing advanced phenomenological material
models such as Ogden [124], Yeoh [119], or Gent [125].
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Appendix A

Physical Interpretation in Viscoelastic Systems

For viscoelastic materials, the FRF matrix has significant imaginary components due to:

C(ω) =

∫
Ω0

BTDimag(ω)BdΩ0 (7.1)

The Hermitian adjoint H∗ ensures:
• Phase lead/lag relationships are preserved
• Dissipated energy is correctly accounted for
• Cross-correlations between different material points maintain physical consistency

Properties of the Response PSD

The Hermitian adjoint guarantees Suu(ω) has these mathematical properties:

S∗
uu(ω) = Suu(ω) (Hermitian) (7.2)

vHSuu(ω)v ≥ 0 ∀v ∈ Cn (Positive semi-definite) (7.3)∫ ∞

−∞
tr[Suu(ω)]dω <∞ (Finite energy) (7.4)

These are essential for physical realizability of the stochastic response.

171



Appendix B: tire specifications

The technical specifications for the Matador tire, model 165/65R13 77T MP16, are provided
in Table 7.2 and Table 7.1.

Table 7.1: Basic specification [199] as per EU 2020/740 standard.
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Table 7.2: General specifications

Type of tires Personal tires (PCR)

Brand MATADOR

Tread pattern MP16 STELLA 2

Parameters 165/65 R 13

Period Summer

Segment Economy class

Width 165

Profile 65

Construction R

Diameter 13

Weight / Speed Index 77T
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