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Abstract. Set similarity join, crucial for data cleaning, integration,
and recommendation systems, identifies set pairs exceeding a similarity
threshold. Our approach combines a count Q-gram filter with maximum
weighted bipartite matching, balancing accuracy and efficiency. The Q-
gram filter, based on the relationship between Q-gram similarity and
edit distance, reduces the number of comparisons, operating in constant
time on a pre-built index. This enables real-time processing, as only a
minimal number of pairs are verified through Fuzzy Bipartite Matching,
significantly enhancing the efficiency of similarity joins.
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1 Introduction

Set similarity join identifies all pairs of sets within a single record collection
or across two different collections when the similarity score is above a certain
threshold α [3, 5, 7]. This process is an essential operation in many applications,
such as data cleaning and integration, personalized recommendation and record
deduplication.

As shown in the Fig. 2, our focus is on a two-step method for similarity join:
firstly, using a count Q-gram filter, and secondly, employing maximum weighted
bipartite matching as the best approach for solving the combinatorial assignment
problem [10]. This method involves fuzzy token similarity in bipartite matchings,
recognized state-of-the-arts for its high accuracy in classifying records as matches
or non-matches in an error-tolerant manner. However, this approach results in
polynomial time complexity, O(n3), which is managed by the Kuhn-Munkres
algorithm (Fig. 1).

To improve the efficiency of similarity joins, we avoid exhaustive pair com-
parisons by applying a count Q-gram filter. In real-world applications, Ukkonen’s
lemma [9, 12] is used to establish a direct relation between Q-gram similarity and
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Fig. 1. Maximum weighted bipartite matching of two records X and Y.

edit distance (Levenshtein), which acts as a rigorous mathematical filter to re-
duce the number of comparisons without missing any true matches. As indicated
in the figure, the Q-gram filter operates in constant time, O(1) on a pre-built
inverted Q-gram index. This significant reduction in comparison pairs enables
real-time processing, as only a small fraction of candidate pairs is further verified
for actual matches in the second stage of Fuzzy Bipartite Matching (Fig. 2).

Fig. 2. Block diagram of the processing of records from the source in real-time by a
two-step system of Q-gram filter and Fuzzy Bipartite Matching

According to Ukkonen’s lemma [9, 12], let X and Y be tokens with the edit
distance d(X,Y ). Then, the Q-gram similarity |QX ∩QY | of the tokens X and
Y is at least t = infd{|QX ∩ QY |} = max{|X|, |Y |} − q + 1 − qd(X,Y ), where
t is a Q-gram similarity threshold with respect to d(X,Y ) and q is the Q-gram
length.

The problem often arises with the assumption that this constraint is applied
to the entire record [12]. Consider two records X and Y, split into sets of tokens
Xi ∈ X and Yj ∈ Y. This simplification is demonstrated in Example 1, leading to
differing results of the Q-gram filter as a constraint of fuzzy bipartite matching.
We address this gap in our article’s goal.

Example 1. Consider two records X and Y, and their token sets, {X1, X2} and
{Y1, Y2}. Assume a matching set of token pairsM, such thatM = {{X1, Y1}, {X2, Y2}}.
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Then, for the entire record, we have t = max{|X1 ∪ X2|, |Y1 ∪ Y2|} − q + 1 −
qd(X1 ∪ X2, Y1 ∪ Y2), which is different from the calculation on the matching
pairs separately tM = max{|X1|, |Y1|} − q + 1− qd(X1, Y1) + max{|X2|, |Y2|} −
q + 1 − qd(X2, Y2), given by edges in maximum weighted bipartite matching.
Hence, we prove that t ̸= tM and a more precise filter for tM must exist.

2 Related Work

Recent research surveys, such as the one by Papadakis et al. (2020) [7], have iden-
tified state-of-the-art methods for set similarity joins based on edit constraints,
including FastJoin, SilkMoth, and MF-Join.

FastJoin [10], the initial method in this domain, is based on the principle
that two sets with a bipartite matching score of at least α must have at least
⌈α⌉ shared tokens. For a set X with n tokens, any n − ⌈α⌉ + 1 tokens form
its signature. If another set Y lacks these signature tokens, a match with X is
improbable. FastJoin essentially adapts prefix filtering to fuzzy criteria.

SilkMoth [2] enhances FastJoin’s signature scheme, reducing token count to
limit candidate sets. It applies refinement filters like Check Filter (CF) and
Nearest Neighbor Filter (NNF) for sets Y containing a signature token. CF
calculates a similarity threshold for each element in X , pruning Y if no element
pair meets this threshold. NNF pairs each X element with its closest in Y, setting
an upper limit for matching scores.

MF-Join [11] diverges by using two thresholds: δ1 for sets and δ2 for elements.
It considers element pairs above δ2 for matching, but manually setting these
thresholds is challenging.

TokenJoin [13] proposes a lightweight and effective token-based filtering ap-
proach that accelerates the speed of similarity joins.

Unlike other methods, our approach aims to use a count Q-gram filter [7] to
make the similarity join process quicker in maximum weighted bipartite match-
ing. Our main goal is to have a precise filter that is reliable in the pruning
process, rather than a faster filter that is less accurate.

3 Optimal Count Q-gram Filter

Consider the edit distance between two stringsX and Y , denoted as d(X,Y ), and
the worst case of the expected distance function represented as d(α, |X|, |Y |). If
we use the floor function, denoted by ⌊ . ⌋, we find that the normalized similarity
metric sn(X,Y ), with α ∈ [0, 1] ⊂ R as a threshold, satisfies the following
relationship:

sn(X,Y ) ≥ α ⇐⇒ d(X,Y ) ≤ d(α, |X|, |Y |) =

⌊
1− α

1 + α
(|X|+ |Y |)

⌋
. (1)

This relationship is derived from the general understanding of distance and sim-
ilarity metrics [8]. When substituting self-similarities, which equal the corre-
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sponding cardinality of the sets, as s(X,X) = |X| and s(Y, Y ) = |Y |, the ex-
pected distance d(α, |X|, |Y |) is maximized when the similarity is at its minimum,
bound by the threshold α. This condition is met if and only if sn(X,Y ) = α:

d(X,Y ) =
⌊
dR

⌋
=

⌊
1− sn(X,Y )

1 + sn(X,Y )
(s(X,X) + s(Y, Y ))

⌋

≤ sup
α

d(X,Y ) =

⌊
1− α

1 + α
(|X|+ |Y |)

⌋
= d(α, |X|, |Y |).

(2)

Given that the edit distance is an integer, the floor function is used to discard
the fractional part, ensuring the measure remains defined and accurate.

In our refinement of the count Q-Gram filter model, we introduce more pre-
cise assumptions about the token sets X and Y, as detailed in the Example
1 provided. This leads to the derivation of an optimized filter, specifically de-
signed to retain every comparison pair where Fuzzy Bipartite Matching exceeds
the threshold α.

Central to our approach is the assumption that the matching token pairs
from setM are known to us, but their exact edit distances remain undetermined.
Despite this, we can approximate these edit distances by relying on predictions
based on expected edit distances. This predictive approach allows us to effectively
gauge similarity without the need for precise edit distance values, aligning with
our refined model’s objectives.

The optimality of the filter is understood from the perspective that it repre-
sents the infimum of Q-gram similarity, and consequently, it is the optimal edit
constraint for maximum weighted bipartite matching.

Theorem 1 (Optimal Count Q-gram Filter for Bipartite Matching).
Let X and Y be records representing a set of tokens. Then the Q-gram simi-
larity in bipartite matching of X , Y and cardinality |M| for a given threshold
sn(X ,Y) ≥ α is at least

tM = inf
α
{|QX ∩QY |}

=
∑

(i,j)∈M

max{|Xi|, |Yj |} − |M|q + |M|

︸ ︷︷ ︸
maximum shared Q-grams

−qmax
α

∑
(i,j)∈M

d(αi,j , |Xi|, |Yj |)︸ ︷︷ ︸
loss function

, (3)

containing a linear combination of

d(αi,j , |Xi|, |Yj |) =
1− αi,j

1 + αi,j
(|Xi|+ |Yj |) (4)

under the constraint α for which the linear combination is maximized.



BipartiteJoin 5

Proof. Consider the sum over connected pairs of tokens with cardinality |M|

inf
α
{|QX ∩QY |} = inf

α

{ ∑
(i,j)∈M

|QXi
∩QYi

|

}
=

∑
(i,j)∈M

inf
αi,j

{|QXi
∩QYj

|}

=
∑

(i,j)∈M

inf
αi,j

{max{|Xi|, |Yj |} − q + 1− qd(X,Y )}

=
∑

(i,j)∈M

{max{|Xi|, |Yj |} − q + 1− q sup
αi,j

d(X,Y )}

=
∑

(i,j)∈M

max{|Xi|, |Yj |} − |M|q + |M| − qmax
α

∑
(i,j)∈M

d(αi,j , |Xi|, |Yj |).

(5)

Each αi,j is the distributed minimum similarity for each token, giving a threshold
vector that should maximize the sum of the expected distances d(αi,j , |Xi|, |Yj |)
so that sn(X ,Y) ≥ α holds for tM . Formalizing this, we get the task

maximize
∑

(i,j)∈M

d(αi,j , |Xi|, |Yj |),

subject to
∑

(i,j)∈M

αi,j ≥ (Table 1) α ∈ [0, 1], i = 1, . . . , |M|,

αi,j ∈ [0, 1], j = 1, . . . , |M|.

This leads to an integer linear programming task equivalent to the Knapsack
problem, solvable in O(nb) time. The optimization algorithm determines the
maximum expected edit distance distribution across tokens, maintaining the
similarity threshold sn(X ,Y) ≥ α.

Table 1. Overview of fuzzy token similarity functions and their corresponding con-
straints [6] on the integer linear programming problem.

Similarity Measure Subject to
∑

(i,j)∈M αi,j ≥
Fuzzy Dice α

2
(|X |+ |Y|)

Fuzzy Cosine α
√

|X ||Y|
Fuzzy Jaccard α

1+α
(|X |+ |Y|)

Fuzzy Overlap αmin{|X |, |Y|}

4 Approximate Count Q-gram Filter

Let Fx and FY be discrete distribution functions of ascending sorted lengths
|Xi| and |Yi|. Then the Q-gram similarity in bipartite matching for unknown
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connected edges of records X , Y and cardinality |M| is at least

tM ≈ t̂M =
2qα+ α− 2q + 1

2 + α
(FX [|M|] + FY [|M|])

+
1

2

∣∣∣FX [|M|]− FY [|M|]
∣∣∣− |M|q + |M|

(6)

for a classification Fuzzy Bipartite Matching threshold sn(X ,Y) ≥ α.

The derivation results from a new approximation method that involves using
several techniques to establish a less tight lower bound for certain terms. To
aid the reader’s understanding, we first present the following equations that are
integral to the final deduced formula.

max

{ ∑
(i,j)∈M

|Xi|,
∑

(i,j)∈M

|Yj |

}
≤

∑
(i,j)∈M

max{|Xi|, |Yj |}. (7)

We can also express the maximum of any two variables a, b ∈ R in another
analytical form:

max{a, b} =
1

2
(a+ b+ |a− b|), (8)

and now define the cumulative sum (discrete distribution function) of ascending
sorted length FX and FY . Finally, we obtain the inequality

max{FX [|M|], FY [|M|]} ≤ max

{ ∑
(i,j)∈M

|Xi|,
∑

(i,j)∈M

|Yj |

}
. (9)

With equations (7), (8), and (9), we proceed to the full derivation, assuming
the constancy of αi,j = α for simplicity. We also apply the floor function ⌊.⌋ to
maintain integer values for shared Q-grams. The entire derivation is as follows:
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tM =
∑

(i,j)∈M

max{|Xi|, |Yj |} − |M|q + |M| − qmax
α

∑
(i,j)∈M

d(α, |Xi|, |Yj |)

=
∑

(i,j)∈M

max{|Xi|, |Yj |} − |M|q + |M| − qmax
α

∑
(i,j)∈M

1 − αi,j

1 + αi,j

(|Xi| + |Yj |)

≈
∑

(i,j)∈M

max{|Xi|, |Yj |} − |M|q + |M| − q
1 − α

1 + α

∑
(i,j)∈M

(|Xi| + |Yj |)

≥ max

{ ∑
(i,j)∈M

|Xi|,
∑

(i,j)∈M

|Yj |
}

− |M|q + |M| −
q − qα

1 + α

∑
(i,j)∈M

(|Xi| + |Yj |)

=
1

2

∑
(i,j)∈M

(|Xi| + |Yj |) +
1

2

∣∣∣∣∣ ∑
(i,j)∈M

|Xi| −
∑

(i,j)∈M

|Yk|

∣∣∣∣∣ − |M|q + |M| −
q − qα

1 + α

∑
(i,j)∈M

(|Xi| + |Yj |)

=
2qα + α − 2q + 1

2 + α

∑
(i,j)∈M

(|Xi| + |Yj |) +
1

2

∣∣∣∣∣ ∑
(i,j)∈M

|Xi| −
∑

(i,j)∈M

|Yk|

∣∣∣∣∣ − |M|q + |M|

≥
2qα + α − 2q + 1

2 + α
(FX [|M|] + FY [|M|]) +

1

2

∣∣∣FX [|M|] − FY [|M|]
∣∣∣ − |M|q + |M|

≥
⌊
2qα + α − 2q + 1

2 + α
(FX [|M|] + FY [|M|]) +

1

2

∣∣∣FX [|M|] − FY [|M|]
∣∣∣⌋ − |M|q + |M|

= t̂M

=⇒ tM ≈ t̂M.

(10)

Consequently, when utilizing a pre-built inverted Q-gram index that includes
the distribution of ascending sorted lengths, we can achieve a time complexity
of O(1).

5 Experiments

We computed the non-interpolated average precision of this ranking. According
to the papers [1, 4], we calculate the precision and recall as:

Precision =
c(i)

i
, (11)

Recall =
c(i)

m
, (12)

where c(i) is the number of correct matching pairs ranked before position i,
and m is total number of correct matches. Consequently interpolated precision

at recall r is the maxi
c(i)
i , where the max is taken over all ranks i such that

c(i)
m ≥ r. The overall relative performance of the compared similarity functions
is calculated using the maximum F1-score as:

F1-score = 2× (Precision× Recall)

Precision+Recall
, (13)

and shown in the Tab. 3. The table shows that the best results, with an accu-
racy of 85.09%, were achieved using the Fuzzy Overlap method based on maxi-
mum weighted bipartite matching on its own, and slightly lower at 85.01% when
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combined with the Q-gram filter. These results support the idea that the ap-
proximated optimal Q-gram filter is highly accurate and confirm that our way
of approximating it mathematically is correct. However, it’s worth mentioning
that even though this is an approximation, a few records were found in a detailed
analysis that didn’t pass through the filter. Still, the difference in the F-score is
very small, only 0.08%.

The Q-gram filter and Fuzzy Overlap, when used together, enable real-time
fuzzy matching. This combination operates on a pre-built inverted Q-gram index
and completes the task in just 220 ms, which is a speed increase by an order of
magnitude compared to running Fuzzy Overlap alone, which takes 13s:426ms.
Note that the speed improvement is influenced by the α threshold parameter,
affecting the size of the potential candidate pool in the second stage of Fuzzy
Overlap (refer to Figure 2). Testing to evaluate the relative time complexity was
performed on a single-core Intel i7 11370H processor with a maximum turbo
frequency of 4.80 GHz and 16GB of RAM.

Name Number of strings Name Number of strings

Animal 5,709 Game 911
Bird Kunkel 336 Park 654
Bird Nybird 982 Restaurant 863
Bird Scott1 38 Ucd-people 90
Bird Scott2 719 Census 841
Business 2,139

Table 2. Datasets used in experiments from original sources [1]

Similarity F1-score Similarity F1-score

Fuzzy Overlap 85.09 % Smith-Waterman 75.71 %
approx. 3-gram filter+Fuzzy Overlap 85.01 % Smith-Waterman-Gotoh 75.54 %
approx. 2-gram filter+Fuzzy Overlap 84.88 % Jaro 75.29 %
Fuzzy Jaccard (Levenshtein δ = 0.8)) 84.17 % Overlap 3-gram 73.21 %
Jaro-Winkler 81.45 % Jaccard 2-gram 71.05 %
L2 Monge-Elkan (Levenshtein) 80.80 % Dice 2-gram 71.05 %
Damerau-Levenshtein 76.86 % Jaccard 3-gram 70.86 %
Levenshtein 76.83 % Dice 3-gram 70.86 %
Needleman-Wunsch 76.25 % Overlap 2-gram 66.92 %

Table 3. Comparison of selected similarity functions ranked in descending order of
F1-score
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Similarity Elapsed Similarity Elapsed
Time Time

Levenshtein 13s:426ms L2 Monge-Elkan (Levenshtein) 14s:209ms
Damerau-Levenshtein 22s:824ms Jaccard 2-gram 10s:542ms
Jaro 3s:902ms Jaccard 3-gram 9s:829ms
Jaro-Winkler 3s:772ms Dice 2-gram 11s:95ms
Needleman-Wunsch 28s:170ms Dice 3-gram 10s:717ms
Smith-Waterman 28s:600ms Overlap 3-gram 10s:251ms
Fuzzy Overlap 13s:474ms Overlap 2-gram 11s:549ms
Q-Gram Filter+Fuzzy Overlap 0s:220ms Fuzzy Jaccard (δ = 0.8) 12s:824ms

Table 4. Relative Time Complexity

6 Conclusion

In this research, we conducted a detailed analysis of different similarity functions.
We compared these functions using metrics such as precision, recall, and F1-
score. Specifically, our focus was on evaluating our similarity join method, which
is based on a two-step approach. This approach combines an approximated Q-
gram count filter with the Fuzzy Overlap technique. Through this analysis, we
aimed to understand how our method performs in comparison to other existing
similarity functions, particularly in terms of accuracy and efficiency.

Our tests, conducted using a range of datasets, showed that the standalone
Fuzzy Overlap method achieved the best accuracy at 85.09%, with a slight de-
crease to 85.01% when combined with the Q-gram filter. These results highlight
the accuracy of our approximated Q-gram filter and affirm the correctness of our
mathematical approach.

An important finding of our study is the significant speed improvement ob-
served when combining the Q-gram filter with Fuzzy Overlap. This combination
was able to complete tasks in only 220 ms, much faster than the 13s:426ms needed
by Fuzzy Overlap alone. This speed is especially notable because it brings the
process into the realm of real-time capability, a critical factor for applications
requiring immediate data processing. The α threshold parameter, which influ-
ences the number of potential matches considered in the second stage of Fuzzy
Overlap, plays a key role in this efficiency.

Overall, our research provides useful insights into the use of similarity func-
tions for large datasets, showing a promising balance between accuracy and
speed. This balance is essential for practical applications like data analysis and
integration, where real-time data processing can be crucial. Future research could
focus on further optimizing these functions for even faster and more accurate
real-time applications.
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