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An approach to the calculation of drag and velocity of a single Newtonian fluid
sphere moving slowly in generalized Newtonian and viscoplastic fluids is
suggested. It is based on the application of the modified Rabinowitsch-Mooney
equation fogether with the corresponding relations for consistency variables,
which have been suggested for the creeping motion of the solid sphere, and on the
application of the relationship of Hadamard-Rybezynski valid for both fluid and
solid spheres. The solution is concretized for the power-law, Ellis, Bingham, and
Robertson-Stiff flow models.

Introduction
The motion of droplets or gas bubbles in non-Newtonian fluids is encountered in

a wide range of chemical processes. Typical examples include polymerisation
processes, food processing, activated sludge process, fermentation processes, etc.

' To whom correspondence should be addressed.
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The solution of creeping motion of a single fluid sphere represents a theoretical
starting point for solving such practical problems and received much attention in
the past.

The pioneering solution to the problem of the creeping motion of a
Newtonian fluid sphere in Newtonian fluids (NF) is available from the work by
Hadamard and Rybczynski (according to [1]). The majority of the papers dealing
with the motion of a Newtonian fluid sphere in non-Newtonian fluids have been
summarized by Chhabra [2]). From this review it is evident that most widely
studied is the problem of slow motion of a single fluid sphere in simpler
generalized Newtonian fluids (GNF), the same being true of recent papers (e.g.
[3-5]). However, the problem of creeping motion of a single fluid sphere in more

. sophisticated viscoplastic fluids (VPF) (e.g. biological material) has attracted only °
little attention so far [6].

The present paper forms a continuation of our earlier papers dealing with
the approximate solution to the problem of the momentum transfer in the non-
Newtonian fluids-solid particle systems with the use of equations of the
Rabinowitsch—Mooney type [7-10]. Its aim is to extend the region of validity of
the relationship suggested for slow motion of a single solid sphere in GNF and
VPF [8] also for slow motion of Newtonian fluid sphere.

Theory

Using the Stokes approach, the equation of Rabinowitsch-Mooney type (Eq. (1))
with the momentum balance in the form given by Eq. (2) has been suggested for
external flow of GNF and VPF past a single solid spherical particle [8]
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Here D and T = f, arethe consistency variables, the characteristic velocity,
Uy, 18 the maximum velocity, d is the diameter of the particle, f, is the total
resistance, f, Is the frictional resistance, f  is the shape resistance of solid
spherical particle referred to its surface area, 1, is the yield stress, D(7) is the
dependence of the shearrate D on the shear stress T, whose course is generally

given by the flow curve of non-Newtonian fluid or by the respective flow model,
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and the quantity @ _, called the resistance factor, is given by the ratio of total to
frictional resistance ofa solid spherical particle. For 1, = 0,Equation (1)assumes
the form valid for an GNF,

The resistance factor (I)p is given by the relationship
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where the quantity ¥, called the resistance number, is given by the ratio of the
shape resistance of spi;erical particle caused by viscosity effects, to the frictional
resistance. Then the term 1 + ¥ expresses the influence of viscosity effects and
the quantity &;’2 expresses the influence of plastic effects on the dimensionless
value of total resistance of single particle.

If we write the Rabinowitsch-Mooney equation (1) in the form of Eq. (4),
then the system of Eqs (1) and (4) also defines the relationship necessary for
calculation of the effective viscosity of the system, Hep

D,, = £ 4)

For an NF, M, = M, where y is the dynamic viscosity. Equations (1) —(4) only
apply to an incompressible fluid (with p = const., where p is the density). Using
the quantities p, u,,, d, and M, ,» We can express the Reynolds number as

puchd
M.,

Rep

%)

After substituting Eq. (4) in combination with Eq. (1) into Eq. (5) we obtain the
relationship

) 2
p L (6)

Re =
P T
w,p

which for an VPF can be written in the form
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The dependence of resistance number ‘¥, on the Reynolds number Re, has been
presumed to be identical for an NF, GNF and VPF so that in the creeping region
of flow the value of quantity ¥, is the same as in the Stokes approach for an NF
(¥ = 1/2).

" Fora fall and arise of a spherical particle we get, from momentum balance
(Eq. (2)), the following relation for the 7, = ffr quantity

5 e, p)led
e T3 T T 60 (®)
P F)

where p, is the density of the spherical particle and g is the gravitational
acceleration. In the case of the fall and the rise of the particle, the characteristic
velocity u_, then corresponds to the terminal velocity %, in a wall-unbounded
system.

The total resistance of a Newtonian fluid sphere (with clean interface)
referred to its surface area translating with constant velocity in another
incompressible immiscible NF in the creeping region of flow is given by the
relationship suggested by Hadamard and Rybczynski (according to Ref. [1])

/ %)
where Q is the drag correction factor,

_ K
B . (10)

and the subscripts fand ¢ are related to the fluid sphere and the continuous phase,
respectively.

For a gas bubble rising through a fluid itis p « 1, and Eq. (9) predicts
€ = 2/3, whereas for a solid sphere moving in a fluid it is p - =, and
approaches unity. Thus Eq. (9) embraces the complete spectrum of particles
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ranging from gas bubbles to solid spheres.

In analogy to the solution for a solid sphere we presume the validity of
relationships (9) and (10) also for GNF and VPF if the dynamic viscosity of
continuous phase ., is substituted by the effective viscosity p,  calculated from
Egs (1) and (4).

Results and Discussion

Generalized Newtonian fluids

For the power-law flow modetl
. T tin
Dty = | = 11
.E "

where K and n are its parameters, the solution of Eq. (1) with 7, = 0 and of the
momentum balance (Eq. (2)) with (Dp = 3/2 leads to the relationship

- )

n d

After introducing the drag coefficient C,, = 8f/(p uf,,), the Re)zfnolds number in
the form used in the literature for power-law fluid Re,, = pu,, "d"/K, and the
relation resulting from Eq. (9)(C), , = QC},), therelationship (12) can be written
in the dimensionless form
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where the correction factor for a power-law fluid ¥, is given as

n

Yor = 2”"{ = "] (14)

A large body of literature on the subject of the motion of a gas bubble (Q = 2/3)
in a power-law fluid is available, which permits a comparison of the present
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expression with the previous ones. The correction factor for a power-law fluid
recommended by Hirose and Moo—Young {11] has the form

o in= I3 +4n - 8n*
) FINE N Lk oy S . L 15
) (21 + 1)(n +2) 13)

Bhavaraju et al. [6] suggested the following relationship for the correction factor Yoy
Y, = 27130021 - 383 (n - 1) (16)
and Rodrigue et al. [4] recommended the relationship in the form

Aatmetyz 1 # T - 502
= o l3(n 1%2
& n(n +2) (7

Y

Gummalam and Chhabra [12] calculated the so-called lower bound on Y(n). In the
case of a single bubble, their expression becomes

2
Yoy = 2"“‘3-(n+1)12[_(.2”__.___+ 1)2(2 - ")J (18)
H

Both our own solution and relationships (15) — (18) contradict the solution by
Dewsbury et al. [13], which recommends the value of Y(”) = ] for slow rise of
both light solid particles and gas bubbles.

Comparison of Eqs (14) ~ (18) with experimental results obtained for
pseudoplastic fluids is presented in Fig, 1. Therefrom it is obvious that in the
region of values of parameter 0.7 < »n < 1 the results obtained by application of
our own relationship are practically identical with those obtained from
relattonships (15) and (17). Equations (15)— (17) are based on the linearised form
of viscous term in the momentum balance and, therefore, these expressions can
only be used for fluids with weak non-Newtonian effects.

One of possible reasons of the deviations of our own relationship from the
majority of experimental results as well as their scattering can lie in the application
of the simplest power-law flow model, which did not respect the Newtonian
behaviour of GNF in the region of t - 0. The case of a solid sphere (2 = 1)is
similar, a satisfactory agreement with experimental results being only possible
with application of flow models containing zero shear viscosity 1, as one of their
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Fig. | Comparison of our treatment of creeping motion of gas sphere in power-law fluid with
experimental data and relationships given in literature: © —Hirose and Moo Young [11];
® — Acharya ef al. [14]; & —Bhavarajuet al. [6]; | —Haque ef al. [15]; } — Chhabra
and Bangun [5]; Eqg. (14); +-- Eq.(15); —+—+—' Eq.(16); ———— Eq.(17)
e e Eq‘ (18)

parameters [2], [8].
For the Ellis flow model

D) = 2|1 +[i]u_l A (19)

Mo Tz

which respects the Newtonian behaviour of GNF in the region 1~ 0 and where
Ng» T, and a are its parameters, the solution of Eq. (1) with 7, = 0 yields

-1
pr _ L 1+ _l__[ﬂ]u (20)
T, 2a-1{ 15

The solutions given in literature for the Ellis flow model can be expressed by the
relationship
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where Re, = pu_,dim, and Y is the correction factor for the Ellis fluid.
Foragasbubble(Q = 2/3)andfor Ef > 10,where El = 2”2n0uck/('rl,2d)
is the Ellis number, Kawase and Moo-Young [16] recommended the relationship

Y. = (3E12)(l-11)n"2 -11 +28a ~ 80'2 (22)
£ 4-a)-20)

Moreover, the values of the quantity ¥, are physically realistic only in the range
of parameter a < 2.5, hence with regard to all the above limitations, relationship
(22) has only approximate validity. As it is Ty pltip = 212y cEl, and
Dw,pnohl n = 2'2E], relationships (9) and (20) can be modified to give Eq. (21),
which can be compared with relationship (22). This comparison for selected values
of parameter o = 1.5 and & = 2.4 is presented in Fig. 2.

Fig.2 Comparison of our treatment of creeping motion of gas sphere in Ellis fluid with solution
given in literature: our treatment; — — — ~ Kawase and Moo Young [16]

_ A qualitatively analogous relationship was suggested by Kawase and Moo-

Young [16] also for the three-parameter Carreau flow model (e.g. [17]) containing
also zero shear viscosity 1, as one of its parameters. Because for the above-
mentioned flow model Eq. (1) must be solved numerically, the Ellis flow model
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is — for practical reasons — more suitable if equations of the
Rabinowitsch—-Mooney type are adopted.

For Newtonian liquid spheres moving slowly in power-law fluid the
solution of Eqs (9) and (11) yields

2+3pB
Y(")Q Y(") 3+ 3[3 (23)
where ¥, 1s given by Eq. (14) and
B = “f = uf
K, Vo 20, ) 24
FEe .
n d

The results of numerical solution for the so-called upper and lower bounds of
quantity Y(n)Q by Mohan (according to Ref. [17] ) are depicted in Fig. 3, where
the parameter [3, is given as

(25)

With the use of Eq. (25) it is possible to determine the value of quantity 8, and
thereby with the use of Eqs (23) and (14) it is also possible to obtain the value of
the quantity Y2, whose dependence on the parameter » for given values of
quantity P, is deplcted in Fig. 3 too.

In practical calculations it is necessary to determine the value ofthe quantity
{2 depending on the value of the effective viscosity p_ » Which is defined by Egs
(1) and (4). Because the relationship for consistency varlable T, appearmg inEqs
(1) and (4) is given as

= £ = i (26)
"o, QO

the method of successive approximations must be used if the velocity of liquid
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Fig.3 Comparisen of our treatment of creeping motion of liquid sphere in power-law fluid with
solution for upper and lower bounds by Mohan {according to Ref. [17]): our
treatment; — — — — uppet bound; --+++ lower bound

spheres is to be determined. With respect to 2/3 5 Q < 1 we can choose
£, = 5/6 in Eq. (26) for the purposes of determination of the value of quantity

Tw.p,D :

Viscoplastic Fluids

For the Robertson-Stiff [18] flow model

. T 1fn’ . T 1n' TO 1n’
D{1) = [?} - D, = [—} -l (27)

where K', »' and Do are its parameters, the solution of Eq. (1) (in the
dimensionless form) yields
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Ifinthe case of a single solid spherical particle the velocity _, in wall-unbounded
system is known, the quantity f, is determined using Eq. (28) and the momentum
balance in the dimensionless form

%-é(l +wo+E™) =0 (29)
'

where for the cases of both solid and fluid spheres we introduce f, = f, /82 (Eq.
(9)). The value of the quantity T needed for calculation of the effective viscosity
u,  and hence also for calculation of the value of the drag correction factor Q is
found from the value of the quantity & -

If the aim of calculation is to determine the fall or rise velocity of the
sphere, the momentum balance is adopted in the form

112 |2
_ 9, o2 + g1 + )]

2

3 (30)

where @, = T,/lf, = toﬂ/fu'

Analogously, it is possible to obtain an analytical solution to the
Rabinowitsch—-Mooney equation (1) as well as to the Casson [19] flow model. For
the Bingham flow model (Eq.(27), where »' = 1 and K’ = p),thesolutionto Eq.
(28) with »’ = 1 and that to the momentum balance (Eq. (30)) lead to the
relationship

/i
fra = L= B 272 + ¥)Bn 17 + (1 + ¥ )27 3hH

where £, , = f,d/(pu ;) is the dimensionless total resistance of a solid sphere, f, fid
is the dimensionless total resistance of both fluid and solid spheres, and
Bn = td/f(pu,) is the Bingham number. For a creeping region of flow
(¥, = /2)andan NF (Bn = 0)itis f, , = 3.
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The comparisons of Eq. (31) in the form valid for the creeping region of
flow (¥ 1/2), with the numerical solution by Yoshioka et al. [20] for a solid
sphere (i'arlatxonal principle method, where the arithmetic mean of upper and
lower bounds of the quantity f, 4 Was considered), with that by Beris e al. [21]
(finite element method), and with that by Blackery and Mitsoulis [22] approxima-
ted by the following equation with Q = 1,

Jigd _ | 393008 (32)
30
are presented in Fig. 1. For fluid spheres moving slowly in VPF, the relationship

so far available is Eq. (33) suggested by Bhavaraju et al. [6] for a spherical bubble
( & = 2/3), which is also depicted in Fig. 1.

Jutd -y 41 618n (33)
30

The quantity ¥  is generally calculated with the help of some form of the
dependence C,, f (Re,) for the fall of a solid spherical particle in NF given in
literature (e.g. Ref [23]) using the relationship

_ CoRe,
£ 16 : (34
The value of a fall and a rise velocity of solid ( © = 1) and gas ( Q = 2/3)
spheres in the Robertson—Stiff fluid is then determined using Eqs (28), (7), (30)
and (34) by the method of successive approximations. With respect to the fact that
0 < &p < 1 we can choose & , = 1/2 in Eqgs. (28) and (7). In the case of liquid
spheres, also the quantity Q depenclmg on the value of the effective viscosity
M, , must be determined by the method of successive approximations. The values
of consistency variables needed for calculation of the effective viscosity He p o for
the value £ , = 1/2 chosen are obtained from the definition relatlonsth of the
quanmyE, (t“”D o = 27,) and from Eq, (28). With the use of the values of
quant1t1es ‘Pp and 2, thus obtained, and with the use of Eq. (30) we can
calculate the first approx1mate value of the quantity Z;, 1
However, the method of calculation suggested can probably be used only
up to a certain critical value of the Reynolds number Re_from which the so-
called secondary movement becomes significant. In such case the trajectory of the
moving particle is not a straight line but a spiral line. In the region of secondary
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Fig. 4 Comparison of pur treatment for creeping motion of single sphere in Bingham fluid with
solutions given in the literature: © ~ Yoshioka et al. [20]; ® —Beris et al. [21]; — —— -
Blackery and Mitsoulis [22] (all solid sphere); --+«+- Bhavaraju et al. [6] (gas sphere);

our treatment

movement the drag coefficient C, does not depend only on the Reynolds number Rep
but also on the value of the quantity p /p, and hence the dependence
C, = f(Re ) valid for a falling particle (p_/p > 1) cannot be used for a rising
particle ( pp/p < 1) in this region {e.g. Ref. [13]).

Conclusion

An approach has been suggested to the approximate solution of creeping motion
of a single fluid and solid sphere in both GNF and VPF. Because the presented
equation of the Rabinowitsch-Mooney type together with the corresponding
relationships for consistency variables has — in its application — the meaning of
an integral form of the rheological equation of state of non-Newtonian fluids, it
can be used for any flow models of GNF and VPF. At the same time, the ratio of
consistency variables define the effective viscosity of the system which can be
substituted for the dynamic viscosity of continuous phase in both the Reynolds
number and the relationship suggested by Haddamard-Rybzynski (according to
Ref. [1]). This universality and comprehensiveness of the approach suggested also
represents its main advantage as compared with the procedures used so far.
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Symbols

Br  Bingham number
C, drag coefficient
d diameter of spherical particle, m
D shear rate, s’
I?D parameter of Robertson-Stiff flow model, s™!
Dw, » kinematic consistency variable for fall of single particle in Eq. (1), 57
El  Ellis number -

f,  frictional resistance referred to particle surface area, Pa

fi shape resistance referred to particle surface area, Pa

£ total resistance of solid particle referred to its surface area, Pa

7 s total resistance of fluid particle referred to its surface area, Pa

g gravitational acceleration, m s™

K parameter of power-law flow model, Pas”

K'  parameter of Robertson—Stiff flow model, Pas™

1z parameter of power-law flow model

n parameter of Robertson—Stiff flow model

Re_ Reynolds number

. Reynolds number for power-law fluid used in literature
Reynolds number for Ellis fluid used in literature

u, characteristic velocity of system for flow past a single particle, m s

u terminal velocity, ms™'

Y correction factor

1

a  parameter of Ellis flow model
B viscosity ratio (dispersed/continuous phase)
n parameter of Ellis flow model
T dynamic viscosity, Pas
u effective viscosity of non-Newtonian fluid - single particle system, Pas
& ratio of yield stress to dynamic consistency variable
P density of fluid, kg m"3
p,  density of particle, kg m™
T shear stress, Pa
T, vield stress, Pa
T,, Pparameter of Ellis flow model, Pa
dynamic consistency variable for fall and rise of a single sphere in Eq. (8),
Pa
P, (= t,/f,) dimensionless yield stress
resistance factor
¥  resistance number
2  drag correction factor
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Indexes

continuous phase
dimensionless

related to Ellis fluid

fluid sphere

related to literature
related to power-law fluid
particle
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