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Abstract—Model Predictive Control (MPC) is an advanced
process control method that is widely used for controlling both
linear and under some modifications for non-linear systems. The
aim of this work is to show a way how to apply MPC to a
non-linear Magnetic Levitation System (MLS) and its capability
of stabilization and closed-loop performance. This work is a
continuation of the previous article where the laboratory plant
CE 152 MLS was identified, and a non-linear model was designed.
This paper proposes a control circuit consisting of linearized
discretized non-linear MLS model, Extended Kalman Filter
(EKEF) algorithm for state estimation and linear MPC. The results
are verified in simulation and real-world experiment.

Index Terms—model predictive control, non-linear system,
magnetic levitation system, extended Kalman filter, laboratory
plant CE 152

I. INTRODUCTION

In recent years, MPC is widely used strategy for controlling
various systems (linear or non-linear). MPC algorithm is
described in many books and publications in various forms,
for example in [1-5].

Magnetic levitation is a physical phenomenon when an
object is held in a stable position in the air only by using
magnetic fields (without mechanical support). The levitating
object can eliminate the gravitation field using its own (electro-
magnetic) magnetic field, the (electro-magnetic) magnetic field
of the base or both. This allows an object to move in the area of
lower friction resistance. This is used in many practical cases
in the industry. For example, it is used in commonly known
magnetic levitation trains (maglev), contactless bearings [6]
and another example of the magnetic levitation principle is
used in metallurgy as a non-contact material melting [7].

The aim of this work is to follow up the previous article [8]
where a non-linear model of the magnetic levitation laboratory
Single-Input Single-Output (SISO) plant CE 152 produced by
Humusoft (see Figure 1) was identified and apply a controller
based on MPC in order to create a more sophisticated con-
troller for this plant.

This model is well described in the manual [9], and it
is a subject of many other publications such as [10-14],
etc. Many control strategies for this plant are presented in
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Fig. 1. Laboratory plant CE152.!

available publications. In this contribution, a linear MPC-based
approach is used for controlling CE 152.

In this paper, the physical model is summarized in Chap-
ter II. Then the non-linear model linearization and discretiza-
tion process are described in Chapter III. The usage of Ex-
tended Kalman filter (EKF) is briefly explained, and the enu-
meration process of EKF matrices is described in Chapter IV.
The MPC is comprehensively described in Chapter V where
the controller is designed. Results are discussed in Chapter VI.

II. MAGNETIC LEVITATION PLANT
According to [8], the resulting force acting on the ball

is given by the difference between the two main forces,
gravitational F; and magnetic I}, forces.

F(t) = Fu(t) — F,. (1)
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Fig. 2. Selected convention of the plant model.

The selected convention of the model and position zo
definition is shown in Figure 2. The rectangle at the bottom
(pad) is position sensor.

According to [8], the forces are determined as in (2). This
approach is one of the most frequent, described in [9, 11, 12,
15, 16], etc.
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The parameters of the model are shown in Table I. Briefly,
some of the constants were measured by direct measurements.
k. and xg parameters were measured with advantage in steady
states where I, = Fi.. The whole identification procedure is
comprehensively described in [8].

TABLE I
CE 152 PLANT MODEL PARAMETERS.

Parameter Sym. | Value

U/I converter gain k; 2970-1071 A. V!
Gravitation constant g 9.807 m - s~ 2

Ball weight m 8.280- 1073 kg

Ball diameter d 1.270- 102 m

Space between coil and sensor | D 1.840-1072 m
Position sensor gain ks 8.549-102 V -m™!
Position sensor offset Yo 4.700-1072 V

U/X convertor gain a —2.563-10"23m - V!
U/X convertor offset b 8.335-.1073

Coil constant ke 6.049 - 1076 N - kg2 - A—2
Coil offset z0 —8.335-10"3m

It should be noted that the voltage measured on the posi-
tion sensor represents position indirectly. For this purpose is
used (3) with an assumption that the sensor is almost linear
(it is declared by the manufacturer).

Yy = kT2 + Yo 3)

Also, a conversion for input current is needed. The current
amplifier is considered as fast enough to simplify the first-
order system representing the U/I converter by

1= kiu. (4)

Next, in order to be able to apply a controller, it is necessary
to know how to convert output position x5 to control input .
Static model (when F, = Fj,) was used for this purpose.
The conversion is then described by equation (5) (more
comprehensively it is described in [8]).

ro =au-+b )

Finally, the model can be described by the state-space
representation (6).

k i\
xl:m(x2+xo) —g (63.)
.2'?2 =T (6b)
Yn = T2 (6¢)

Where y, represents output of the system (transformed
from real-sensor voltage by (3)), x; represents velocity and
x9 position. The input is current 3.

III. DISCRETIZATION AND LINEARIZATION OF
NON-LINEAR PLANT

A. Linearization of a plant
Linearization is a procedure of finding linear approximation
in a given point of the former function. The linear approxima-

tion is the first-order Taylor expansion. Taylor expansion of a
general non-linear multi-variable function f, is given by

Where Z is vector of the function f,, parameters and p’is a
selected point for linearization.

For the plant specified by (6) it is possible to find linearized
model

z(t) = Az + Bu, = [2 K} T+ [K] Unps (8a)

0 0
yn(t) = Cz = [0 1]z, (8b)
Ko _ 29 , (8¢)

Top + To

Where 1z, is working point for linearization, u,, is control
input of linearized system and y,, is its output.

It should be noted, (4) was used as a substitution for ¢
and (5) approximation was used as a substitution for v which
create new control input u,, in meters. It simplifies expressions
and removes linearization offset. Also, this linearized plant
has input u,, and output y,, in meters with the same meaning



instead of real-plant input u with a meaning of voltage on the
input of U/I converter and output y represented by the position
sensor voltage which cannot be compared due to different
meanings.

B. Discretization of a linear continuous system

Discretization of a continuous linear state-space model into
a discrete form was performed using MATLAB c2d (default
method ”Zero-order hold”) command.

IV. EXTENDED KALMAN FILTER

EKEF is used for the estimation of non-linear plant states. In
this work, the standard EKF algorithm described in [17-19]
is applied.

However, process noise Ry, measurement noise Qe
and initial Py covariance matrices should be determined. The
correlation matrix Ny of above-mentioned noises is not used
in this work, and it would be assumed as zero.

It is assumed a linearized discrete stochastic system given
by state equation (9a) and output (measurement) equation (9b).

zlk + 1] = Fyz[k] + Fyulk] + w[k] (9a)

ylk] = Hyzlk] + Hyulk] + v[k] (9b)

Using the control circuit (with PID) described in [8], the
steady-state real-world data was measured for Q.iy and Reyy
specification. The dispersion of input noise D, can be esti-
mated by (10a) and the output noise dispersion D, by (10b).

D, = % ; (ufi] — ug)? (10a)
1 n
Dyzﬁggwm—ng (10b)

Where ug and yg is input and output mean value for the
steady state of the plant. u[i] and y[i] are set input and
measured output. n is number of experimental data samples.

The process noise is the noise on the plant states, thus input
noise with dispersion D,, is multiplied by F},, and the process
noise covariance matrix can be expressed by (11a). The output
noise covariance matrix would be equal to the output noise
dispersion D, (11b).

Qekf = dlag (DuIQ,QFu)2><2

Rekf = Dy

(11a)
(11b)

Furthermore, it is obvious that if a system is in a steady
state, a covariance matrix P inside the EKF is equal to Q.
[17-19]. Thus, this fact is with advantage used for proper
initialization of P which is

Py = Qeky- (12)

V. DISCRETE MODEL PREDICTIVE CONTROLLER
A. Motivation

MPC is the main part of the designed control circuit which
represents a control strategy. In this work, the MPC algorithm
accepts linearized (see Chapter III-A) and discretized (see
Chapter III-B) version of the non-linear CE 152 plant model
(6) as a reference model for predictions.

B. Algorithm
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Fig. 3. MPC strategy - horizons

It is considered a general discrete SISO Linear Time-
Invariant (LTI) plant model with two state variables (z; -
velocity, x5 - position) given by (13).

N -
”Mzcﬁﬁﬂ (13b)

The model (13) is augmented by a new state Z into deviation
model (14). A new input is then Au = u[k] — ulk — 1].

@[k + 1) = Az[k] + BAulk] (14a)
ylk] = Ci[k] (14b)

tlk] = [U[ZW 1]] (14¢)

i = [Oiz ﬂ (14d)

B= {ﬂ (14e)

C=[C 0 (14f)



The augmented state is possible to express in any sample
as j-step prediction by (15a). Thus, it is possible to express
output by

J—1
ik +j] = Alafk] + Y A BAulk + ),

(15a)
i=0
glk + j] = Cilk + j]. (15b)
The whole prediction can be expressed by
yn, = GAuy, + Fi[k] = GU + f, (16a)
ylk +1]
ylk + 2]
w, = .| (16b)
ylk + Ny]
CB 0 0
CAB CB 0
G = ) ,
CANv—'B  CANv—2B CANy—Nup
(16c)
Aulk]
Aulk + 1]
Auy, = . , (16d)
Aulk + N, — 1]
CA
CA?
F= (16e)
C ANy

In (16¢c) is A present only if its exponent is greater than
zero, e.g. N, — N, > 0.
A criterion for MPC can be expressed by (17a).

J = ey, Qmpeen, + Auy, RppeAuy, (17a)

eN, = YN, — WN, (17b)

Where N, is control horizon and NN, is prediction horizon
in samples (see Figure 3). Qp,pc and R,,,. are user defined
weighting matrices for cumulated squares of future control er-
rors and cumulated squares of future control inputs differences.
wy, represents future reference.

It is possible to substitute from (16) to criterion (17a) and
get (18a).

J = AuﬁuHAuNu + 297 Auy, +k (18a)
H = G"QupeG + Rope (18b)

9" = (f — wn,)" QumpcG (18¢)

k= (f—wn,)" Qmpe(f —wn,) (18d)

In order to minimize the criterion J by changing future
control inputs differences Auy, it is possible to find global
minimum of J by finding such a Auy;, that satisfies

dJ
=2(HA =0. 19
N (HAun, +9) (19)
Finally, the optimal Auy;, is
Auy, = —H 'g. (20)

It is noteworthy that only the actual control input is ap-
plied and the remaining are forgotten, and finding the global
minimum using (19) and (20) is possible only if there are no
constraints for u, x and y.

VI. CONTROL RESULTS

A. Designed control circuit
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Discretization - (<~ state-space

selected state model

yiki Poyalk-1] Uplk-1]
——Pa=bvolik} Extended
! Kalman filter
r[k] Discrete model |u,[K] u[k]
; predictive @—H
controller
x[k]

Fig. 4. Control circuit block scheme.

A block scheme of the whole control circuit is shown in
Figure 4 . Linearization according to Chapter III was selected
. (D—d) . . . .
in ~=5— working point and sampling period T was selected
as small as the PC allowed because the magnetic levitation
plant has very quick responses. The linearized state-model
matrices are shown in Table II.

TABLE I
LINEARIZED DISCRETIZED STATE-SPACE MODEL PLANT PARAMETERS

Parameter Sym. | Value

Sampling period Ty 2.000-10% s

Working point for linearization | w2, 4.275-10"% m
. 1.000 9.662 - 1071

State matrix A 2.000 - 104 1.000 w
. [—9.662 - 107!

Input matrix B —9.662 - 10_5“

Output matrix C [0.000 1.000]

Next, the PID controller with parameters shown in Table III
connected in same circuit as in [8].

The approach of setting EKF matrices was mentioned in
Chapter IV and the final parameters are shown in Table IV.

The MPC parameters were set for simulation and experi-
ment with values shown in Table V. Where the [300,...,7] is
logarithmically spaced vector. It is such a vector that decadical
logarithm of this log,,([300, ...,7]) is linearly spaced vector.




TABLE III
PID PARAMETERS

Parameter Sym. | Value

Proportional constant | Pp;q 2.000

Integral constant Ipiq 3.000

Derivative constant Dpiq | 3.000 - 1072

Filter coefficient Npia | 1.000-10%

TABLE IV
EKF PARAMETERS
Parameter Sym. | Value
Meas. noise cov. matrix | Repy | 4.492
Proc. noise cov. matrix Qeky —2.799-10° 0 ,12-‘
0 —6.997 - 10

Initial. cov. matrix Py Qeky

B. Real-world experiment

For verification of the control circuit, simulation in MAT-
LAB environment was implemented and results were proved
by real-world experiments.

The reference was generated from periodic rectangular pulse
signal by filtering using discretized continuous second-order
system given by transfer function H ijer(s) = %.

In Figures 5, 6 and 7, the ball was stabilized in steady point
until time O s in order to remove horizontal ball oscillations.
However, the signal reference was selected relatively close to
limit ball positions (0 and D — d) which is challenging for
control circuit at this plant in order to see the capability of the
control circuits.

Figure 5 shows a comparison of simulation and experiment.
It can be seen that the linearized non-linear CE 152 model has
similar dynamic behaviour to the real plant if the reference is
changing slowly. The differences between the model and the
plant are compensated by EKF state estimation.

A comparison between PID based control circuit designed
in previous work [8] and MPC based control circuit is shown
in Figure 6. It can be noted that the PID-based circuit is very
simple but has worse closed-loop performance than the MPC-
based circuit.

Finally, the EKF states estimation are shown in Figure 7.
The measured position y, is one of the states and can be
compared to the estimated state xo which has the same

TABLE V
MPC PARAMETERS
Parameter Sym. Value
Control horizon Ny, 5.000 - 10"
Prediction horizon Ny 5.000 - 10*
Energy penalization matrix | Rmpc | In,
Error penalization matrix Qmpe | diag ([300,...,7) Ny x N,
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Fig. 5. Simulation and experiment comparison of the MPC-based controller.
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Fig. 6. Comparison of PID and MPC based control circuits responses.
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Fig. 7. EKF estimation.



meaning. The velocity of the ball is not dlrectl?f measured but
for the illustration, it is computed as v[k] = k y" [e—1)

then the computed velocity is filtered usmg Movmg Average
Filter (MAF) with windows size 10 described in [8].

VII. CONCLUSION

In this work, the procedure for implementing the predictive
controller of the CE 152 system was outlined. The model
was identified, and the non-linear model was created in the
precedent article [8]. Firstly, the results of the article were
summarized. The non-linear model with identified parameters
was presented, and the essential features of this plant were
briefly explained.

Next, a design of the predictive controller components was
described. This controller is composed of the linearized dis-
cretized model, extended Kalman filter for estimating states of
the non-linear system and model predictive control algorithm.

Finally, the MPC based control circuit was designed, and
the functionality was verified by comparison of simulations
in the MATLAB environment and real-world experiment. The
control circuit was also compared with the PID based control
circuit from precedent work [8]. Finally, the quality of state
estimation was shown.

It can be noted, that more advanced MPC-based control
circuit has better closed-loop performance than the PID-based
controller. But still, there is space for non-linear control tech-
niques, which can utilize of the non-linear model information.
Due to this fact, a non-linear control circuit for this system
will be designed in further work.
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