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ABSTRACT: The structural relaxation in amorphous materials is discussed within
the Tool−Narayanaswamy−Moynihan model (TNM), the Kovacs−Aklonis−
Hutchinson−Ramos model (KAHR), and the entropy-based Adam−Gibbs−
Scherer−Hodge model (AGSH). These three phenomenological models are most
frequently used for the description of experimental structural relaxation data by a
suitable set of parameters obtained by curve fitting. The parameter sets reported in
the literature for 250 different amorphous material compositions are analyzed on the
basis of the isothermal relaxation rate R depending on the nonexponentiality
parameter β and the nonlinearity contribution, defined for the TNM, KAHR, and
AGSH models as σ = −(dln τ/dTf)i. The R10 calculated at 10 K below Tg represents
a scale for the structural relaxation rate. It describes the structural relaxation kinetics
in very different amorphous materials such as organic polymers, epoxy resins, sugars,
hydrated starch, simple organic molecules, oxide glasses, chalcogenide glasses, halide
glasses, metallic glasses, volcanic glasses, and tektite. This approach can be used for the kinetic comparison of structural relaxation
behavior in different amorphous materials as well as in the assessment of the aging treatment and composition design for their future
applications.

1. INTRODUCTION
The glass transition of the supercooled liquidTg occurs when the
rate of structural rearrangement is similar to the rate of cooling
or the duration of an experiment. The gradual approach of
volume V, enthalpy H, or other structure-sensitive property to
their equilibrium is known as structural relaxation or physical
aging. It has been studied extensively in many noncrystalline
materials by various experimental techniques.1−3 Recent
progress is reviewed by several authors in the field of inorganic
network glasses,4 glass-forming polymers,5 and metallic glasses.6

This slow relaxation process7 has been characterized by the
fictive temperature Tf (a parameter representing the liquid
structure frozen in the glassy state), introduced by Tool8,9 in his
thermal expansion and density experiments on silicate glasses.
Later, Kovacs10,11 summarized his extensive experimental results
of isothermal contraction of organic polymers. These experi-
ments clearly showed that the structural relaxation is nonlinear
and nonexponential. Moynihan et al.12,13 provided a simple
method to determine the fictive temperature from differential
scanning calorimetry (DSC) data and proposed the stretched
exponential response function, ϕ, to account for the
nonexponentiality of the relaxation response

= exp( ) (1)

where 0 < β < 1 is the non-exponentiality parameter inversely
proportional to the width of a corresponding distribution of
relaxation times, and ξ is the reduced time defined by
Naraynaswamy14 as

= t
T T
d

( , )

t

0 f (2)

The relaxation time τ(T,Tf) depends on both temperature and
fictive temperature, and it is defined as
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where 0 < x ≤ 1 is the nonlinearity parameter. The h* is the
effective activation energy, and A is an adjustable parameter.
Equations 1−3 represent the seminal Tool−Narayanaswamy−
Moynihan (TNM) phenomenological formalism.12,13 It is, in
fact, identical to the Mazurin, Rekhson, and Startsev approach15

developed independently for the description of dilatometric
structural relaxation data of window glass.
Just a few months later, the essentially equivalent Kovacs−

Aklonis−Hutchinson−Ramos (KAHR) phenomenology was
developed,16−18 for the description of structural relaxation in
organic polymers. In the KAHR model, a discrete distribution is
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used, rather than a continuous distribution of relaxation times in
the form of the stretched exponential function.19

The expression for the relaxation time for the KAHRmodel is
similar to eq 3. Both the TNM and KAHR phenomenology
describe the glass transition and structural relaxation quite well.
However, there are several shortcomings of this approach. First,
eq 3 is empirical, and the parameters lnA, h*, and x have no clear
physical meaning. Second, the prediction of the equilibrium
state (Tf = T) provides an Arrhenius temperature dependence,
which does not agree with the expected Vogel−Fulcher−
Tamman (VFT) relation. This may cause somewhat distorted
values of ln A and h*. That problem might reside in an artificial
partitioning of the actual and fictive temperature. Despite these
shortcomings (rapidly quenched glasses, extremely long aging,
etc.), the TNM and KAHR formalisms were successfully applied
to describe structural relaxation in many glass-forming
systems.19−21

It seems that entropy-based theories are more promising, as
they provide a natural separation of T and Tf. Based on the
Adam−Gibbs22 cooperative relaxation theory, Scherer23 and
Hodge24 derived the following expression for the relaxation time
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where Q = NAs*Δμ/kBC. The quantity s* is the minimum
entropy needed for the structural rearrangement, and Δμ is the
activation energy for a single rearrangement. In the equilibrium
state where Tf = T, eq 4 yields the VFT equation with T0 = T2.
Equation 4 in combination with eqs 1 and 2 is referred to here as
Adam−Gibbs−Scherer−Hodge (AGSH) phenomenology. The
quality of AGSH fits is comparable with that of TNM, although
some modest improvements were reported for some organic
polymers and inorganic glasses.20 The main advantage of AGSH
probably lies in the physical significance of its parameters.
When the abundant literature related to structural relaxation

is inspected, it becomes apparent that the most frequent are
calorimetric experiments by DSC, performed particularly in
nonisothermal conditions in combination with isothermal aging.

Although some correlations of the calculated TNM, KAHR, or
AGSH parameters were proposed20 it is rather uneasy to
evaluate their combined effect. On the other hand, isothermal
dilatometric experiments provide a suitable basis for such an
assessment. Kovacs10 in his early paper suggested that the
inflectional tangent of the contraction isotherm after rapid
quenching from Tg, plotted on a logarithmic time scale, could be
used as a suitable parameter characterizing the structural
relaxation rate.
The aim of this paper is to analyze the structural relaxation

behavior for 250 different amorphous material compositions
reported in the literature: organic polymers, epoxy resins, sugars,
hydrated starch, simple organic molecules, oxide glasses,
chalcogenide glasses, halide glasses, metallic glasses, volcanic
glasses, and tektite. It is shown that the inflectional tangent of the
contraction isotherm taken 10 K below Tg represents a scale for
the structural relaxation rate described by the TNM, KAHR, and
AGSH parameters. This scale can be used for the kinetic
comparison of structural relaxation behavior and aging in
different amorphous materials, as well as in the composition
design for their future applications.

2. METHODS
2.1. Experimental Data Processing. The typical features

of calorimetric glass transition and enthalpy relaxation are
illustrated in Figure 1 where the changes of the normalized
isobaric heat capacity CpN are plotted for pure selenium
supercooled liquid and glass (points). The supercooled liquid
is after a short isothermal equilibration at 65 °C (5 min)
subjected to a downscan to 10 °C by the cooling rate of −1 K/
min. The calorimetric liquid-to-glass transition is manifested by
the gradual heat capacity drop, corresponding to the relaxation
enthalpy lost during cooling. The selenium glass obtained during
this defined cooling is then subjected to the subsequent upscan
heating at a rate of 10 K/min. The glass-to-liquid transition is
characterized by a temperature-shifted heat capacity jump, with
a superposed overshoot reflecting the recovery of enthalpy lost
during previous cooling (or annealing).

Figure 1.Normalized heat capacity change of selenium in the glass transition range. Points correspond to experimental data25 for the cooling−heating
cycle (indicated in the inset). Solid lines were calculated by the curve fitting procedure using eqs 5 and 6 for the TNM parameters: h*/R = 42.8 kK,
−ln(A/s) = 133, x = 0.52, β = 0.65.
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The CpN sets measured heat capacity (Cp) to zero for the
glassy state (Cpg) and to unity for supercooled liquid (Cpl).
DeBolt et al.13 proposed the analysis of structural relaxation
relating the temperature derivative of the fictive temperature
(dTf/dT) and the normalized heat capacity

= =C
C C

C C
T
T

( )

( )
d
d

T

T
p
N p pg

pl pg

f

f (5)

The evolution of the fictive temperature during continuous
cooling or heating at a rate q = dT/dt can be expressed by
combining eqs 1 and 2 and the Boltzmann superposition
principle
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where T0 is the initial temperature corresponding to the
equilibrium state, i.e., Tf(T0) = T0 (65 °C for pure selenium).
The continuous temperature change is represented by discrete
temperature jumps to ensure linearity ΔTi < 0.1 K.12,13 The
relaxation time τi can be expressed by eqs 3 or 4. The parameters
of the TNMor AGSHmodel are then obtained by a curve-fitting
procedure by the non-linear optimization method of the
temperature-dependent (dTf/dT) function using the Leven-
berg−Marquardt algorithm with a minimum of residual sum of
squares. The best TNMfits are shown in Figure 1 by full lines for
both downscan and upscan thermal treatment. This procedure is
usually repeated for different and more complex thermal
treatments involving aging.
The typical dilatometric relaxation experiment is illustrated in

Figure 2, where the normalized volume contraction ϕ after the
down-jump experiment in the selenium glass transition range is
plotted as the logarithm of time.
The ϕ sets the volume contraction to unity for unrelaxed glass

immediately after the temperature down-jump (ΔT = T0 − T)
and to zero for fully relaxed glass. When ϕ = 0, the measured
volume contraction (ΔV) is equal to the relative departure from
extrapolated equilibrium (ΔVeq = Δα·ΔT), where Δα = αl − αg

is the difference of the asymptotic value of the thermal expansion
coefficient of equilibrium supercooled liquid and that of glass.
The normalized isothermal contraction during isothermal
annealing can also be expressed as a function of the fictive
temperature Tf
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The evolution of the fictive temperature during isothermal
annealing can be described by dividing the total annealing time
into k logarithmically spaced subintervalsΔtk and calculating the
corresponding contraction responses at the end of each
subinterval. Then, from eqs 1 and 2, and the Boltzmann
superposition principle follows
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The relaxation time τi can be expressed by eqs 3 or 4. The
parameters of the TNM or AGSH model are then obtained by
the curve-fitting procedure by the non-linear optimization
method of the time-dependentϕ function using the Levenberg−
Marquardt algorithm with a minimum of the residual sum of
squares. The best TNM fit is shown in Figure 2 by the blue solid
line for isothermal annealing of selenium after the down-jump
from 39 to 32 °C.
2.2. Structural Relaxation Rate. The red line in Figure 2

shows the inflectional tangent |dϕ/dlog t|i to experimental
relaxation data. The isothermal structural relaxation rate at the
inflection point can then be expressed as

=R T
t

d
d log

i (9)

where ΔT = Tg − T. The physical meaning of R is a fictive
temperature change per decade of time during the structural
relaxation experiment jump at a constant temperature T, taken
immediately after a temperature down-jump ΔT. The
logarithmic time scale of structural relaxation is inversely
proportional to the relaxation rate (≈ΔT/R). It was shown
earlier26 that R can be expressed for the discussed phenomeno-
logical models as
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The glass transition temperature Tg is set for the relaxation
time τ = 100 s in equilibrium (Tf = T). For the TNM model or
the KAHR model, then it follows from eq 3: Tg ≈ (h*/R)/(ln
100 − ln A). Similarly, for the AGSH model, eq 4 gives: Tg ≈ T2
+ Q/(ln 100 − ln τ0). The parameter σ in eq 10 represents the
nonlinearity contribution to the structural relaxation rate at the
inflection point and is defined as
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Taking the first derivative of eq 3 according to eq 11, the
parameter σ can be written for the TNM model as26

Figure 2.Normalized isothermal volume contraction of selenium in the
glass transition range on a logarithmic time scale. Points correspond to
dilatometric data25 for the isothermal annealing after the temperature
down-jump experiment (indicated in the inset). The blue solid line was
calculated by the curve-fitting procedure using eqs 7 and 8 for the TNM
parameters: h*/R = 42.8 kK, −ln(A/s) = 133, x = 0.42, β = 0.58. The
red line corresponds to the inflectional tangent (dϕ/dlog t)i.
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*
x h

RT
(1 )

g
2

(12)

and for the KAHR model as

·x(1 ) (13)

where θ = h*/RTg2 is a form of activation energy that ranges
from 0.01 to about 1.7 K−1 for a wide variety of amorphous
materials.19,20 Similarly, taking the first derivative of eq 4
according to eq 11, the parameter σ can be written for the AGSH
model as

T Q
T T T( )

2

g g 2
2

(14)

3. DISCUSSION
Equation 10 predicts increasing the isothermal relaxation rate R
with the magnitude of temperature difference ΔT = Tg − T
strongly depending on both β and σ parameters. The solid lines
in Figure 3 show the R(ΔT) dependences calculated by eqs 10

and 12 for the TNM parameters reported for very slow
relaxation of polyvinyl chloride, PVC (β = 0.23, σ = 1.571
K−1),24 intermediate relaxation of selenium glass, selenium (β =
0.58, σ = 0.257K−1),25 and very fast relaxation of As2S3 glass (β =
0.82, σ = 0.095 K−1).26 Open and closed points in Figure 3
correspond to the data reported for dilatometric and
calorimetric experiments, respectively. These experimental
data agree well within the error margin with the prediction
calculated by eq 10. The small deviations for PVC dilatometric
data (ΔT > 10 K) are probably caused by an underestimation of
R due to a shorter experimental time scale compared to the
extremely long relaxation time at equilibrium (τ ≈ 1010 s atΔT =
10 K).
It has been shown26 that, for a structural relaxation rate

assessment of different amorphous materials, it is convenient to
define the isothermal relaxation rate for a constant ΔT = 10 K,

i.e., R10 (see Figure 3). In this case, eq 10 can be written as
follows
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The R10 is in fact the relaxation rate expressed as the fictive
temperature change per decade of time during an isothermal
structural relaxation experiment taken just 10 K belowTg. Figure
4 shows the R10 plotted as a function of the nonlinearity

contribution σ. Solid blue lines were calculated by eq 15 for
constant values of the nonexponentiality parameter 0.2 ≤ β ≤
0.8. The points correspond to the R10 data calculated by eqs 12,
13, and 15 for 250 different sets of TNM and KAHR parameters
reported for various types of amorphous materials: poly-
mers,24,33−43 epoxy resins,44−51 sugars,52−55 hydrated
starch,56,57 organic molecules,58−60 oxide glasses,13,23,61−69

chalcogenide glasses,70 halide glasses,20 metallic glasses,71,72

volcanic glasses,73,74 and tektite,75 as well as for materials
described by AGSH parameters.23−25,45,76−78

All these data are enclosed within the upper and lower bounds
of the nonexponentiality range 0.2 ≤ β ≤ 0.8, with notable
exception of some chalcogenide glasses such as: (Ge-
Te4)y(GaTe3)100−y and Agx[(GeS2)50(Sb2S3)50]100−x,

79,80 as
well as obsidian volcanic glasses from Tenerife.74 These
materials exhibit very fast structural relaxation characterized
by a lower nonlinearity contribution and a high nonexponen-
tiality parameter β > 0.8. In contrast, some organic
molecules,58−60 epoxy resins,44−51 hydrated starch,56,57 and
vinylic polymers,24 characterized by considerably higher σ and
lower β parameters exhibit a very slow relaxation rate. The upper
and lower bounds of the nonexponentiality range (blue solid
lines in Figure 4) indicate an available range of the structural
relaxation rate at given σ. It is evident that such a range rapidly
decreases with σ. Therefore, for amorphous materials with very

Figure 3. R(ΔT) dependences for very slow, intermediate, and fast
relaxation kinetics. The solid lines were calculated by eqs 10 and 12 for
the TNM parameters reported for polyvinyl chloride, PVC (β = 0.23, σ
= 1.571 K−1),24 selenium glass, Se (β = 0.58, σ = 0.257 K−1),25 and
As2S3 glass (β = 0.82, σ = 0.095 K−1).26 Points correspond to
experimental data for dilatometric experiments25−29 (open symbols)
and calorimetric experiments26,30−32 (closed symbols).

Figure 4. Relaxation rate at Tg −10 as a function of nonlinearity
contribution σ. Points correspond to predictions calculated by eqs
12−15 for TNM or KAHR parameters reported for various amorphous
materials: organic polymers,24,33−43 epoxy resins,44−51 sugars,52−55

starch,56,57 organic molecules,58−60 oxide glasses,13,23,61−69 chalcoge-
nide glasses,70 halide glasses,20 metallic glasses,71,72 volcanic
glasses,73,74 tektite,75 and materials described by AGSH parame-
ters.23−25,45,76−78 Solid lines were calculated by eq 15 for constant
values of the nonexponentiality parameter β indicated next to the
curves. The dashed lines indicate five different ranges of the structural
relaxation rate.
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high nonlinearity contribution (PVC, σ ≅ 1.6 K−1), the available
range of R10 is ≈0.4 K/decade of time, which is comparable to
themargin of the experimental error. This might explain why it is
so difficult to analyze properly very slowly relaxing materials
such as PVC21 or hydrated proteins.81,82

The maximum relaxation rate can be expected for σ = 0 and β
= 1 (exponential relaxation response). From eq 15, it then
follows R10max ≅ 8.5 K/decade. The structural relaxation rate R10
of any amorphous material at Tg −10 should be within a scale
bounded by this upper limit of the relative change of Tf per
decade of time. Therefore, R10 can be proposed as a scale to
compare the structural relaxation rate of amorphous materials at
Tg −10. This relaxation rate scale can be subdivided into five
distinct rate ranges (dashed red lines in Figure 4): very fast
relaxation 5 < R10 < 8.5, fast relaxation 4 < R10 ≤ 5, intermediate
relaxation 3 < R10 ≤ 4, slow relaxation 2 < R10 ≤ 3, and very slow
relaxation R10 ≤ 2 K/decade of time. The logarithmic time scale
for structural relaxation atTg −10 is inversely proportional to the
relaxation rate (≈10/R10).
The R10 vs σ plot is useful not only for a kinetic comparison of

relaxation behavior in different amorphous materials but also for
their composition design. It is known that the TNM or AGSH
parameters might change for various thermal histories and
aging.20 As these changes likely affect nearly all parameters, it is
not as easy to assess their entanglement and complex influence.
However, plotting data such as the dependence R10 vs σ could
help capture the main trends. Some examples are shown in
Figure 5. The TNM parameters for hydrated wheat starch

depend on both the aging time and the temperature.57 Two
samples with different levels of hydration (open vs closed
triangles) exhibit different values of parameter σ (and slightly
different β), resulting in a change in the relaxation rate of these
very slowly relaxing systems with aging. Another interesting
example is a significant shift in the relaxation rate of polystyrene
(PS) nanoparticles40 under soft and hard confinements.
Aqueous, suspended, and silica-capped PS nanoparticles aged
under isobaric and isochoric conditions (open circles) relax
faster compared to bulk polystyrene (closed circle).40 In this
case, the shift is across almost the entire range for the slow

relaxation rate. In contrast, the change in the TNM parameters
for LiO2·2SiO2 glasses with various thermal histories and
annealing is not significant, and all data points are clustered
around σ ≈ 0.2 and β ≈ 0.4, corresponding to the intermediate
relaxation rate of this oxide glass.68 The fast relaxation rate of the
As2Se3 glass measured by DSC83 (closed symbol) and
dilatometry84 (open symbol) is shifted, reflecting the increase
of the parameter x (0.49 vs 0.57).
Lubchenko and Wolynes85 extended the random first-order

transition (RFOT) theory of the dynamics of supercooled liquid
to structural relaxation phenomena below Tg. The theory
approximately reproduces the TNM or AGSH phenomenology.
The variations of nonexponentiality of relaxation in the glassy
state predicted by RFOT theory are rather small in the
moderately quenched regime, which seems to be also confirmed
experimentally.57,68 However, the nonlinearity TNM parameter
x is shown to be inversely correlated with the fragility index, m.
This correlation (x ≅ 19/m) is like that obtained by AGSH
extrapolation, assuming a fixed configurational entropy at Tg.

85

It is also not so different from the experimental findings reported
by Böhmer.86 Combining the correlation proposed by
Lubchenko−Wolynes85 with eq 12 and the Mauro−Yue−
Ellison−Gupta−Allan87 equation for fragility derived from
temperature-dependent viscosity data, we can write the
following approximation for nonlinearity contribution.

·
m

T
19

0.434m
g (16)

Equation 16 indicates that the nonlinearity contribution of
structural relaxation σm is proportional to the fragility index and
inversely proportional to Tg. It can be estimated from a different
type of experimental data. For example, the fragility and Tg
values for chalcogenide glass-forming melts can be extracted
from a recently reported paper by Kosťaĺ et al.,88 summarizing
the viscosity data of these supercooled melts. Fragilities at the
glass transition temperature were also determined by viscosity,
shear compliance, and modulus measurements for polymers.89

Figure 6 shows a comparison of σ values obtained from
calorimetric (closed points) or dilatometric (open points)

Figure 5. Relaxation rate at Tg −10 as a function of nonlinearity
contribution σ. Points correspond to predictions calculated by eqs
12−15 for TNM parameters reported for various thermal histories and
aging for amorphous materials: hydrated starch,57 polystyrene (PS)
nanospheres,40 Li2O·2SiO2 glass,

68 and As2Se3 glass.
83,84

Figure 6. Comparison of parameter σm estimated by eq 16 by using
viscosity data for chalcogenide melts,88 viscosity shear compliance, and
modulus data for polyvinyl acetate (PVAc), polycarbonate (PC),
polymethyl methacrylate (PMMA), and polyvinyl chloride (PVC),89

and parameter σ calculated by eq 12 using dilatometric and calorimetric
structural relaxation data.70
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relaxation data for some chalcogenide glasses and organic
polymers calculated in this way by eq 12 along with estimations
σm obtained by eq 16 for the same materials. It is seen that these
estimates based on fragility and Tg value agree reasonably well
with the calorimetric or dilatometric structural relaxation
experiment. The correlation of the fragility index and the
nonexponentiality parameter βwas suggested by Böhmer et al.89
and recently discussed by Doss and Mauro.90 Therefore, it
seems that the structural relaxation rate could probably be
controlled mainly by the fragility index and Tg. However, the
glass transition temperature might vary because there are
different time scales of structural relaxation experiments and
viscosity or shear compliance measurements.
The relaxation rate scale discussed here is a useful tool for

comparing various glass-forming systems subjected to different
thermal treatments and aging. Nevertheless, it is based on the
implicit assumption of a single fictive temperature. The RFOT
theory suggests that no glass can accurately be described by a
single global fictive temperature.85 Over the past decade,
considerable progress has been made deeper into the energy
landscape, especially in a regime of ultrastable, low-energy
glasses. Ediger et al.,91 in a recently published perspective, point
out that the glassy state seems to be rather heterogeneous in
terms of local fictive temperature where the degree of local
inhomogeneity depends on the preparation and aging history.
On the other hand, the classical single fictive temperature TNM
model is very useful for quench rate estimations of volcanic
glasses.73 This “geospeedometric” approach can be used in a
variety of situations where the melt cannot be measured during
eruption and can provide independent testing in cases where
volcanic melts can be evaluated experimentally.74 The classical
TNM model has also been used to predict the final size, shape,
refraction index,64,65 or elastic modulus92 of precisely molded
oxide glass optical lenses. The environmental and economic
impact of the ultra-precision thermoforming of all classes of glass
optical elements has considerable advantages over classical
grinding and polishing.93 Therefore, the structural relaxation
rate estimation during thermoforming of amorphous optical
materials is of great practical importance.

4. CONCLUSIONS
In summary, we have shown that the isothermal structural
relaxation rate R depends on ΔT, the nonexponentiality
parameter β, and the nonlinearity contribution σ. A simple
equation connecting R and these variables was derived for the
TNM, KAHR, and AGSH models. This equation has been
tested for three amorphous materials that exhibit different
relaxation rates. The prediction agrees well with the calorimetric
and dilatometric experimental data within the experimental
error margin. We have shown that R10 calculated at 10 K below
Tg defines a scale that describes structural relaxation kinetics in
very different amorphous materials such as organic polymers,
epoxy resins, sugars, hydrated starch, simple organic molecules,
oxide glasses, chalcogenide glasses, halide glasses, metallic
glasses, volcanic glasses, and tektite. This relaxation rate scale
can be used for the kinetic comparison of structural relaxation
behavior and aging in different amorphousmaterials, as well as in
composition design for their future applications.
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