
University of Pardubice
Faculty of Electrical Engineering and Informatics

Department of Process Control

Similarity Space and Its Applications

Doctoral Thesis

Ing. Bc. Onďrej Rozinek
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Annotation

Mathematical spaces have been studied for centuries and belong to the basic mathematical
theories, which are used in various real-world applications. In general, a mathematical
space is a set of mathematical objects with an associated structure. This structure can
be specified by a number of operations on the objects of the set. These operations must
satisfy certain axioms of mathematical space.

Similarity and dissimilarity functions are widely used in many research areas: in in-
formation retrieval, data mining, machine learning, cluster analysis and applications in
database search, protein sequence comparison and many more. When a dissimilarity
function is used, a distance metric is normally required. On the other hand, although
similarity functions are used, there is no formally accepted definition of this concept. In
this dissertation is used for the first time the novel term similarity space.

A significant contribution of this dissertation is the identification of a class of functions
that satisfy the axioms of similarity space, alongside the development of novel mathemat-
ical theorems and definitions that extend our understanding of similarity. This includes
the exploration of duality between similarity and metric spaces, the introduction of nor-
malization transformations that addresses to solution to open unsolved problem, and the
establishment of new descriptions and definitions for convergence, continuity, and other
fundamental properties within similarity spaces. A significant section is dedicated to de-
veloping a new fixed-point theory in similarity space, establishing solutions for differential
equations, and introducing a new convergence criterion for the Newton method. Another
theoretical contribution is the novel application of similarity space in linear regression.

Within the framework of Natural Language Processing (NLP) and Artificial Intelli-
gence (AI), this dissertation applies theoretical insights to address real-world challenges,
particularly in the areas of approximate string matching, complex fuzzy record match-
ing and deduplication. By developing a novel convolution-based string matching model,
proposing an advanced mathematical model for fuzzy record similarity, and introducing
an optimal Q-gram filter for bipartite matching, this research presents novel solutions that
significantly improve upon the state-of-the-art methods in terms of efficiency, accuracy,
and applicability.

In conclusion, this dissertation not only advances the theoretical understanding of sim-
ilarity spaces but also demonstrates their vast potential for application in data processing
and analysis. By bridging the gap between abstract mathematical theory and practical
computational challenges, this work lays the groundwork for future innovations across
broad range of fields.

Keywords: similarity metric; similarity space; normalized similarity; edit distance; Jac-
card coefficient; Q-gram filter; indexing method; approximate string matching; record
linkage; entity resolution; record deduplication; similarity search; similarity join; linear
regression; fixed point.
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Anotace

Matematické prostory jsou studovány po stalet́ı a patř́ı k základńım matematickým
teoríım, které jsou využ́ıvány v r̊uzných aplikaćıch v reálném světě. Obecně je matemat-
ický prostor množina matematických objekt̊u s přidruženou strukturou. Tato struktura
může být specifikována řadou operaćı nad objekty množiny. Tyto operace muśı splňovat
určité axiomy matematického prostoru.

Funkce podobnosti a nepodobnosti jsou široce využ́ıvány v mnoha výzkumných
oblastech: při vyhledáváńı informaćı, dolováńı dat, strojovém učeńı, shlukové analýze
a aplikaćıch v databázovém vyhledáváńı, porovnáváńı sekvenćı protein̊u a mnoha daľśıch.
Při použit́ı funkce nepodobnosti je obvykle vyžadována metrika vzdálenosti. Na druhou
stranu, i když jsou použ́ıvány funkce podobnosti, neexistuje formálně přijatá definice
tohoto pojmu. V této disertačńı práci je poprvé použit nový termı́n prostor podobnosti.

Významným př́ınosem této disertačńı práce je identifikace tř́ıdy funkćı, které splňuj́ı
axiomy prostoru podobnosti, spolu s vývojem nových matematických vět a definic, které
rozšǐruj́ı naše porozuměńı podobnosti. To zahrnuje výzkum duality mezi prostory podob-
nosti a metrickými prostory, zavedeńı normalizačńıch transformaćı, které řeš́ı otevřený
nevyřešený problém a stanoveńı nových popis̊u a definic pro konvergenci, kontinuitu a
daľśı základńı vlastnosti v prostoru podobnosti. Významná část je věnována vývoji nové
teorie pevného bodu v prostoru podobnosti, stanoveńı řešeńı diferenciálńıch rovnic a zave-
deńı nového kritéria konvergence pro Newtonovu metodu. Daľśım teoretickým př́ınosem
je nové použit́ı prostoru podobnosti v lineárńı regresi.

V rámci zpracováńı přirozeného jazyka (NLP) a umělé inteligence (AI) tato disertačńı
práce aplikuje teoretické poznatky na řešeńı reálných problémů, zejména v oblastech
přibližného vyhledáváńı řetězc̊u, komplexńı fuzzy porovnáváńı záznamů a deduplikace.
Vývojem nového modelu pro vyhledáváńı řetězc̊u založeného na konvoluci, navržeńım
pokročilého matematického modelu pro fuzzy podobnost záznamů a zavedeńım
optimálńıho Q-gramového filtru pro bipartitńı matching tato výzkumná práce představuje
nová řešeńı, která výrazně zlepšuj́ı stávaj́ıćı metody z hlediska efektivity, přesnosti a
použitelnosti.

Závěrem, tato disertačńı práce nejen posunuje teoretické pochopeńı prostor̊u podob-
nosti, ale také demonstruje jejich široký potenciál pro aplikaci v zpracováńı a analýze
dat. Tato práce překlenuje propast mezi abstraktńı matematickou teoríı a praktickými
výpočetńımi výzvami a pokládá základy pro budoućı inovace v širokém spektru obor̊u.

Kĺıčová slova: metrika podobnosti; prostor podobnosti; normalizovaná podobnost;
editačńı vzdálenost; Jaccard̊uv koeficient; Q-gramový filtr; metoda indexace; přibližné
vyhledáváńı řetězc̊u; propojeńı záznamů; rozlǐseńı entit; deduplikace záznamů;
vyhledáváńı podobnosti; podobnostńı spojeńı; lineárńı regrese; pevný bod.
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Chapter 1

Introduction

This doctoral thesis (hereinafter referred to as ”the thesis”) is concerned with similarity

space and its applications. The motivation for the thesis is first explained. Since 2010,

research has been conducted by the author on improving database search algorithms and

enhancing fuzzy matching algorithms for so-called dirty data [1] collected from various

sources. Through work with users and the knowledge gained from studying state-of-the-

art issues, the author has gradually gained insight and connections between theory and

practice over the years of this research. In the last years of research in designing increas-

ingly optimal algorithms, a very simple but fundamental question was first posed by the

author, which initiated this work. This question focused on the search for the optimality

of similarity between a query in a search engine and its answer, particularly from the per-

spective of dirty data, necessitating primarily the handling of textual similarity between

database records. The question was:

”What is an ideal similarity function, and what are the properties of such an ideal

function?”

In the extensive effort and search for a description of such an ideal function from

a mathematical point of view and their properties, the author has extensively explored

mathematical spaces and functions that could model this for modern and increasingly

desired user cases. A question posed in this manner may seem very vague, and some

might argue that such an ideal function does not exist or is unattainable. However,

humanity might harbor some ideals and at least attempt to approach them. As evidenced

in the research below, it has been concluded by the author that there are certain common

ideal properties for a large class of such functions, and it is believed that some part of

such a goal can be achieved.

Mathematical spaces have been studied for centuries and belong to the basic math-

ematical theories, which are used in various real-world applications [2]. Generally, a

mathematical space is defined as a set of mathematical objects with an associated struc-

1
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ture. This structure can be specified by a number of operations on the objects of the set.

These operations must satisfy certain axioms of mathematical space. The mathematical

construction of metric space and similarity space are based on topological space, which,

in turn, is founded on set theory [3]. Nowadays, research groups all over the world are

engaged in dealing with similarity spaces in various research fields, e.g., [2], [4]–[6].

For readability and to reach a broad audience, not all mathematical circumstances and

conditions are treated in detail. Instead, the main concept and a pathway to a solution

are presented by the author. Grasping all the current theories would take an excessive

amount of time, consequently leaving no time for innovation. This constraint highlights

the necessity for the author to prioritize areas of research that promise the most significant

contributions to knowledge and practical applications. Due to the limited scope of this

thesis, it is not feasible to cover all related fields comprehensively. These contributions

are expected to undergo further refinement and enhancement. The author refers readers

to foundational texts for the fundamental concepts and properties of topological and

metric spaces, such as convergence, continuity, completeness, separability, connectedness,

compactness, etc. [5], [7]–[11].

Similarity and dissimilarity functions are widely utilized in numerous research areas,

including information retrieval, data mining, machine learning, cluster analysis, and ap-

plications in database search, protein sequence comparison, and more. While a distance

metric is normally required when a dissimilarity function is used, no formally accepted

definition exists for similarity functions, despite their usage [2], [4], [6].

1.1 Why Similarity Space?

Similarity theories are extensively applied in a wide array of human endeavors and scien-

tific fields, including but not limited to nature, physics, chemistry, biology, earth science,

environmental science, engineering, geology, psychology, sociology, astronomy, art, eco-

nomics and computer science. Traditionally, these applications have relied on a diverse

set of indices, coefficients, measures, and dissimilarity functions, which often utilize a

non-intuitive and indirect notion of distance [5]. This thesis presents a new, universally

applicable theory of similarity space [4], [6], [12], [13], [OR-1], developed to bridge and

synthesize the diverse fields mentioned, whether considered separately or together.

Key motivations for developing the theory of similarity space include:

• Unified Framework Currently, diverse fields rely on a patchwork of measures (in-

dices, coefficients, etc.) for similarity, often lacking a rigorous mathematical founda-

tion. A theory of similarity space would provide a unified framework for measuring
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similarity across all disciplines, promoting consistency and communication [5], [14],

[15].

Example (Unified Climate Analysis). In climate modeling within environmental

science, disparate indices assess variables like temperature anomalies and vegetation

changes, complicating integrated analysis. A similarity space framework could unify

these measures, enabling comprehensive climate change assessments by providing a

standardized approach to compare different environmental variables. This would fa-

cilitate better synthesis of data, improving understanding of regional climate impacts

and informing conservation strategies through a common similarity [16]–[18].

• Directly Addressing Similarity and Self-Similarity Existing approaches often

rely on indirect notions of distance (dissimilarity). A formal theory could explicitly

model both similarity between objects and self-similarity within objects, leading to

a more intuitive and interpretable understanding [4]–[6], [12], [13], [OR-1], [19]–[21].

Example (Quantifying Linguistic Evolution). Linguistic studies often compare lan-

guages to understand their evolution, traditionally analyzing phonetic and grammat-

ical features. This indirect method complicates the identification of linguistic rela-

tionships. Employing a similarity space theory could directly quantify inter-language

similarities and intra-language self-similarities, offering a precise, quantitative basis

for classifying languages. This approach would streamline linguistic research, en-

hancing the accuracy of language family classifications and uncovering new insights

into linguistic diversity and evolution [22]–[24].

• Precise and Well-Defined Similarity: Current methodologies often lack clear

mathematical properties and expected behavior. A theory of similarity space would

aim to develop more precise measures with well-defined properties, ensuring consis-

tent and reliable results [4]–[6], [OR-1], [21], [25]–[27].

Example (Enhancing Molecular Similarity Measures in Drug Discovery and Ma-

terial Science). In computational chemistry, the similarity between molecular struc-

tures is crucial for drug discovery and material science. Traditional similarity mea-

sures, such as Tanimoto coefficients based on chemical fingerprints, offer a basic

approach but may not fully capture the physicochemical properties that determine

molecular behavior in biological systems. A theory of similarity space could re-

fine this by introducing precise, mathematically grounded measures that consider a

broader range of molecular features, including electronic properties, spatial orien-

tation, and reactive potential. This enhanced precision would enable more reliable
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predictions of molecular interactions, significantly advancing the fields of pharma-

cology and materials engineering [25]–[27].

• Increasing Scalability and Efficiency: Current similarity measures often strug-

gle with large or complex datasets. A theory of similarity space could lead to the

development of more scalable and efficient methods for measuring similarity. This

would be particularly beneficial in fields dealing with massive datasets, such as

astronomy, bioinformatics, or social media analysis [28]–[30].

Example (Scaling Similarity Analysis). Imagine analyzing the similarities between

millions of galaxies, protein structures, or user profiles. A theory of similarity space

could provide a framework for developing efficient algorithms that can handle such

large-scale comparisons effectively. This would not only save time and resources but

also allow researchers to extract valuable insights from these vast datasets [31].

• Consolidating Current Approaches By offering a general framework, the the-

ory could consolidate current methodologies, reducing complexity and potentially

leading to new discoveries through the unification of diverse approaches [32]–[35].

Example (Bridging the Gap Between Symbolic and Subsymbolic Representations).

Many fields deal with data that can be represented in two ways: symbolically (explicit

labels or categories) and subsymbolically (raw data without explicit meaning). A

theory of similarity space could provide a framework for comparing and relating these

different representations. This would be valuable in areas like machine learning,

cognitive science, and natural language processing [32], [33], [35].

• Enabling New Applications and Discoveries: The current patchwork of simi-

larity measures often limits the ability to compare data across disciplines. A unified

theory could unlock new applications by allowing researchers to compare and ana-

lyze data from different fields in a more meaningful way. This cross-pollination of

knowledge could lead to unexpected discoveries and breakthroughs [36]–[39].

Example (Cross-Disciplinary Insights Through Unified Theory). For example, with

a unified theory, researchers in biology might be able to leverage insights from physics

or engineering to understand complex biological systems. Similarly, economists

might be able to utilize concepts from sociology to develop more precise models of

human behavior [36]–[39].

• Formalizing Subjectivity in Similarity Judgments: Many applications rely

on human judgments of similarity, which can be subjective and context-dependent.
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A theory of similarity space could provide a framework for incorporating and for-

malizing this subjectivity. This would be valuable in fields like art history, music

theory, or product design, where aesthetic similarity plays a crucial role [40]–[43].

Example (Modeling Human Perception). Current methods often struggle to cap-

ture the nuances of human perception. A theory of similarity space could allow

researchers to develop models that account for factors like cultural background, per-

sonal preferences, or the specific context in which an object is being evaluated. This

would lead to a more nuanced understanding of how humans perceive similarity and

could be used to develop better tools for applications that rely on subjective judgments

[40]–[43].

• Improved Explainability and Transparency: Existing similarity measures of-

ten lack clear interpretations. A theory of similarity space could lead to more

interpretable measures, making it easier to understand why two objects are con-

sidered similar. This transparency would be crucial in various fields, especially for

applications with ethical considerations or where human oversight is essential [44]–

[47].

Example (Enhancing Explainability in AI). As AI systems become increasingly

complex, ensuring their decisions are explainable and interpretable is crucial. Cur-

rent similarity measures often lack transparency, making it difficult to understand

how AI systems arrive at their conclusions. A theory of similarity space could be

a framework for the development of more interpretable similarity measures. For

instance, in image analysis, a unified framework for representing image similarity

could reveal how AI models prioritize specific features like color, texture, or shapes

when classifying images. This would significantly benefit research in Explainable

Artificial Intelligence (XAI) [44]–[47].

While fractal theory and various dissimilarity functions exist, they often approach the

concept of similarity in a non-intuitive and indirect manner, primarily through the notion

of distance. This thesis marks the first attempt to clearly define the concept of similarity

space and explores its potential applications within the context of other theories and

practical applications, specifically in computer science.

The development of the theory of similarity space facilitates the modeling of similari-

ties across a broad spectrum of human activities and scientific disciplines (see Figure 1.1),

offering a new perspective and tools for understanding and analyzing the interconnected-

ness of diverse phenomena.
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Figure 1.1: Applications of Similarity Space in Various Human Activity Fields and Beyond

Similarity in Nature Fractals [20] are intricate structures that repeat themselves at

different scales, and they are surprisingly common in nature. These self-similar patterns

can be found in various forms and scales, from tiny molecules to large ecosystems. Here

are some examples of where fractals can be observed in nature:

• Plants and Trees: The branching patterns of trees and plants often exhibit fractal-

like structures. For example, a single tree branch looks similar to the whole tree,

and this pattern repeats at various scales from the trunk to the smallest twig [48].

• Ferns: Fern leaves are classic examples of natural fractals. Each fern leaf (frond)

is made up of smaller leaves (pinnae), which in turn are made up of even smaller

leaves, and this pattern continues down to very tiny scales [49].

• Romanesco Broccoli: This vegetable is famous for its natural approximation of a

fractal pattern. Each bud is composed of a series of smaller buds, all arranged in a

logarithmic spiral. This self-similar pattern continues at several levels of scale [49].

• Coastlines: The concept of fractal geometry was famously applied by Benoit Man-

delbrot to describe the complex, self-similar patterns of coastlines, which look similar

at different scales. The length of a coastline can seem almost infinite, as the level

of detail increases with closer observation [19].
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• Mountains and River Networks: The structure of mountain ranges and the branch-

ing patterns of rivers and their tributaries exhibit fractal-like properties. These

patterns can be observed from high above the earth, in maps, or satellite images

[20], [50].

• Clouds and Atmospheric Phenomena: The formation of clouds often displays frac-

tal behavior, with cloud formations showing self-similarity across different scales.

Lightning bolts also exhibit fractal patterns as they branch through the sky [51].

• Snowflakes: Each snowflake has a unique, six-fold symmetry with intricate pat-

terns that can exhibit fractal-like structures, especially as the crystals branch out

in repeating patterns [52].

• Animal Coloration and Patterns: The patterns on certain animals, such as the

spots on a leopard or the stripes on a zebra, can exhibit fractal-like patterns. These

patterns can be used for camouflage or for signaling to other animals [53].

• Blood Vessels, Nervous Systems, and ECG Patterns: The branching patterns of

blood vessels and nerves in animals, including humans, show self-similar fractal

patterns. This efficient branching helps maximize the reach of the circulatory and

nervous systems within the body [54]. Similarly, the electrocardiogram (ECG) re-

veals a recurring self-similar pattern in the PQRST complex, indicative of the heart’s

electrical activity [OR-2].

• Galaxies: On a much larger scale, the distribution of galaxies in the universe can

exhibit fractal-like patterns, with galaxy clusters forming filaments and voids that

resemble fractal structures in nature [55].

Example (Galaxies as Similarity Spaces). Consider visualizing a galaxy as a space

of similarity in Figure 1.2, with its center representing the point of maximum mass

concentration, analogous to the peak of similarity. This concept captures mass con-

centration more accurately than traditional metric space, which is typically centered

at zero. Abstractly, this approach provides a better understanding of galaxies as

entities where mass and similarity converge.
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Figure 1.2: Depiction of a galaxy, image generated by AI(DALL·E by OpenAI).

Fractals in nature are not only visually fascinating but also serve functional purposes,

such as maximizing surface area for heat exchange in lungs or optimizing light absorption

in leaves. The study of natural fractals bridges mathematics, physics, and biology, offering

insights into the underlying principles that govern natural patterns and structures.

Similarity in Physics Physics employs the concept of similarity in several contexts,

including similarity in fluid dynamics and thermodynamics. The principle of similarity

allows physicists to predict the behavior of physical systems under varying conditions by

using scaled models or simulations. For example, the Reynolds number is a dimension-

less quantity in fluid mechanics that describes the similarity between the flow of fluids

in different systems, helping to predict flow patterns in both laminar and turbulent sys-

tems [56], [57]. Interestingly, concept is notably linked to the challenging and unresolved

Navier-Stokes problem, a Millennium Prize Problem as designated by the Clay Mathe-

matics Institute, indicating a gap in current theories to adequately explain and model

certain phenomena [58]. Additionally, the areas of stochastic heat equations [59], [60]

and fractional Brownian motion [61]–[64] offer valuable opportunities for the application

of similarity theories and the possibility for substantial progress in forthcoming research.

The field of quantum mechanics is another domain where similarity theories find signif-

icant application, particularly in the study of subatomic particles. Through the use of

quantum similarity measures, scientists can compare the electron densities of different

molecules. This comparison is crucial for understanding the reactivity and properties

of molecules, as electron density distributions play a vital role in determining molecular
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behavior during chemical reactions. By applying similarity principles, researchers can pre-

dict how molecules will interact based on the similarities in their electron configurations,

facilitating advancements in chemistry and materials science [65]. For instance, they refer

to it as the Quantum Similarity Measure (QSM) and Quantum Similarity Index (QSI),

reflecting the general nature of these terms (’index’ or ’measure’) in the absence of a

specific theory of similarity to support their precise definition [66].

Similarity in Chemistry In chemistry, similarity can refer to the likeness in the struc-

tural or functional aspects of molecules. Molecular similarity is crucial in the field of drug

discovery and development, where researchers look for compounds with structural simi-

larities to known active molecules to find new therapeutic agents. For instance, molecular

structures are represented as binary vectors (fingerprints), where each bit represents the

presence or absence of certain substructural features. The similarity between molecules

can be quantified using methods such as the Tanimoto coefficient, Jaccard index, Cosine

similarity, Russell-RAO coefficient, Forbes coefficient, Soergel coefficient or Hamming

distance [26], [67], [68]. This thesis will demonstrate that some of these coefficients and

indices occupy the same similarity space, exhibit similar properties, and can be encom-

passed and replaced by a generalized form of similarity known as the Generalized Rozinek

similarity [OR-1].

Similarity in Biology Biology employs the concept of similarity at various levels, from

the macroscopic to the microscopic. At the macroscopic level, similarity in morphological

traits can indicate common ancestry or evolutionary relationships among organisms. At

the genetic level, similarity in DNA sequences is utilized to infer genetic relationships,

evolutionary histories, and the functions of genes and proteins. Methods like Needleman-

Wunsch [69] and Smith-Waterman [70], based on dynamic programming, demonstrate the

utility of similarity properties in understanding biological sequences. Additionally, the

concept of similarity extends to the study of protein structures through techniques such

as BLAST [71] and FASTA [72], which enable the rapid identification of structural and

functional similarities among proteins. Furthermore, the application of similarity concepts

in phylogenetics, through methods like Maximum Likelihood [73] and Bayesian Inference

[74], has revolutionized understanding of evolutionary relationships. These approaches

leverage similarity in genetic sequences to construct phylogenetic trees, elucidating the

evolutionary pathways of various species. In this thesis, the novel explanation is provided

on how fundamental dynamic programming algorithms (Levenshtein, LCS) lie within a

similarity space and can be generalized under Generalized Rozinek similarity.
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Similarity in Earth Science In earth sciences, particularly within meteorology and

climatology, the concept of similarity is utilized to analyze weather patterns and con-

tribute to the development of climate models. Similarity theories facilitate the analysis of

momentum, heat, and mass exchanges between the Earth’s surface and the atmosphere,

which are critical for accurate weather forecasts and climate change simulations. This con-

cept is also applied in geomorphology to study the processes of landscape formation and

erosion. For example, the Monin-Obukhov similarity theory [75] offers a theoretical basis

for the investigation of atmospheric turbulence through similarity criteria. In the field

of hydrology, hydraulic similarity principles are employed in the scaled modeling of river

and estuary water flows, supporting flood management strategies and the construction

of hydraulic infrastructures [76]. Furthermore, the study of plate tectonics and seismic

dynamics benefits from similarity-based modeling techniques, which help in forecasting

seismic events [77]. The application of similarity theories in these varied sub-disciplines

of earth sciences enhances the comprehension of complex environmental and geological

systems.

Similarity in Environmental Science In environmental science, the application of

similarity concepts is essential for understanding ecosystems, biodiversity, and the as-

sessment of environmental changes. Similarity indices [78], including the Sørensen-Dice

index, Ochiai index, Anderberg index, Kulczynski index, Kulczynski-Cody index, Lennon

index, and the Bray-Curtis dissimilarity [79], quantitatively evaluate the resemblance be-

tween ecological communities. This evaluation is critical for assessing species diversity and

compositional similarities, enabling researchers to identify areas of significant biodiver-

sity and ecosystems requiring urgent conservation efforts. The utility of similarity indices

extends beyond terrestrial ecosystems, encompassing aquatic and marine environments

where they are critical for evaluating the health of coral reefs, assessing the biodiversity

impacts of pollution, and analyzing freshwater ecosystem dynamics. For instance, simi-

larity measures are employed to understand the intricate balance of marine biodiversity

and the effects of anthropogenic stressors on aquatic life forms [80], [81]. In addition

to biodiversity assessment, similarity concepts are integral to landscape ecology, where

they inform the study of habitat connectivity, fragmentation, and the spatial distribution

of ecosystems. These analyses are essential for developing conservation plans that mit-

igate habitat loss and promote the preservation of ecological corridors vital for species

migration and genetic diversity [82], [83]. Furthermore, similarity-based approaches are

instrumental in climate change research, facilitating the comparison of past and present

ecological conditions to predict future environmental scenarios. This application is cru-

cial for understanding how changing climate variables influence biodiversity patterns and
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ecosystem resilience, guiding adaptive management and conservation policies [84].

Similarity in Engineering In engineering, the principle of similarity is fundamental

to the design and testing phases of product development. Utilizing scale models and es-

tablished similarity laws, engineers are equipped to forecast the behavior of large-scale

structures, vehicles, and systems based on the observations made from smaller, more

manageable prototypes. This methodology is exceptionally beneficial in fields such as

aerospace and civil engineering, where conducting tests on full-scale models can be im-

practical or prohibitively expensive. For instance, in aerospace engineering, wind tunnel

testing of scale models based on Reynolds number similarity allows for the analysis of

aerodynamic properties without the need for full-sized aircraft tests [85]. Similarly, in

civil engineering, hydraulic modeling uses Froude number similarity to predict the flow of

water around structures in projects such as dams and bridges [86]. Additionally, in the

automotive industry, scale model crash testing employs similarity principles to enhance

vehicle safety while minimizing development costs [87].

Similarity in Computer Science In computer science, similarity measures are crucial

in various algorithms and applications, including machine learning, data mining, and

information retrieval.

Similarity measures help in clustering and classification tasks, where the goal is to

group together data points based on their likeness. One notable area of application is in

natural language processing (NLP), where similarity measures are employed to evaluate

the proximity between textual documents or words, facilitating tasks such as document

classification, sentiment analysis, and machine translation [88], [89].

In machine learning, algorithms like k-nearest neighbors (k-NN) [90] rely on similarity

measures to classify data points based on the likeness to their nearest neighbors in the

feature space. Cosine similarity and Jaccard index are among the most commonly used

metrics for assessing the similarity between vectors, which can represent text documents

in NLP or user profiles in recommendation systems.

Application of Similarity Space in NLP In this thesis, it will be demonstrate the

applications of similarity space theory only in narrow field in the context of approximate

string matching. fuzzy record matching and deduplication, focusing on their utility for

error-tolerant real-time search and deduplication tasks.

The exploration of similarity space theory provides a foundational framework for un-

derstanding how data can be compared and matched with a degree of tolerance for errors,

which is crucial in handling real-world data that may contain inconsistencies, typos, or
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variations in formatting. This thesis applies similarity space theory to fuzzy record match-

ing and deduplication, aiming to present effective methodologies for identifying and link-

ing records that correspond to the same entity across various databases, notwithstanding

data discrepancies. Furthermore, the application of similarity space theory to approxi-

mate string matching elucidates techniques for searching and retrieving information based

on strings that match approximately, thus improving the efficiency and accuracy of search

functionalities within databases and information systems. These applications highlight

the significance of similarity measures in enhancing data quality and accessibility, espe-

cially in tasks that demand high precision and speed.

1.2 Structure of the Thesis

The organization of this thesis is structured as follows.

The chapter 1 sets the stage by outlining the thesis’s goals, introducing the concept of

similarity space, and summarizing the major contributions made throughout the thesis.

This chapter focuses primarily on problem formulation and the state-of-the-art in this

area. The basic objectives of the dissertation are presented and structured into theoretical

and practical parts in section 1.3. The subsequent chapters are divided into topics within

research fields under the overarching theme of similarity space, highlighting the author’s

significant contributions.

The chapter 2 develops the concept of similarity space. The section 2.1 presents a

comprehensive review of the current state of similarity space research (subsection 2.1.4),

introducing the novel concept of similarity space (section 2.2) and discussing its founda-

tional theory. This chapter also explores the duality between similarity and metric spaces

(section 2.5).

The chapter 3 introduces a novel perspective on linear regression within similarity

space, offering fresh insights and methodologies.

In chapter 4, the novel fixed point theory in similarity space is presented, including a

description of the current state of the art in related metric spaces and showcasing some

applications of this theory in similarity space.

The chapter 5 focuses on a specific application of similarity space for approximate

string matching, record matching, and record deduplication, demonstrating the practical

utility of similarity space concepts.

The chapter 6 synthesizes the achievements of the thesis, discussing the significance

and impact of the findings within the broader scientific community.

The chapter 7 summarizes the key findings, contributions, and suggests directions for

future research.
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1.3 Aims of the Thesis

The objectives of this thesis are divided into theoretical and practical parts. In the

theoretical part, the focus is on the unification and further development of the theory of

similarity space. The practical part aims to apply this theory in the fields of approximate

string matching, approximate record matching and deduplication within similarity space.

The classical theories of metric space and partial metrics have been extensively studied.

However, the behavior within similarity space remains largely unexplored and is believed

to possess significant potential for broad applicability.

Main Goals

The main goals of this dissertation are to unify and further develop the theory of similarity

space and apply this theory to practical fields such NLP (approximate string matching,

record matching, and deduplication within similarity space).

In this thesis, the focus in the theoretical part will be mainly on:

• The study of the transformation between similarity space and metric space as a

monotonically decreasing transformation, referred to as duality.

• The examination of normalization transformations that preserve similarity as an

open unsolved problem [2], [6].

• The identification and proof of similarity functions belonging to a class of functions

that satisfy the axioms of similarity space, denoted by C(A).

• The introduction of new descriptions and definitions of topology, convergence and

continuity in similarity space.

• The new perspective on traditional methods, such as linear regression.

• The presentation of a new fixed point theory in similarity space, proving its exis-

tence, uniqueness, and convergence.

In the practical part, attention will be given to:

• The application of similarity space to approximate string matching.

• The development of an applicable model for complex fuzzy record matching on a

bipartite graph.

• The creation of a new Q-gram filter as a lower bound for complex record fuzzy

matching based on bipartite graph.

• The development of a fuzzy deduplication model for scalable solutions in Big Data.
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1.4 Contributions of the Thesis

In this section, the major contributions of the author’s dissertation are listed in sequential

order by chapter. While some minor contributions are not explicitly named, they can be

found throughout the thesis and the author’s articles.

1.4.1 Similarity Space Theory

• Formal Definition of Similarity Space

– Introduction of new defined term similarity space, based on research similarity

within a broad mathematical context, elevating it to the level of metric spaces

and other significant spaces in mathematics.

– Discussion and establishment of axiomatic systems of similarity space (Defini-

tion 5).

– Proposal of a specific axiomatic system for normalized similarity space (Defi-

nition 6) [OR-1].

• Duality in Similarity and Metric Space

– New duality Theorem 10 proposed between similarity and metric spaces, pre-

senting a viable theory on possible transformations between these spaces and

addressing how to achieve this [OR-1] .

• Discovering Some Theorems

– Linear Transformation (Theorem 3) - Proof that positive linear transformations

of a similarity result in a new similarity [OR-1].

– Convex Combination (Theorem 5) - Proof that convex combination of normal-

ized similarity is itself a normalized similarity [OR-1].

• Embeddings into Similarity Space

– Similarity of Two Objects (Theorem 12) - Establishing the intersection of two

objects as a similarity [OR-1]. Discussion on transforming distance into simi-

larity and vice versa, as elaborated in Corollary 4 and Corollary 2) [OR-1].

– The formal framework for interpreting normalized similarity sn as analogous

to a probability measure enriches the understanding of similarity within the

probability theory. The integration of similarity measures into probability

spaces through the event intersection model provides a solid foundation for

analyzing and applying similarity in a probabilistic context (Theorem 13).
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– The construction of a similarity space within a Hilbert space framework, uti-

lizing an inner product to define a similarity, demonstrates a novel approach

to measuring similarity in vector spaces (Theorem 14).

• Introduction of S-Norm in Functional Analysis

– The innovation of the s-norm (Definition 18) within functional analysis signifies

a contribution extension of norm theory, offering a novel measure for evaluating

magnitude through the infimum. This new functional analysis tool not only

enriches the mathematical landscape of norms but also introduce alternative

ways to explore function space and solving differential equations.

• Class Functions Belonging to Similarity Space

– It is important to note that the Jaccard index, due to its absence of a defined

space, is accordingly referred to as an index. The current state-of-the-art re-

quires its conversion into a distance measure, as shown in Kosub’s article [91].

This thesis demonstrates its direct assignment to the similarity space without

needing any transformation.

– Development of a generic similarity equation named Generalized Rozinek Sim-

ilarity (Theorem 18).

– Proofs that the Tanimoto Coefficient (Theorem 21), Gaussian Similarity (The-

orem 24), Ruzicka Similarity (Theorem 23), Normalized Edit Similarity (The-

orem 45), and Longest Common Subsequence (LCS) belong to this class of

function [OR-1].

• Solution to Unsolved Open Problem

– Chen [6] and Elzinga [2] identified the general solution for constructing a sim-

ilarity from a distance as an unsolved open problem. The Generalized Rozinek

Similarity [OR-1] is presented as a generic solutions with proven direct rela-

tion to Jaccard index, Tanimoto coefficient, Ruzicka similarity, normalized edit

similarity and LCS.

1.4.2 Linear Regression in Similarity Space

• Objective Function in Similarity Space

– Introduced an innovative method to adapt traditional least squares regression

for use in similarity spaces in Definition 21, focusing on textual data analysis.
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This adaptation is critical for analyzing qualitative aspects of data, such as

word similarities in NLP taks [OR-3], [OR-4].

• Proposed Optimization Algorithm

– Proposed a novel optimization algorithm, outlined in Algorithm 1, for linear

regression models in similarity spaces. This algorithm utilizes dot product

maximization with regularization to optimize model parameters, as shown in

the equation 3.11.

– These contributions significantly advance the field of data analysis by provid-

ing new tools and methodologies for understanding and interpreting complex

patterns in textual data, bridging the gap between quantitative precision and

qualitative depth [OR-3], [OR-4].

1.4.3 Fixed-Point Theory in Similarity Space

• Topology of Similarity Space

– Introduces an elementary metric (Theorem 6) and a quasi-metric (Theorem 1)

in a dualistic perspective within similarity spaces, complete with proofs.

– Discusses the introduction of an induced elementary similarity (Theorem 2)

and its relationship to intersections in a measure space context.

– Introduces fundamental concepts such as open s-balls and closed s-balls, crucial

for defining topology in similarity spaces (Definition 7).

– Provides proof that open s-balls in similarity spaces form a topological basis

(Theorem 7).

– Proposes a new definition of topology in similarity space, termed similarizable

space, and proves that any similarizable space is a Hausdorff space (Theorem

8).

• Convergence and Continuity in Similarity Space

– Defines convergent sequences in similarity spaces (Definition 11).

– Proves the duality of convergent sequences in dual similarity spaces (Lemma

4).

• Introduction of New Definitions and Theorems

– Develops new concepts like s-continuity, s-derivative (Definition 14) extending

traditional mathematical notions to similarity spaces.
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– Presents the Sequential Criterion for s-Continuity.

• Existence, Convergence and Uniqueness in Contraction Principle

– Examines the conditions under which a function in a similarity space will have

fixed points, extending classical concepts from functional analysis into similar-

ity spaces.

– Addresses the conditions for the existence and uniqueness of fixed points for

mappings in similarity spaces, analogous to the Banach Contraction Principle

(Theorem 39 and Theorem 23) with proofs.

– Introduces new Boyd-Wong theorems in similarity space, such as the Boyd-

Wong Dualistic Contraction (Theorem 41) and Boyd-Wong Similarity Con-

traction (Theorem 42), detailing bifurcated conditions for self-similarity and

mutual similarity, along with proofs of existence, uniqueness, and Picard se-

quence convergence.

• Applications in Various Fields

– Discusses the general applicability in space contraction, such as the existence

of solutions in different types of differential equations.

– Demonstrates the applicability of the theory in solving non-linear in-homogeneous

Fredholm integral equation of the second kind (Theorem 43), and adapting it-

erative methods like Newton’s method for similarity spaces (Example 4.75).

1.4.4 Entity Resolution in Similarity Space

• Convolutional-Based String Matching

– Introduced general and very flexible convolutional-based string matching model

to enhance unsupervised character-based approximate string matching accu-

racy and efficiency (Definition 25) [OR-5].

– Generic modelling of positional character proximity and character weight im-

portancy accross string in quasi-linear time complexity O(|S1|w) which has

faster execution time than traditional methodology utilizing dynamic program-

ming [OR-5].

• Convolutional Jaro Similarity

– Developed ConvJ (Definition 27), incorporating convolutional methods with

Gaussian weighting, detailed in Algorithm 4.
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– Achieved superior accuracy and maintained computational efficiency, with ap-

proximately a 10% margin improvement in F1-score compared to state-of-the-

art unsupervised approximate string matching algorithms [OR-5].

– Provided the fastest execution time compared to other state-of-the-art algo-

rithms with the quasi-linear time complexity O(|S1|w) [OR-5].

• Convolutional Jaro-Winkler Similarity

– Introduced ConvJW (Definition 28), an advancement of Jaro-Winkler with

convolutional techniques, as outlined in Algorithm 4.

– Introduced exponential decay weighting for characters in the string to model

characters as more important at the start of the string.

– Achieved the best accuracy in experiments on real data, as shown in Table

5.3.4 [OR-5].

• Fuzzy Record Similarity

– An advanced method known as the Fuzzy Record Similarity (FRS) is devel-

oped. This is the first advanced mathematical model of an approximate record

similarity that fulfills the axioms (S1), (S2), (S3), and (S4) of a similarity space,

as defined in Definition 5. With its robust mathematical properties, FRS is

ideally suited for extensive use in text mining and cluster analysis. The model

uniquely omits the tuning of the second threshold parameter δ, demonstrat-

ing impressive results on real datasets compared to baseline state-of-the-art

methods [OR-6].

• Optimal Q-gram Filter

– A mathematical model of an optimal Q-gram filter for bipartite matching on

sets of tokens |R1| and |R|2 is proposed. This optimal count Q-gram filter acts

as the greatest lower bound for the number of shared Q-grams at threshold

α. Recognized as an infimum for shared Q-gram count, it represents the most

efficient filter achievable. Theorem 49 demonstrates that achieving this opti-

mal filter corresponds to an integer linear programming problem, maximizing

expected distances across tokens in the worst-case scenario. Integer linear pro-

gramming tasks with related constraints for FRS, Fuzzy Cosine, Fuzzy Jaccard,

and Fuzzy Dice are formulated [OR-6].

• Approximate Q-gram Filter
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– Given that calculating the optimal Q-gram filter results in a linear program-

ming calculation, which is not easily analytically solvable, a substantial ap-

proximation is developed, as stated in Theorem 17. This approximation avoids

the optimization problem and can be analytically solved through a few sim-

plification steps. These findings show that this filter operates at a constant

time complexity O(1). Its high accuracy and real-time capabilities were con-

firmed experimentally, demonstrating excellent precision in filtering, generat-

ing a small candidate set, and processing all datasets in 220 milliseconds. This

establishes it as the most accurate analytically solvable Q-gram lower bound

for bipartite matching that runs in constant time. Proposed Algorithm 8 of

BipartiteJoin for two step probabilistic similarity join [OR-7].

• Singularity and Efficiency of Q-gram Filter

– Interesting properties of the Q-gram filter are discussed, particularly its effec-

tiveness related to string lengths and the selected threshold α. Formulas for

the singularities of the filter and the minimum effective threshold α are derived,

as exemplified in Theorem 51 [OR-6].

• Padding Extension of Q-gram Filter

– The benefits of padding extension and its incorporation into the model are

explored. This enhances the F-measure of Q-gram similarity by smoothing to-

ken boundaries, expanding the feature set, and increasing the minimum shared

Q-gram count, tM [OR-6].

• New Formal Definitions of Deduplication

– The formal definition of the deduplication process is newly introduced (see

Definition 36).

– The definitions of the filtering process (Definition 38) and the matching process

are newly introduced and formally expressed using set theory.

– The concept of a self-similarity join in a similarity space, as a function of

filtering and matching, is explicitly detailed in Definition 37 [OR-8].

• Unsupervised Learnable Q-gram Count Filter

– Unsupervised learning of expected parameters for a Q-gram filter, based on

the source, to provide faster and more reliable results.
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– Proposed Algorithm 7 of UL-BipartiteJoin for two step probabilistic similarity

join, demonstrated in experiments on research data with outperforming state-

of-the-art algorithms [OR-8].

• Record Deduplication using DBSCAN

– Proposed Algorithm 14 for detection of duplicated cluster with DBSCAN which

is scalable and runs faster due it is log-linear time complexity based on exper-

iments Table 5.10 [OR-8].



Chapter 2

Similarity Space Theory

2.1 State-of-the-Art

Thanks to the desire for a more rigorous mathematical view of the theory being expressed

by the author, a commitment to the use of the term ”similarity space” is made for the

first time, a term that currently lacks a fixed concept, unlike terms such as ”metric space”

or ”partial metrics.”

In this chapter, the current state-of-the-art and studies of the similarity space, which

only began to develop in the 21st century, are described by the author. The current

state-of-the-art is first presented in the section, followed by the undertaking of a new

perspective on this theory.

Mathematical space, in a rigorous sense, is a set with some added structure. It’s an

abstract concept that forms the foundation for various areas in mathematics. Here are

some key types of mathematical spaces:

• Euclidean Space (Rn) [92]: This is the most familiar type of space, consisting of

points that have a defined distance between them. In Euclidean geometry, points

are defined in terms of coordinates within n-dimensional space, examples of which

include the familiar 2D or 3D spaces.

• Vector Space [8], [93], [94]: This is a collection of objects called vectors, which

can be added together and multiplied by scalars (numbers). Vector spaces are

fundamental in linear algebra and are characterized by properties like vector addition

and scalar multiplication.

• Topological Space [11], [95]: This is a set of points, along with a set of neighbor-

hoods for each point, satisfying a set of axioms relating points and neighborhoods.

Topological spaces are used in topology to study concepts like continuity, compact-

ness, and connectedness without necessarily having a notion of distance.

21
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• Metric Space [3], [11], [96],: This is a set where a distance (or metric) is defined

between any two points. This concept is used to generalize many of the ideas from

Euclidean spaces to more abstract spaces.

• Hilbert and Banach Spaces [7], [8], [93]: These are abstract vector spaces with

additional structure. Hilbert spaces, used in functional analysis and quantum me-

chanics, have an inner product that allows lengths and angles to be measured.

Banach spaces, also used in functional analysis, are normed vector spaces that are

complete with respect to the metric induced by the norm.

• Manifold [97]: This is a topological space that locally resembles Euclidean space

and is a key concept in geometry and physics, particularly in the theory of relativity.

Figure 2.1: Venn Diagram of Mathematical Spaces

Given the variety of mathematical spaces, the author has chosen the one that most

closely resembles a similarity space in terms of its axiomatic set, such as metric spaces,

partial metric spaces, and the newly conceptualized similarity metric.

2.1.1 Metric Space

The theory of metric space is a well defined mathematical concept. In 1906 Maurice

Frechét introduced metric spaces in his work [98] in the context of functional analysis.

His main research was to study real-valued functions in metric space in order to generalize

the theory of functions of several or even infinitely many variables. The idea was further

developed by Felix Hausdorff [99]. Recall the well-known definition.

Definition 1 (Metric Space [7], [11], [96]). Let X be a non-empty set. Then, a function

d : X ×X → R is a distance metric if for all subsets x, y, z ∈ X , the following conditions

are fulfilled:
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(D1) d(x, y) = d(y, x) (symmetry),

(D2) d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality),

(D3) d(x, y) = 0⇐⇒ x = y (identity of indiscernibles).

A metric space is an ordered pair (X , d).

In addition to these axioms, it is implied that d(x, y) ≥ 0 (non-negativity) for any

x, y ∈ X . Although this axiom appears redundant, as discussed in [2], [6], its formal

derivation can be found in [11].

2.1.2 Partial Metric Space

Partial metric spaces extend the conventional framework of metric spaces by incorporating

the notion of self-distance.

Definition 2 (Partial Metric Space [100]–[105]). Let X be a non-empty set. A partial

metric or p-metric function p : X × X → R is a function such that

(P1) p(x, y) = p(y, x) (symmetry),

(P2) p(x, z) + p(y, y) ≤ p(x, y) + p(y, z) (triangle inequality),

(P3) p(x, x) = p(x, y) = p(y, y)⇐⇒ x = y (identity of indiscernibles),

(P4) p(x, y) ≥ 0 (non-negativity),

(P5) p(x, y) ≥ p(x, x) (small self-distance).

Thus, a partial metric space is represented by the ordered pair (X , p).

This concept was first introduced in foundational works [100], [101] and allows for

the possibility of non-zero self-distances, differentiating it from traditional metric spaces.

Specifically, a metric space is a special case of a partial metric space where all self-

distances are zero, i.e., p(x, x) = p(y, y) = 0. Consequently, in such cases, the term p(y, y)

in condition (P2) becomes redundant. The introduction of non-zero self-distances was

motivated by the need to define a measure of similarity that accommodates distinctions

in self-comparison.
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2.1.3 Hilbert Space

Definition 3 (Hilbert Space [7], [8], [93]). Let H be a vector space over the field of real

or complex numbers. H is a Hilbert space if it is equipped with an inner product ⟨·, ·⟩ and
satisfies the following axioms:

1. Vector Space: H must satisfy all the properties of a vector space, including vector

addition, scalar multiplication, and the existence of a zero vector.

2. Inner Product: The inner product ⟨x, y⟩ for any x, y ∈ H must satisfy:

• Conjugate Symmetry: ⟨x, y⟩ = ⟨y, x⟩ (where z denotes the complex conjugate

of z).

• Linearity in the First Argument: ⟨ax+ by, z⟩ = a⟨x, z⟩+ b⟨y, z⟩ for all scalars

a, b and all x, y, z ∈ H.

• Positive Definiteness: ⟨x, x⟩ ≥ 0 for all x ∈ H, and ⟨x, x⟩ = 0 if and only if

x = 0.

3. Completeness: H must be complete with respect to the norm induced by the inner

product. That is, every Cauchy sequence in H must converge to an element in H.
The norm ∥x∥ is defined as

√
⟨x, x⟩.

In a Hilbert space, the concepts of convergence, orthogonality, and projection can be

defined analogously to Euclidean spaces, but in an infinite-dimensional setting. Hilbert

spaces are essential in various areas of mathematics, including functional analysis and

quantum mechanics, where they provide the framework for the study of quantum states

and operators.

2.1.4 Similarity Metric

The initial reference to this subject is found in Ma [13]. Chen [21] subsequently presents

an axiom system, demonstrating that the sum and product of a similarity result in another

similarity. This assertion, which lacks mathematical proof, includes the set intersection,

mutual information, and protein sequences analyzed with the Smith-Waterman algorithm

[70] as examples of similarity metrics. Their study concentrates on normalizing similar-

ity for sequences, in contrast to the broader approach in this thesis. They establish the

triangle inequality for the similarity on set intersections but do not address the duality of

construction from a metric space, which this thesis further explores. Moreover, their dis-

cussion on the relationship between similarity and distance metrics in Lemma 8 differs in
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form and normalization approach from the methods developed in this thesis, particularly

in Theorem 26.

Chen [6] and Elzinga [2] identify the general solution for constructing a similarity

from a distance as an unsolved open problem. This thesis advances this field, especially in

Chapter 2.5 and Theorems 12 and 18, proposing a construction based on fundamental set

theory principles, which support all theories addressed in this thesis. Within this theory,

a general approach for normalizing similarity, termed Generalized Rozinek Similarity, is

articulated in Theorem 18. This approach, specifically applied to cases of edit similar-

ity and the longest common subsequence (LCS), is further elaborated in Theorem 26,

demonstrating the application of the principles of this novel theory.

Unlike in the current state-of-the-art, this thesis, for the first time, shows the context

within other mathematical concepts and spaces, embedding of measure space, probability

space, and Hilbert space. It introduces novel fixed-point theory in similarity space and a

dualistic view in linear regression analysis.

Definition 4 (Similarity Metric [2], [4], [6], [13], [21], [106]). Let X be a non-empty set.

Then, a function s : X × X → R is a similarity if for all subsets x, y, z ∈ X , it satisfies
the following conditions:

(s1) s(x, y) = s(y, x) (symmetry),

(s2) s(x, x) ≥ 0 (self-similarity non-negativity),

(s3) s(x, x) ≥ s(x, y) (bounded by self-similarity),

(s4) s(x, z) + s(y, y) ≥ s(x, y) + s(y, z) (triangle inequality),

(s5) s(x, x) = s(x, y) = s(y, y)⇐⇒ x = y (identity of indiscernibles).

The condition s1 states that s(x, y) is symmetric. The condition s2 states that for any

subset x ∈ X the self-similarity is non-negative.

Although it is not mandatory to set this lower bound to zero, it is a common and

reasonable choice. Condition s3 says that for any x, the intrinsic similarity is not less

than the similarity between x and any y. Condition s5 says that the statements s(x, x) =

s(y, y) = s(x, y) and x = y are equivalent.

Condition S4 is equivalent to the triangle inequality under a monotonic convex trans-

formation in metric space. The formation of such a triangle inequality is shown below.

However, this thesis presents a significantly broader class of functions, as newly demon-

strated in Theorem 10.
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Theorem 1 (Triangle Inequality of Similarity Metric [OR-1], [107]). Any decreasing

monotonic convex transformation f of the triangular inequality of the metric d forms

a triangular inequality of similarity metric s:

d(x, z) ≤ d(x, y) + d(y, z)
f−→ s(x, z) + s(y, y) ≥ s(x, y) + s(y, z), (2.1)

Proof. A real-valued function f(d) is said to be convex over the interval [a, b] ∈ R if for

any d1, d2 ∈ [a, b] and any λ ∈ [0, 1], it is held that

λf(d1) + (1− λ)f(d2) ≥ f(λd1 + (1− λ)d2) (2.2)

The validity of the triangle inequality s(x, z)+s(y, y) ≥ s(x, y)+s(y, z) can be proven

from the dual notion of distance s(x, y) = f(d(x, y)) by applying d(x, z) ≤ d(x, y)+d(y, z)

and considering possible cases as follows [107].

Case 1: d(x, z) ≤ d(x, y)

Thus, it is obtained f(d(x, z)) ≥ f(d(x, y)). As 0 ≤ d(y, z), it follows that f(0) =

f(d(y, y)) ≥ f(d(y, z)). Both expressions are summed

f(d(y, y)) + f(d(x, z)) ≥ f(d(x, y)) + f(d(y, z)). (2.3)

So the claim is proven.

Case 2: d(x, z) ≤ d(y, z)

The reasoning is analogous to the above, just flipping x and z.

Case 3: d(x, z) > d(x, y) ∧ d(x, z) > d(y, z)

As a metric is assumed, d(x, z) ≤ d(x, y) + d(y, z). Hence

1 ≤ d(y, z)

d(x, z)
+
d(x, y)

d(x, z)
=⇒ 0 ≤ 1− d(y, z)

d(x, z)
≤ d(x, y)

d(x, z)
≤ 1 (2.4)

Let pick any λ ∈
[
0, d(x,y)

d(x,z)

]
such that 1− d(y,z)

d(x,z)
≤ λ ≤ d(x,y)

d(x,z)
. Obviously 0 ≤ λ ≤ 1. It is

immediately seen that λd(x, z) ≤ d(x, y) and (1−λ)d(x, z) ≤ d(y, z). From the definition

of convexity, it is obtained that

(1− λ)f(0) + λf(d(x, z)) ≥ f((1− λ)0 + λd(x, z)) (2.5)

f(λd(x, z)) ≥ f(d(x, y)) (2.6)
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with the last inequality being due to the fact that f is monotonic decreasing. Similarly

λf(0) + (1− λ)f(d(x, z)) ≥ f(λ0 + (1− λ)d(x, z)) (2.7)

f((1− λ)d(x, z)) ≥ f(d(y, z)) (2.8)

By summing all inequalities (2.8) by transitivity ≥, it is gotten that

f(0) + f(d(x, z)) ≥ f(d(x, y)) + f(d(y, z)) (2.9)

so obviously the triangle inequality holds here too.

2.2 Definition of Similarity Space

Especially in the last two decades, the research and development of a formal definition

of similarity (or similarity space) has begun. The new applications and the purpose of

this thesis call for a general consensus and search for well-defined axiomatic systems and

theoretical foundations instead of using a non-intuitive duality with the distance. Based

on [2], [6] the author introduces an axiomatic system for a similarity, which is in agreement

with the current notions with small change in bounded by self-similarity.

Definition 5 (Similarity Space [2], [4], [13], [OR-1], [OR-3], [OR-7], [OR-8], [108],

[OR-9]). Let X be a nonempty set. A function s : X × X → R≥0 is called a similar-

ity on X if for any elements x, y, z ∈ X , the following properties hold:

(S1) s(x, y) = s(y, x) (symmetry),

(S2) s(x, z) + s(y, y) ≥ s(x, y) + s(y, z) (triangle inequality),

(S3) s(x, x) = s(x, y) = s(y, y) if and only if x = y (identity of indiscernibles),

(S4) s(x, y) ≥ 0 (non-negativity),

(S5) s(x, y) ≤ min{s(x, x), s(y, y)} (bounded by self-similarity).

A similarity space is an ordered pair (X , s) such that X is nonempty set and s is similarity

on X .

Compared to the original system, the axiom of bounded self-similarity could be re-

moved, as it can be derived from the remaining axioms; this modification is presented by

the author in [OR-1]. However, from a topological standpoint, the uniqueness of limit

convergence, which is a common requirement in functional analysis, is not guaranteed by

the system.
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Theorem 2 (Bounded Self-Similarity). A similarity satisfies s(x, y) ≤ s(x,x)+s(y,y)
2

.

Proof. Assuming z = x,

s(x, x) + s(y, y) ≥ s(x, y) + s(y, x) by triangle inequality

s(x, x) + s(y, y) ≥ 2s(x, y) by symmetry

s(x, y) ≤ s(x, x) + s(y, y)

2

(2.10)

By removing another boundary condition of non-negativity, S4, difficulties could be

encountered in applying measure theory, which requires non-negativity. On the other

hand, such an axiomatic system would be a superset of Hilbert space, making Hilbert

space a subspace of the similarity space. The proof is shown in Theorem 14.

A few issues require attention. The term ’similarity metric’ is already an established

convention. The use of ’metric’ should be understood as referring to a monotonously

decreasing convex transformation of a partial metric or a distance metric, as will be

shown further in the next section. By doing so, misunderstandings can be avoided, and

the term will be referred to as ’similarity’ only.

Unlike D3, d(x, x) = 0, the similarity has an upper bound defined by in min{s(x, x) +

s(y, y)} and allows s(x, x) ̸= s(y, y). At first sight, this may seem counter-intuitive: x

is more (or less) similar to itself than y. In spatial considerations of dissimilarity and

distance, this does not arise since d(x, x) = 0 for all objects. Similarity depends on the

set of common features, and the result is the possibility of non-identical self-similarities.

If common features are interpreted as ‘description lengths’ or ‘complexities’, unequal self-

similarities become quite natural, and if x has more features than y, then s(x, x) > s(y, y)

is observed [2]. For instance, having a German word x = ‘Einkommensteuererklärung’

(income tax return) and y = ‘Steuer’ (tax), then s(x, x) ≥ s(y, y) when counting common

characters or Q-grams.

The author suggests in addition having non-negativity in S4 because the similarity

doesn’t have a direction—in contrast to a vector, it is a scalar value, and so it doesn’t make

sense to assign to it a negative sign, similar to non-negativity in a metric space. The same

principle should be valid for a similarity as a requirement for ”symmetric measurement”.

The distance between objects is observed to remain the same when measured from another

direction. The second reason follows from measure theory, where there is a non-negativity

condition µ(x) ≥ 0 for a measure µ on the set X [109], [110].
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Theorem 3 (Linear Transformation). Every positive linear transformation TL : R≥0 →
R≥0 of a similarity is a similarity:

sL(x, y) = TL(s(x, y)) = αs(x, y) + β (2.11)

where α, β ∈ R and α > 0, β ≥ 0.

Proof. Let s(x, y) be a positive linear transformation of s(x, y) such that s(x, y) = αs(x, y)+

β for α > 0 and β ≥ 0.

S1. By symmetry by multiplication α and adding β

s(x, y) = s(y, x) =⇒ αs(x, y) + β = αs(y, x) + β =⇒ s(x, y) = s(y, x)

S2. By the triangle inequality, it is obtained

s(x, z) + s(y, y) ≥ s(x, y) + s(y, z)

α(s(x, z) + s(y, y)) + 2β ≥ α(s(x, y) + s(y, z)) + 2β

s(x, z) + s(y, y) ≥ s(x, y) + s(y, z)

(2.12)

By multiplication by α and adding 2β, the proof is complete. Similarly, in cases in

cases S3, S4 and S5 the procedure is followed.

This theorem allows me to apply any linear standardization or re-scaling without any

violations of the axioms. In statistics, there is very often used a standard score

X ′ =
X − µs

σs
, (2.13)

where µs is the mean and σs is the standard deviation. Another example could be taken

from min-max feature scaling

X ′ = a+
(X −Xmin)(b− a)

Xmax −Xmin

, (2.14)

where Xmin denotes the minimum value, and Xmax the maximum value. All values are

re-scaled (normalization) to lie within the range [a, b]. When the parameters a = 0, b = 1

are chosen, then this is a unity-based normalization.

For instance, it should be clear that two errors in a comparison of short strings are

more critical than in a comparison of long strings. Therefore, it is necessary in some

circumstances to normalize the similarity. Until the beginning of this century, no such

normalization preserving the metric axioms was known for the edit distance metric. Ini-

tially, [111] developed a normalized edit distance metric, with the range [0, 1]. It is obvi-

ous that for any normalized distance metric dn(x, y), there is also a normalized similarity

sn(x, y) = 1− dn(x, y) satisfying Definition 5.
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Because this axiomatic system is considered too general and valid for any unnormalized

similarity functions, a new specific axiomatic system for a normalized similarity in the

range [0, 1] is introduced for this case.

Definition 6 (Normalized similarity). A function sn(x, y) : X × X → [0, 1] ⊂ R is a

normalized similarity if, such that for all subsets x, y, z ∈ X , it satisfies the following

conditions:

(N1) sn(x, y) = sn(y, x) (symmetry),

(N2) sn(x, z) + 1 ≥ sn(x, y) + sn(y, z) (triangle inequality),

(N3) sn(x, y) = 1⇐⇒ x = y (identity of indiscernibles),

(N4) sn(x, y) ≥ 0 (non-negativity).

A normalized similarity space is an ordered pair (X , sn).

The axiom related to bounded by self-similarity (S5) is relaxed compared to Definition

5; however, a stricter, meaningful special case of that definition is created by enforcing

sn(x, x) = 1, which also represents the least upper bound of sn(x, y). Due to this normal-

ization, self-similarity is always bounded by the same number sn(x, x) = sn(y, y) = 1. The

total dissimilarity defines the greatest lower bound sn(x, y) = 0. Thus, the requirements

for both limit conditions N3 and N4 stretch the similarity to its boundaries.

The boundedness by self-similarity could be derived from the rest of the axioms.

Theorem 4 (Bounded by Self-similarity). A normalized similarity satisfies sn(x, y) ≤ 1.

Proof. By identity of indiscernibles (N3) is a least upper bound given

sn(x, y) = sn(y, y) = sn(x, x) = 1 (2.15)

and Theorem 2 implies

sn(x, y) ≤ sn(x, x) + sn(y, y)

2
= 1 (2.16)

With these properties, a connection is also made with probability theory, where it is

ensured that the probability of similarity is bounded by 0 ≤ P (x, y) ≤ 1 and similarly,

0 ≤ sn(x, y) ≤ 1.

Theorem 5 (Convex Combinations). A convex combination TC : R → R of normalized

similarities is again a normalized similarity:

snC
(x, y) = TC(sn(x, y)) =

m∑
i=1

αisi = α1s1 + α2s2 + . . .+ αmsm (2.17)
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where
∑m

i=1 αi = 1 and 0 ≤ αi ≤ 1.

Proof. The proof is continued for each axiom, assuming s(x, y) =
∑m

i=1 αisi(xi, yi),

N1. It is obvious that

m∑
i=1

αisi(xi, yi) =
m∑
i=1

αisi(yi, xi)

s(x, y) = s(y, x)

(2.18)

Similarly, N2, N3 and N4 are trivial.

This property of convex combinations allows to assemble different normalized similar-

ities together and obtain again a normalized similarity.

2.3 Topology

Topology explores the properties of space that are preserved under continuous transforma-

tions. Further study will reveal the importance of space separation and limit uniqueness,

key concepts in the field of functional analysis.

Theorem 6 (Induced Elementary Metric). If s(x, y) is a similarity on X , then the func-

tion ds : X ×X → R≥0 given by

ds(x, y) = s(x, x) + s(y, y)− 2s(x, y) (2.19)

is induced elementary metric on X .

Proof. Consider x, y ∈ X . Then ds(x, y) = s(x, x) + s(y, y) − 2s(x, y) is always non-

negative by the bounded self-similarity (S5) because s(x, y) ≤ min{s(x, x), s(y, y)} holds.

Moreover, if ds(x, y) = ds(y, x) = 0 it follows that x = y because s(x, x) = s(x, y) =

s(y, y). Furthermore, the triangular inequality holds

ds(x, y) = s(x, x) + s(y, y)− 2s(x, y)

≤ s(x, x) + s(y, y)− 2[s(x, z) + s(y, z)− s(z, z)]

= [s(x, x) + s(z, z)− 2s(x, z)] + [s(y, y) + s(z, z)− 2s(y, z))]

= ds(x, z) + ds(y, z).
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Lemma 1 (Induced Quasi-Metric). If (X , s) is a similarity space, then the function

dsq : X ×X → R≥0 defined by

dsq(x, y) = s(x, x)− s(x, y), (2.20)

is a quasi-metric on X .

Proof. Consider x, y, z ∈ X , then dsq(x, y) = s(x, x) − s(x, y) is always non-negative

because s(x, y) ≤ s(x, x) is given by (S5). It is obvious that dsq(x, y) = ds(y, x) = 0 ⇐⇒
x = y. Finally

dsq(x, y) = s(x, x)− s(x, y)

≤ s(x, x)− s(x, z) + s(z, z)− s(z, y)

= dsq(x, z) + dsq(z, y).

(2.21)

If dsq is a quasi-metric on X , then the function ds defined on X × X by ds(x, y) =

max{dsq(x, y), dsq(y, x)}, is a metric on X [103].

Lemma 2 (Induced Elementary Similarity). Given a similarity s and a metric d on X ,
then for every x, y ∈ X there exists an induced similarity

s(x, y) =
s(x, x) + s(y, y)− d(x, y)

2
. (2.22)

Proof. By expressing s(x, y) from Theorem 6 and substitution ds(x, y) = d(x, y).

Remark 1. Let be a measure space as a triple (X ,F , µ), where X is non-empty set, F
is a σ-algebra on the set X and µ is a measure on (X ,F). Consider subsets x, y ∈ F .
Without loss of generality, let denote s(x, x) = µ(x), s(y, y) = µ(y) and d(x, y) = µ(x△y).

Then the induced elementary similarity in the measure space of the form is obtained

s(x, y) =
s(x, x) + s(y, y)− d(x, y)

2
=
µ(x) + µ(y)− µ(x△y)

2

=
µ(x) + µ(y) + µ(x ∩ y)− µ(x ∪ y)

2

=
2(µ(x) + µ(y)− µ(x ∪ y))

2

= µ(x ∩ y).

(2.23)

As a result, a measure on the intersection of subsets µ(x ∩ y) is obtained, which is also

consistent with the intuitive notion that similarity depends on measuring common elements

of sets [OR-1].
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Definition 7 (Open s-Ball and Closed s-Ball). Let (X , s) be similarity space, and let

x ∈ X and ϵ ≥ 0. The open s-ball of radius ϵ with centre X is the set

Bs(x, ϵ) = {y ∈ X : s(x, y) > max{s(x, x), s(y, y)} − ϵ}. (2.24)

The closed s-ball of radius ϵ with centre X is the set

Bs(x, ϵ) = {y ∈ X : s(x, y) ≥ max{s(x, x), s(y, y)} − ϵ}. (2.25)

Theorem 7. The collection {Bs(x, ϵ) | x ∈ X , ϵ > 0} of all open s-balls in a similarity

space (X , s) form a basis for topology τ .

Proof. Since x ∈ Bs(x, ϵ) for all x ∈ X and ϵ > 0, it follows at once that the open s-balls

cover all of X .

Next, it is supposed that ϵ1, ϵ2 > 0, y, z ∈ X, z ∈ Bs(z, ϵ) ⊆ Bs(x, ϵ1) ∩ Bs(y, ϵ2) for

ϵ = min{s(x, z)+ϵ1−s(z, z), s(y, z)+ϵ2−s(z, z)} = min{ϵ1+s(x, z), ϵ2+s(y, z)}−s(z, z).

For any w ∈ X , if s(w, z) > s(w,w)−ϵ, then by the triangle inequality (S2), it is obtained

that

s(w, x) ≥ s(w, z) + s(z, x)− s(z, z)

> (s(w,w)− ϵ) + s(z, x)− s(z, z)

= s(w,w)− (ϵ1 + s(x, z)− s(z, z)) + s(z, x)− s(z, z)

= s(w,w)− ϵ1,

(2.26)

which implies w ∈ Bs(x, ϵ1). Therefore, Bs(z, ϵ) ⊆ Bs(x, ϵ1). Similarly, it can be shown

that Bs(z, ϵ) ⊆ Bs(y, ϵ2), completing the proof.

The following definition is now justified.

Definition 8. Given a similarity space (X , s), the induced topology on the non-empty

set X is the topology τs generated by the open s-balls in X .

Definition 9. Let (X , s) be similarity space. All open s-balls in X are open sets, and a

subset A ⊆ X is open in the induced topology when for all x ∈ A there exists an ϵ > 0

such that Bs(x, ϵ) ⊆ A.

Definition 10. Any topological space (X, τs) for which there exists a similarity s on X
inducing the given topology τs is called a similarizable space.

Theorem 8. Every similarizable space is Hausdorff space T2.
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Proof. Consider a topological space X with a topology induced by a similarity function s.

For any two distinct elements x, y ∈ X , without loss of generality, assume that s(x, x) ≤
s(y, y). Should this not be the case, x and y could be interchanged.

If s(x, x) = s(x, y) is given, then by the identity of indiscernibles property (S3), it

would imply x = y, which contradicts the assumption that X and y are distinct. Hence,

it is concluded that s(x, y) < s(x, x) ≤ s(y, y).

Now, define ϵ = 1
2
(s(x, x) − s(x, y)) > 0. It is claimed that the open s-balls Bs(x, ϵ)

and Bs(y, ϵ) separate X and y. To see this, suppose z ∈ Bs(x, ϵ)∩Bs(y, ϵ) is given. Then,

it would be found that

s(x, y) + s(z, z) ≥ s(x, z) + s(z, y)

> (s(x, x)− ϵ) + (s(z, z)− ϵ)

= s(x, x) + s(z, z)− 2(s(x, x)− s(x, y))

2

= s(x, y) + s(z, z),

(2.27)

which is a contradiction. Therefore, such an element z cannot exist, and the open s-balls

are indeed disjoint, i.e., Bs(x, ϵ) ∩ Bs(y, ϵ) = ∅. This shows that every similarizable space

is a Hausdorff space T2.

The uniqueness of limit points for convergent sequences in a similarity space can

be established from the above Theorem 8. This is because every similarity space is a

Hausdorff space, and in every Hausdorff space, a convergent sequence has at most one

limit in X .

Lemma 3. If (X , s) is a similarity space, then the function ds : X ×X → R≥0 defined by

ds(x, y) = s(x, x) + s(y, y)− 2s(x, y) is a metric on X such that T2(s) = T2(ds).

Proof. This is obvious from Lemma 2 and Theorem 8.

2.4 Convergence and Continuity

Exploring converging sequences, Cauchy sequences, and the principles of continuity and

convergence is crucial for grasping the completeness of spaces, a key factor for ensuring

stability and predictability of limits in functional analysis.

Definition 11. Let (X , s) be a similarity space. Then

(i) A sequence {xn}∞n=1 in a similarity space (X , s) converges to an element x ∈ X if

and only if

lim
n→∞

s(xn, xn) = lim
n→∞

s(xn, x) = s(x, x). (2.28)
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(ii) A sequence {xn}∞n=1 in a similarity space (X , s) is called a Cauchy sequence if there

exist

lim
n,m→∞

s(xn, xm) = s(x, x). (2.29)

(iii) A similarity space (X , s) is said to be complete if every Cauchy sequence {xn}∞n=1

with respect to τs, to an element x ∈ X has a limit limn,m→∞ s(xn, xm) = s(x, x)

that is also in X .

Lemma 4. Let (X , s) be a similarity space. Then, the following claims can be made:

(i) A sequence {xn}∞n=1 is a Cauchy sequence in the similarity space (X , s) if and only

if it is a Cauchy sequence in the metric space (X , ds).

(ii) A similarity space (X , s) is complete if and only if the metric space (X , ds) is com-

plete. Furthermore,

lim
n→∞

ds(xn, x) = 0 ⇐⇒ s(x, x) = lim
n→∞

s(xn, x) = lim
n,m→∞

s(xn, xm). (2.30)

Proof. Claim (i)

It is first demonstrated that every Cauchy sequence in (X , s) is a Cauchy sequence

in (X , ds). To this end let {xn}∞n=1 be a Cauchy sequence in (X , s). Then there exists

a ∈ R≥0 such that, given ϵ > 0, there is N ∈ N with |s(xn, xm)− a| < ϵ
2

for all n,m ≥ N .

By applying the triangle inequality for the quasi-metric dsq and from the definition of the

quasi-metric, it is obtained that

dsq(xn, xm) = s(xn, xn)− s(xn, xm)

= |s(xn, xn)− a+ a− s(xn, xm)|

≤ |s(xn, xn)− a|+ |a− s(xn, xm)|

<
ϵ

2
+
ϵ

2
= ϵ

(2.31)

for all n,m ≥ N . The same argument applies to dsq(xm, xn) for all n,m ≥ N . It

is observed that {xn}∞n=1 is indeed a Cauchy sequence in the metric space (X , ds), since

ds(xn, xm) = ds(xm, xn) = max{dsq(xn, xm), dsq(xm, xn)}.

Claim (ii)

(⇒) Completeness of (X , ds) implies completeness of (X , s):
Suppose that (X , ds) is complete. Then, it is necessary to demonstrate that (X , s) is also

complete. Given a Cauchy sequence {xn}∞n=1 in (X , s), it is also a Cauchy sequence in

(X , ds) due to the prior claim. Since the similarity space (X , ds) is complete, it is deduced



CHAPTER 2. SIMILARITY SPACE THEORY 36

that there exists y ∈ X such that limn→∞ s(xn, xn) = s(y, y). Let ϵ > 0 then there exists

n ∈ N such that ds(y, xn) < ϵ
2

whenever n ≥ N . Thus

|s(y, y)− s(xn, xn)| = |s(y, y)− s(y, xn) + s(y, xn)− s(xn, xn)|

≤ |s(y, y)− s(y, xn)|+ |s(y, xn)− s(xn, xn)|

= dsq(y, xn) + dsq(xn, y)

< max{dsq(y, xn), dsq(xn, y)}+ max{dsq(xn, y), dsq(y, xn)}

= 2ds(y, xn) <
ϵ

2
+
ϵ

2
= ϵ

(2.32)

whenever n ≥ N . This shows that (X , s) is complete.

(⇐) Completeness of (X , s) implies completeness of (X , ds):
Now, the aim is to show the converse, that every Cauchy sequence {xn}∞n=1 in (X , ds) is a

Cauchy sequence in (X , s). Given ϵ = 1
2
, then there exists n ∈ N such that ds(xn, xm) < 1

2

for all n,m ≥ N . Since

dsq(xn, xN)− s(xn, xn) = dsq(xN , xn)− s(xN , xN) (2.33)

then

|s(xn, xn)| = | − dsq(xN , xn) + s(xN , xN) + dsq(xn, xN)|

≤ dsq(xN , xn) + s(xN , xN) + dsq(xn, xN)

≤ 2 max{dsq(y, xn), dsq(xn, y)}+ s(xN , xN)

= 2ds(xN , xn) + s(xN , xN)

≤ 1 + s(xN , xN)

(2.34)

So, the sequence {s(xn, xn)}∞i=n is bounded in R≥0, and there exists a subsequence {s(xnk
, xnk

)}∞k=1

that converges to some real number a ∈ R≥0, formally limk→∞ s(xnk
, xnk

) = a.

Next, it is shown that {s(xn, xn)}∞n=1 is a Cauchy sequence in R≥0. Since {s(xn, xn)}∞i=n

is a Cauchy sequence in (X , ds), given ϵ > 0, there exists n ∈ N such that ds(xn, xm) < ϵ
2

for all n,m ≥ N . Thus, for all n,m ≥ N ,

|s(xn, xn)− s(xm, xm)| = |dsq(xn, xm)− dsq(xm, xn)|

≤ 2ds(xm, xn) < ϵ
(2.35)

because of

s(xn, xn) = −dsq(xm, xn) + s(xm, xm) + dsq(xn, xm). (2.36)
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Therefore limn→∞ s(xn, xn) = a. On the other hand,

|a− s(xn, xm)| = |a− s(xn, xn) + s(xn, xn)− s(xn, xm)|

≤ |a− s(xn, xn)|+ dsq(xn, xm) < ϵ
(2.37)

for all n,m ≥ N . Hence limn,m→∞ s(xn, xm) = a and {xn}∞i=n is a Cauchy sequence in

(X , s).
It follows that the sequence {xn}∞n=1 in (X , ds) is a Cauchy sequence in (X , s) and it

converges to an element y ∈ X with

lim
n,m→∞

s(xn, xm) = lim
n→∞

s(y, xn) = s(y, y). (2.38)

Then, given ϵ, there exists n ∈ N such that

s(y, y)− s(y, xn) < ϵ ∧ s(y, y)− s(xn, xn) < ϵ (2.39)

whenever n ≥ N . As a consequence, it is concluded that

dsq(y, xn) = s(y, y)− s(y, xn) < ϵ, (2.40)

and

dsq(xn, y) = s(xn, xn)− s(y, xn)

≤ |s(y, y)− s(y, xn)|+ |s(y, y)− s(xn, xn)| < 2ϵ
(2.41)

whenever n ≥ N . Therefore, the derived metric space (X , ds) is complete. And it can

easily be verified that limn→∞ ds(x, xn) = 0 if and only if s(x, x) = limn→∞ s(x, xn) =

limn,m→∞ s(xn, xm) [100], [103].

Definition 12 (s-Continuity). Let (X , sX ) and (Y , sY) be similarity spaces. A function

f : X → Y is called s-continuous at a point a ∈ X if for every ϵ > 0 there exists δ > 0

such that for all x ∈ X , if

sX (x, a) > max{sX(x, x), sX(a, a)} − δ

=⇒ sY(f(x), f(a)) > max{sY(f(x), f(x)), sY(f(a), f(a))} − ϵ.
(2.42)

Furthermore, a function f : X → Y is said to be s-continuous if it is continuous at every

point a ∈ X . In terms of open s-balls, the definition says that f(Bs(a, δ)) ⊆ Bs(f(a), ϵ).

Definition 13 (Uniform s-Continuity). Let (X , sX ) and (Y , sY) be similarity spaces. A

function f : X → Y is said to be uniformly s-continuous if for every ϵ > 0 there exists
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δ > 0 such that for all x, y ∈ X , if

sX(x, y) > max{sX(x, x), sX(y, y)} − δ

=⇒ sY (f(x), f(y)) > max{sY (f(x), f(x)), sY (f(y), f(y))} − ϵ.
(2.43)

Let (X, s) be a similarity space, where X is a set and s : X × X → R is a similarity

function. The aim is to introduce a vector space structure on X itself. For this purpose,

it is assumed that X can be endowed with such a structure.

Let X be a vector space over field F and consider a function f : X → F. Assume that

X is equipped with a topology that allows for the concept of limits.

The derivative of f at a point x ∈ X is defined in the following manner.

Definition 14 (s-Derivative). Let (X , sX ) and (Y , sY) be similarity spaces, and let f :

X → Y be a function between these spaces. The s-derivative of f at a point a ∈ X ,
denoted by Dsf(a), is defined as

Dsf(a) = lim
x→a

max{sY (f(x), f(x)), sY (f(a), f(a))} − sY (f(x), f(a))

max{sX(x, x), sX(a, a)} − sX(x, a)
, (2.44)

where sX : X × X → R≥0 and sY : Y × Y → R≥0 are the similarities in X and Y,
respectively.

Theorem 9 (Sequential Criterion for s-Continuity). Let f : X → Y be a function between

similarity spaces (X , sX ) and (Y , sY). The function f is s-continuous at a point x ∈ X
if and only if for every sequence of elements {xn}∞n=1 in X converging to X , the sequence

{f(xn)}∞n=1 in Y converges to f(x).

Proof. (⇒) Assume that f is continuous at x ∈ X and let {xn}∞n=1 be a sequence of

elements in X converging to X . Let ϵ > 0 be arbitrary. Expressed in s-open balls, there

exists δ > 0 such that f(y) ∈ BsY (f(x), ϵ) for all y ∈ BsX (x, δ). Since {xn}∞n=1 converges

to X , there exists N ∈ N such that xn ∈ BsX (x, δ) for all n ≥ N . Therefore, for n ≥ N ,

it is observed that f(xn) ∈ BsY (f(x), ϵ). Given that ϵ was arbitrary, this observation

implies that {f(xn)}∞n=1 converges to f(x).

(⇐) Conversely, suppose that f is not continuous at X . Then there exists ϵ∗ such

that for every δ > 0 there exists y ∈ BsX (x, δ) with f(y) /∈ BsY (f(x), ϵ∗). Let δn = 1
n
. For

each n, pick xn ∈ BsX (x, δn) such that f(xn) /∈ BsY (f(x), ϵ∗). Then, {xn}∞n=1 converges

to X . However, the sequence {f(xn)}∞n=1 does not converge to f(x), contradicting the

assumption. Therefore, f must be s-continuous at X .
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2.5 Duality of Similarity and Metric Space

The relationship between distance and similarity is not obvious, as distance derives from

spatial considerations and similarity relations derive from considering common and non-

common features [2], [OR-1]. In many cases, distance is used to measure similarity,

although this is far from intuitive and it is often a non-trivial task to find such a dual

notion.

In the construction of a similarity space, monotonically decreasing mappings of metric

spaces are first examined. These mappings are employed to represent the similarity space,

though it is essential to note that the metric is not preserved in this process. Instead,

an alternative axiomatic system shapes the resulting similarity space, allowing for the

definition and analysis of similarity functions within this new mathematical structure.

Conversely, the metric space can be constructed using the inverse mapping to the

similarity space. Above all, it has been shown that certain coefficients and indices (such

as the Jaccard index, Tanimoto coefficient, etc.) lie in the similarity space, for which no

mathematical space had been assigned before [OR-1].

A more general class of functions that transform a metric space into a dual similarity

space is presented, as previously mentioned in [OR-1], [107]. Instead of requiring a de-

creasing monotonic convex transformation f , as demonstrated in Theorem 1, it is proved

that a continuous, strictly decreasing function f is sufficient.

Theorem 10 (Duality of Metric and Similarity Space). Let (X , d) be a metric space

where d : X × X → R≥0 is a metric, and let f : R≥0 → [a, b] be a continuous, strictly

decreasing function such that b = f(0) > 0 and limn→∞ f(n) = a ≥ 0. Then, the function

s : X × X → [a, b], defined by

s(x, y) = f(d(x, y)), (2.45)

for all x, y ∈ X , forms a similarity space (X , s).

Proof. Consider arbitrary elements x, y, z from the set X . The distances d(x, y), d(y, z),

and d(x, z) are formed.

Define the partially ordered set (poset) (P ,≤) = {d(x, y), d(y, z), d(x, z)}. In this

poset, the elements are the distances, and the order relation is the usual order of real

numbers. The set P is considered as an antichain, where no order is imposed on the

elements relative to each other.

Consider all linear order extensions E(P) of the poset P . A linear order extension of a

poset is a linear (total) order that extends the partial order. Given P is an antichain, there

are |E(P)| = 3! = 6 possible linear order extensions, corresponding to all permutations

of d(x, y), d(y, z), and d(x, z).
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Introduce the function f : R≥0 → [a, b] that is strictly monotonously decreasing. For

two real numbers a and b, where a < b, it is observed that f(a) > f(b). This function

reverses the order of its inputs.

Apply f to each element in each linear order extension in E(P). This application

reverses the order of distances in each linear ordering. For instance, if a linear order

extension of P is d(x, z) ≤ d(x, y) ≤ d(y, z), applying f yields f(d(x, z)) ≥ f(d(x, y)) ≥
f(d(y, z)). As f is continuous and monotonously decreasing, and d(y, y) = 0, it follows

that f(d(y, y)) = b ≥ f(d(y, z)). Summing these inequalities, the following is obtained:

f(d(x, z)) + f(d(y, y)) ≥ f(d(x, y)) + f(d(y, z)), (2.46)

being the triangle inequality for the similarity space for this specific order.

This reasoning is systematically applied to each of the six permutations in E(P),

ensuring the triangle inequality for similarity is satisfied for all possible orderings of dis-

tances.

The properties of symmetry (S1), identity of indiscernibles (S3), non-negativity (S4),

and bounded self-similarity (S5) are follows directly from the properties of the metric d

and the definition of the function f . Therefore, the pair (X , s) indeed forms a similarity

space in the sense of Definition 5.

The range [a, b] is not required to be a closed set. It might be denoted that a =

inf s(x, y) and b = sup s(x, y) are determined. The introduction of the condition a ≥
0 is made to preserve symmetry with the non-negativity of the values of the distance

metric d(x, y). When a distortion of a metric space into a similarity space is allowed,

it is not necessarily an isomorphic (isometric) transformation; hence, the preservation of

distances between points is not required. Most importantly, in accordance with geometric

terminology, the preservation of the relative ’distances’ (in the sense of the inverse of

partial order) between the points is ensured, for instance, if d(x, z) ≤ d(x, y), then it

implies s(x, z) ≥ s(x, y) for any subsets x, y, z ∈ X .

Example. To illustrate with an explicit function, consider f(d(x, y)) = e−λd(x,y) for some

λ > 0 and x, y ∈ X . This exponential function is strictly decreasing. Therefore, it

reverses the order of distances, establishing a similarity s that reflects the reversed order

of the metric d.

Furthermore, it is important to recognize that many similarity measures do not inher-

ently relate to distance. Conversely, in numerous instances, distance metrics are derived

from similarity measures. A prime example of this is the transition from Jaccard similar-

ity to Jaccard distance [91]. This transformation highlights the necessity for the existence
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of an inverse function, f−1, to ensure that the conversion between similarity and distance

can be both applied and reversed effectively.

2.6 Embeddings into Similarity Space

The exploration of embeddings from similarity spaces into various mathematical con-

structs provides a foundational framework for understanding and applying similarity

spaces in diverse contexts. This section outlines the embeddings of measure space, prob-

ability space, and Hilbert space. Each embedding highlights the versatility and depth

of similarity space concepts when applied to different mathematical frameworks, offer-

ing insights into the fundamental nature of similarity and its implications across various

domains.

2.6.1 Embedding of Measure Space

Definition 15 (Measure Space). A measurable space is a set X and σ-algebra S of subsets

of X . A measure is an extended real valued, non-negative, and countably additive set

function µ, defined on a σ-algebra S, and such that µ(0) = 0. An ordered triple (X ,S, µ)

is called a measure space.

The meaning of this definition lies in the abstraction of measurement on countable

set given by cardinality or on Lebesgue measurable set. For more details, the readers are

referred to the sources [109], [110].

The measure µ of the symmetric difference of two sets can be considered as a distance

between sets, well known as the distance of Fréchet–Nikodym–Aronszajn. This distance is

a particular case of the distance in the space of Lebesgue integrable functions. In fact, the

distance between sets may be treated as the distance between the characteristic functions

χx and χy. These characteristic functions are defined on a set X and indicate membership

of an element in the subset x, respectively y. In classical set theory, its value is 1 for all

elements of x and 0 for all elements of X not in x. By employing fuzzy set theory, an

uncertainty to the membership in the range of real values χ ∈ [0, 1] can be given.

Theorem 11 (Distance between Two Objects). Let x, y be subsets of set X . The sym-

metric difference between two objects is a distance metric.

d(x, y) = µ(x△y) =

∫
|χx − χy|dµ, (2.47)

where x△y = (x ∪ y) \ (x ∩ y) is the symmetric difference.
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Proof. It must be shown that a distance equals the symmetric difference of two sets,

expressed as d(x, y) = µ(x△y) [109], [112], [113].

If µ is a σ-finite measure on a σ-algebra S, this function is pseudometric on S (D1

and D2 must be satisfied), assuming x, y, z ∈ S

d(x, z) = µ(x△z) = µ(z△x) = µ((x△y))△(y△z))

≤ µ((x△y) ∪ (y△z))

≤ µ(x△y) + µ(y△z)

= d(x, y) + d(y, z)

(2.48)

The relation (D3) x ∼ y ⇐⇒ d(x, y) = 0 is an equivalence relation on S, so d becomes

a metric on the set S. Sequential continuity with a Cauchy sequence also needs to be

proven, i.e., {xn}n∈N0 ,

lim
n→∞

d(xn, x) = 0 =⇒ lim
n→∞

|µ(xn)− µ(x)| = 0 (2.49)

This implies that

d(x, y) = |µ(x)− µ(y)| = |(µ(x \ y) + µ(x ∩ y))− (µ(x ∩ y) + µ(y \ x))|

= |µ(x \ y)− µ(y \ x)|

≤ |µ(x \ y)|+ |µ(y \ x)| = µ(x \ y) + µ(y \ x) = µ(x \ y) ∪ µ(y \ x)

= µ(x△y) =

∫
|χx − χy|dµ

(2.50)

The symmetric difference metric is called d. The symmetric difference between two

sets can be considered a measure of how ‘far apart’ they are.

For better illustration, let suppose two Lebesgue measurable sets A,B. Let imagine

that these sets are described by non-negative real-valued functions f, g in Cartesian system

R1 or R2 (A corresponds to f and B corresponds to g) [114].

The shaded gray area at the top of Figure 2.2 essentially shows the distance be-

tween objects. Then, the area between functions f and g that corresponds area be-

tween sets A and B can be calculated. The areas in the regions can be computed

d(A,B) = µ(A△B) =
∫ ∫
|f(x, y)− g(x, y)|dxdy and the functions as d(f(x), g(x)) =

µ(f△g) =
∫
|f(x)− g(x)|dx.

Conversely, the shaded gray area at the bottom Figure 2.2 within overlapping regions

A and B and under both graphs f and g represent the similarity between those ob-

jects. Analogously, a calculation for similarity can be deduced as s(A,B) = µ(A ∩ B) =∫ ∫
min{f(x, y), g(x, y)}dxdy and s(f(x), g(x)) = µ(f ∩ g) =

∫
min{f(x), g(x)}dx.
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Figure 2.2: Top—symmetric difference (gray area); bottom—intersection (gray area);
left—sets A and B; right—sub-graphs of f and g (inspired by [114]).

This fundamental observation allows to create a bridge between set theory and topol-

ogy, such as the theories of metric spaces and similarity spaces. From the definition of

the similarity s(x, y) it can be deduced that the number of features shared between two

objects x and y is given by their intersection µ(x∩ y). The idea behind definition is very

simple, direct and intuitive too, assuming that a similarity is a measure s(x, y) = µ(x∩y).

Theorem 12 (Similarity of Two Objects). The intersection of two objects represented by

subsets x and y is a similarity

s(x, y) = µ(x∩y) =

∫
min{χx, χy}dµ =

µ(x) + µ(y)− µ(x△y)

2
=
µ(x) + µ(y)− d(x, y)

2
,

(2.51)

Proof. Initially, the proof will focus on the relation for the intersection of the two objects.

s(x, y) = µ(x ∩ y) = µ(x) + µ(y)− µ(x ∪ y) =
2(µ(x) + µ(y)− µ(x ∪ y))

2

=
µ(x) + µ(x) + µ(y) + µ(y)− (µ(x) + µ(y)− µ(x ∩ y))− µ(x ∪ y)

2

=
µ(x) + µ(y) + µ(x ∩ y)− µ(x ∪ y)

2
=
µ(x) + µ(y)− µ(x△y)

2

(2.52)

The conditions S1, S3, S4 and S5 are considered trivial. The focus will be exclusively
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on demonstrating S2. Since y ⊇ (x ∩ y) ∪ (z ∩ y), it follows that

µ(y) ≥ µ(x ∩ y) + µ(z ∩ y)− µ(x ∩ z ∩ y), (2.53)

and, consequently,

µ(x ∩ z) + µ(y) ≥ µ(x ∩ z ∩ y) + µ(y) ≥ µ(x ∩ y) + µ(z ∩ y). (2.54)

This yields the desired triangle inequality.

Now the knowledge can be generalized using the similarity axioms.

Corollary 1 (Similarity of Two Objects using Duality). The similarity of two objects

given by subsets x, y ∈ X is expressed

s(x, y) =
s(x, x) + s(y, y)− d(x, y)

2
, (2.55)

Proof. The self-similarity could be derived from Theorem 12

s(x, x) =
µ(x) + µ(x)− d(x, x)

2
=

2µ(x)

2
= µ(x) (2.56)

Similarly, it is obtained s(y, y) = µ(y). these terms are then substituted into

s(x, y) =
µ(x) + µ(y)− d(x, y)

2
=
s(x, x) + s(y, y)− d(x, y)

2
(2.57)

As a result from the proof, self-similarity is equivalent to a measure on set µ(x), e.g.,

cardinality of a countable set, s(x, x) = |x|, respectively s(y, y) = |y|. It is also possible

to revert to the distance metric from the similarity.

Corollary 2 (Distance between Two Objects using Duality). The distance metric applied

to two objects defined by subsets x, y ∈ X is given by

d(x, y) = s(x, x) + s(y, y)− 2s(x, y), (2.58)

Proof. Expressing d(x, y) from Corollary 1.

Corollary 3 (Total Dissimilarity using Duality). The total dissimilarity between two

objects is given

s(x, y) = µ(x∩ y) = 0⇐⇒ µ(x△y) = µ(x) +µ(y)⇐⇒ d(x, y) = s(x, x) + s(y, y), (2.59)
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Proof. Let x, y be disjoint subsets of a set X . Let be total dissimilarity given by expression

s(x, y) = µ(x ∩ y) = 0, thus satisfying

d(x, y) = µ(x△y) = µ((x \ y) ∪ (y \ x)) = µ(x ∪ y) = µ(x) + µ(y)

= s(x, x) + s(y, y)
(2.60)

Total dissimilarity should mean that there are no features shared between the two

objects. In set theory, this is equivalent to being a pair of disjoint sets.

Corollary 4 (Duality of Axiomatic Systems). Consider a similarity space (X , s) and a

metric space (X , d). A similarity s on X , dual to the metric d, and vice versa, a distance

metric d on X , dual to the similarity s, can be defined as follows:

s(x, y) = f ◦ d(x, y) =
s(x, x) + s(y, y)− d(x, y)

2
by Corollary 1

d(x, y) = f−1 ◦ s(x, y) = s(x, x) + s(y, y)− 2s(x, y) by Corollary 2,

(2.61)

Proof. Proceed to show the duality in this case d(x, y) = f−1 ◦s(x, y) = s(x, x)+s(y, y)−
2s(x, y) by applying Corollary 2

D1
f−1

−−−→ S1

d(x, y) = d(y, x)

s(x, x) + s(y, y)− 2s(x, y) = s(x, x) + s(y, y)− 2s(y, x)

s(x, y) = s(y, x)

(2.62)

D2
f−1

−−−→ S2

d(x, z) ≤ d(x, y) + d(y, z)

s(x, x) + s(z, z)− 2s(x, z) ≤ s(x, x) + s(y, y)− 2s(x, y) + s(y, y) + s(z, z)− 2s(y, z)

− 2s(x, z) ≤ −2s(x, y) + 2s(y, y)− 2s(y, z)

s(x, z) + s(y, y) ≥ s(x, y) + s(y, z)

(2.63)

thus, S2 is derived from Definition 5, and the triangle inequality is proven.

D3
f−1

−−−→ S3
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d(x, y) = 0 =⇒ x = y

s(x, x) + s(y, y)− 2s(x, y) = 0 =⇒ x = y

s(x, y) = s(y, y) = s(x, x) =⇒ x = y

(2.64)

D3
f−1

−−−→ S4

D3
f−1

−−−→ S5

Since d(x, y) = 0 ⇐⇒ x = y is bounded by zero at the same axiom, S4 and S5 are

necessitated, as previously explained for Definition 5.

Similarly, the opposite approach is taken, and Corollary 1 is applied to transform

s(x, y) = f ◦ d(x, y).

Comparing the similarity axiom system with the partial metrics from Definition 2, the

relation p(x, y) = f−1 ◦ d(x, y) = s(x, x) + s(y, y) − 2s(x, y) is observed, depending on

Corollary 2 and Corollary 4, which differs from the source [106].

2.6.2 Embedding of Probability Space

The formal framework presented herein establishes the foundation for interpreting nor-

malized similarity within the context of probability spaces. Specifically, the normalized

similarity measure sn is considered as analogous to a probability measure when applied

to the intersection of events, thereby integrating the concept of similarity spaces with

probability theory.

Definition 16 (Similarity Induced by Probability). Consider a probability space (Ω,F , P ),

with Ω as the sample space, F as the σ-algebra of events, and P as the probability mea-

sure. For a non-empty subset X ⊆ F , two similarity measures are defined, an unnor-

malized similarity measure su : X × X → [0, 1] and a normalized similarity measure

sn : X × X → [0, 1], with the mappings defined as:

su(x, y) = P (x ∩ y), ∀x, y ∈ X . (2.65)

sn(x, y) =
P (x ∩ y)

P (x ∪ y)
, ∀x, y ∈ X . (2.66)

Both su and sn share compatibility with the fundamental axioms of probability, with

specific properties outlined as follows:

• Non-negativity: su(x, y), sn(x, y) ≥ 0,∀x, y ∈ X
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• Triangle Inequality:

– For su: su(x, z) + su(y, y) ≥ su(x, y) + su(y, z),∀x, y, z ∈ X .

– For sn: sn(x, z) + 1 ≥ sn(x, y) + sn(y, z),∀x, y, z ∈ X .

• Identity of Indiscernibles:

– For su: Two events x, y ∈ X are considered equivalent, denoted by x ∼u y,

if and only if su(x, y) = P (x) = P (y), signifying maximal self-similarity and

indistinguishability in the unnormalized similarity space. The equivalence class

of an event x under su is then given by the set:

[x]∼u = {y ∈ X | su(x, y) = P (x) = P (y)}, (2.67)

indicating that all events in [x]∼u are indistinguishable from x in terms of

unnormalized similarity.

– For sn: Two events x, y ∈ X are equivalent, denoted by x ∼n y, if and only if

sn(x, y) = 1. The equivalence class of an event x under sn is defined as:

[x]∼n = {y ∈ X | sn(x, y) = 1}, (2.68)

meaning that all members of [x]∼n share perfect self-similarity with x, rendering

them indistinguishable within the normalized similarity space.

• Bounded by Self-Similarity and Normalization:

– For su: su(x, x) = P (x),∀x ∈ X . Note that 0 ≤ P (x) ≤ 1.

– For sn: sn(x, x) = 1,∀x ∈ X .

Theorem 13 (Embedded Triangle Inequality for Similarity Measures). For any x, y, z ∈
X , the following triangle inequalities are satisfied:

• For the normalized similarity measure sn(x, y) = P (x∩y)
P (x∪y) :

P (x ∩ z)

P (x ∪ z)
+ 1 ≥ P (x ∩ y)

P (x ∪ y)
+
P (y ∩ z)

P (y ∪ z)
. (2.69)

• For the unnormalized similarity measure su(x, y) = P (x ∩ y):

P (x ∩ z) + P (y) ≥ P (x ∩ y) + P (y ∩ z). (2.70)
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Proof. The proof begins by applying the inclusion-exclusion principle to the given sce-

nario:

P ((x ∩ y) ∪ (y ∩ z)) = P (x ∩ y) + P (y ∩ z)− P ((x ∩ y) ∩ (y ∩ z)) ≤ P (y). (2.71)

It is recognized that (x ∩ y) ∪ (y ∩ z) is a subset of x ∪ z, leading to the conclusion:

P (x ∩ y) + P (y ∩ z) ≤ P (x ∩ z) + P (y). (2.72)

For the normalized similarity measure, see [91].

Example (Partial Co-Occurrence P < 1). Considering the words “Paint” and “Point”

for comparison, the analysis employs tuples of (index, character) to encapsulate both the

letter and its position within the word.

• Similarity Space: The overlap of index-character tuples between “Paint” and

“Point” is quantified, acknowledging that four out of five tuples match. This indi-

cates a high degree of similarity, albeit not perfect due to one mismatched tuple.

• Probability Space: The probability measure of the intersection relative to the

union of all unique index-character tuples from “Paint” and “Point” reflects a high

degree of partial co-occurrence.

In summary, the embedding of normalized similarity measures into probability spaces

provides a rigorous basis for analyzing similarity in terms of probabilistic measures, specif-

ically through the event intersections. This integration not only enriches the mathematical

understanding of similarity but also expands the applicability of similarity measures in

fields that rely on probabilistic reasoning.

2.6.3 Embedding of Hilbert Space

Definition 17 (Norm [7], [8], [93]). Let V be a vector space over a field F, which can be

either the field of real numbers R or the field of complex numbers C. A norm on V is

defined as a function ∥ · ∥ : V → R≥0 that assigns to each vector x ∈ V a non-negative

real number ∥x∥, satisfying the following properties for all vectors x, y ∈ V and all scalars

α ∈ F:

1. Non-negativity: ∥x∥ ≥ 0, and ∥x∥ = 0 if and only if x is the zero vector, denoted

as 0.

2. Scalar multiplication (absolute scalability): ∥αx∥ = |α| · ∥x∥
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3. Triangle inequality: ∥x+ y∥ ≤ ∥x∥+ ∥y∥

The extension of the norm concept to function spaces is captured by the supremum

norm (or uniform norm), denoted as ∥f∥∞. For a function f defined on a domain D, the

supremum norm is defined as:

∥f∥∞ = sup
x∈D
|f(x)|, (2.73)

where sup represents the supremum, or the least upper bound, of the set of values |f(x)|
for x ∈ D [7]. This norm quantifies the maximal absolute value attained by the function

f across its domain, offering a uniform measure of the function’s magnitude.

The triangle inequality, a fundamental property of norms, holds in the context of

function spaces and is illustrated through the supremum norm. For two functions f and

g defined on the same domain D, the triangle inequality is expressed as:

∥f + g∥∞ = sup
x∈D
|f(x) + g(x)| (2.74)

≤ sup
x∈D

(|f(x)|+ |g(x)|) (2.75)

≤ sup
x∈D
|f(x)|+ sup

x∈D
|g(x)| = ∥f∥∞ + ∥g∥∞. (2.76)

This rigorous demonstration not only validates the triangle inequality within function

spaces but also reinforces the foundational principles of norm theory in a broader math-

ematical context.

Lemma 5 (Triangle Inequality of Norm-Induced Metrics). Given a normed space (V, ∥·∥),
the function d : V ×V → R≥0 defined by d(x, y) = ∥x−y∥ inherently satisfies the triangle

inequality, which is a fundamental property for metrics. Specifically, for any x, y, z ∈ V ,

the triangle inequality is given by:

d(x, z) ≤ d(x, y) + d(y, z). (2.77)

Proof. Given vectors x, y, z ∈ V , consider the metric defined by d(x, y) = ∥x − y∥. To

show the triangle inequality for this metric, we start by expressing d(x, z) in terms of the

norm: d(x, z) = ∥x − z∥. By adding and subtracting y inside the norm, we rewrite this

as d(x, z) = ∥x− y + y − z∥. Utilizing the triangle inequality for norms, which is one of

the norm axioms, we obtain ∥x − y + y − z∥ ≤ ∥x − y∥ + ∥y − z∥. By the definition of

the metric, this inequality can be rewritten as d(x, z) ≤ d(x, y) + d(y, z).

Therefore, we have shown that the metric d(x, y) = ∥x−y∥ induced by a norm satisfies

the triangle inequality.
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Definition 18 (S-Norm for Non-Negative Functions). Let F be a set of all non-negative

real-valued functions defined on a domain D. An S-Norm on F is defined as a function

[·] : F → R≥0 that assigns to each function f ∈ F a non-negative real number [f ],

satisfying the following properties for all functions f, g ∈ F and all real non-negative

scalars α:

1. Non-negativity: [f ] ≥ 0, and [f ] = 0 if and only if f is the zero function, which

is defined as f(x) = 0 for all x ∈ D.

2. Scalar multiplication (absolute scalability): [α ·f ] = α ·[f ], where (α ·f)(x) =

α · f(x) for all x ∈ D.

3. Reverse triangle inequality: For the operation + defined as (f+g)(x) = f(x)+

g(x) for all x ∈ D, it holds that [f + g] ≥ [f ] + [g].

Contrary to the supremum norm, the s-norm uses the infimum. The s-norm is denoted

as [f ]∞. For a non-negative function f defined on a domain D, the infimum s-norm is

defined as:

[f ]∞ = inf
x∈D

f(x), (2.78)

where inf represents the infimum, or the greatest lower bound, of the set of values f(x)

for x ∈ D.

In the domain of functional analysis, the exploration of function spaces via the s-norm

explains a novel perspective on s-norm properties and their applications in functional

analysis. Given two non-negative functions f and g, defined on a shared domain D, the

s-norm introduces an interesting modification to the triangle inequality, as delineated

below:

[f + g]∞ = inf
x∈D

(f(x) + g(x)) ≥ inf
x∈D

f(x) + inf
x∈D

g(x) (2.79)

= [f ]∞ + [g]∞. (2.80)

By extending classical norm space to include reverse triangle inequalities, it enriches

functional analysis, shows new possibilities for theoretical exploration and practical ap-

plication. The concept of the s-norm closely resembles that of the antinorm [115]–[118].

However, by applying a transformation f , this new s-norm is established, demonstrating

compatibility with the duality in metric spaces not previously described in the existing

concept of antinorm [OR-1].

Theorem 14 (Embedding of Hilbert Space into a Similarity Space). Let X be a measure

space, and consider f and g as simple functions that are square-integrable in L2(X ).
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Define a similarity space (H, s), where H is the completion of the space of simple functions

in L2(X ). The similarity function s(f, g) is defined as:

s(f, g) = |⟨f, g⟩|. (2.81)

This function s quantifies the similarity between f and g in the completed space H.

Proof. Let X be a measure space, and consider two simple functions f and g defined on

X . These functions can be expressed as finite sums of weighted indicator functions [93]:

f(x) =
n∑

i=1

aiχAi
(x), (2.82)

g(x) =
m∑
j=1

bjχBj
(x), (2.83)

where {Ai}ni=1 and {Bj}mj=1 are collections of disjoint measurable subsets of X , ai and bj

are real numbers, and χAi
and χBj

are the indicator functions for these sets, respectively.

The pointwise product h of f and g is defined for all x ∈ X by:

h(x) = f(x)g(x) =

(
n∑

i=1

aiχAi
(x)

)(
m∑
j=1

bjχBj
(x)

)
, (2.84)

which simplifies to:

h(x) =
n∑

i=1

m∑
j=1

aibjχAi
(x)χBj

(x) =
n∑

i=1

m∑
j=1

(aibj)χAi∩Bj
(x). (2.85)

Here, the expression χAi
(x)χBj

(x) signifies the indicator function of the intersection

Ai ∩Bj, thus representing the pointwise product h as a simple function.

The inner product in L2 space of f and g is then defined as:

⟨f, g⟩ =

∫
X
f(x)g(x) dµ =

∫
X

n∑
i=1

m∑
j=1

aibjχAi∩Bj
(x) dµ. (2.86)

Consequently, the integral of the pointwise product h(x) equates to the inner product

⟨f, g⟩:

⟨f, g⟩ =

∫
X
h(x) dµ. (2.87)

This formulation establishes a rigorous equivalence between the pointwise product of

simple functions and their inner product within the context of L2 spaces through Lebesgue

integration. It also subtly suggests that the measure of intersection, χAi∩Bj
(x), can reflect
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a similarity function s(Ai, Bj), further bridging the connection between measure theory

and similarity measures in Hilbert spaces (H, s).
A similarity space (H, s) is complete if and only if the metric space (H, ds) is complete

according Lemma 4 and detailed in [119]. The space of simple functions in L2 is not

inherently complete. Completion of this space necessitates the inclusion of all limits of

Cauchy sequences of simple functions, thus extending the space to encapsulate all L2

functions [119].

2.7 Class of Functions Belonging to C(A)

It is intended to be demonstrated that a substantial class of functions satisfies the axioms

of similarity space, which can be formally expressed as follows:

Definition 19. Let A ⊂ X × X be a nonempty open set. The similarity is a function

s : A → R≥0. It is said that s belongs to the class C on A. The set of all these functions

is denoted by C(A).

From the aforementioned definition, it is sought to be shown that a large class of

functions belongs to C(A). This area has not been extensively explored to date, and

there are no established conventions to generalize many such similarity functions. These

functions often receive different names (indices, coefficients) without consideration of their

common properties and their belonging to the similarity space (X , s). Notice that there

are many more functions belonging to C(A) that have not been presented here and will

be the subject of subsequent research. The Generalized Rozinek Similarity plays a main

role, as many similarity functions can be generalized by this function.

Theorem 15 (Jaccard Similarity). Jaccard similarity is a normalized similarity

JS(x, y) =
µ(x ∩ y)

µ(x ∪ y)
, (2.88)

Proof. N1. Trivial.

N2. Since it is known that sn(x, y) = 1− dn(x, y), theorem 3 of [91] is modified in the

dual form of Jaccard similarity instead of Jaccard distance. Then, for all sets x, y, z ∈ X ,

from Definition 5 one has

JS(x, z) + 1 ≥ JS(x, y) + JS(y, z) (2.89)

Let f be a nonnegative, monotone, modular set function on X . Say that a set X is

a null set if f(x) = 0. Observe that if at least one of the sets is a null set, then the
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inequality is satisfied. So, it is enough to show the equivalent inequality

f(x ∩ z)

f(x ∪ z)
+ 1 ≥ f(x ∩ y)

f(x ∪ y)
+
f(y ∩ z)

f(y ∪ z)
(2.90)

for arbitrary non-null sets x, y, z ⊆ X . For more details of the proof, the readers are

referred to [91].

N3. If x = y ⇐⇒ µ(x ∩ y) = µ(x ∪ y)⇐⇒ JS(x, y) = 1.

N4. Let xd be any disjoint set to X . Then µ(x ∩ xd) = ∅ ⇐⇒ JS(x, y) = 0.

The Jaccard similarity is a fundamental similarity measure on sets. Whenever it

is used, it is called mainly an index or a coefficient, but it is never called a proper

similarity. Note that the nonexistence of a mathematical foundation on similarity imposes

the necessity of transforming the Jaccard index into the Jaccard distance JD(x, y) =

1 − JS(x, y) and then verifying the triangle inequality JD(x, z) ≤ JD(x, y) + JD(y, z) for

that distance [91].

Theorem 16 (Jaccard Distance). The Jaccard distance is a normalized distance metric

JD(x, y) = 1− µ(x ∩ y)

µ(x ∪ y)
=
µ(x△y)

µ(x ∪ y)
(2.91)

Proof. [91].

Theorem 17 (Rozinek Similarity [OR-1]). Rozinek similarity is a normalized similarity

R(x, y) =
µ(x) + µ(y)− µ(x△y)

µ(x) + µ(y) + µ(x△y)
=
µ(x) + µ(y)− d(x, y)

µ(x) + µ(y) + d(x, y)
, (2.92)

Proof. According to the proof of Theorem 15 for JS(x, y), the equivalence with the Jaccard

similarity is demonstrated as follows.

JS(x, y) =
µ(x ∩ y)

µ(x ∪ y)
=

2µ(x ∩ y)

2(µ(x) + µ(y)− µ(x ∩ y))

=
µ(x) + µ(y)− µ(x)− µ(y) + µ(x ∩ y) + µ(x ∩ y)

µ(x) + µ(y) + µ(x) + µ(y)− µ(x ∩ y)− µ(x ∩ y)

=
µ(x) + µ(y)− µ(x ∪ y) + µ(x ∩ y)

µ(x) + µ(y) + µ(x ∪ y)− µ(x ∩ y)

=
µ(x) + µ(y)− µ((x ∪ y)− (x ∩ y))

µ(x) + µ(y) + µ((x ∪ y)− (x ∩ y))

=
µ(x) + µ(y)− µ(x△y)

µ(x) + µ(y) + µ(x△y)
= R(x, y)

(2.93)
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Theorem 18 (Generalized Rozinek Similarity [OR-1]). Generalized Rozinek similarity is

a normalized similarity

RGS(x, y) =
s(x, x) + s(y, y)− d(x, y)

s(x, x) + s(y, y) + d(x, y)
, (2.94)

Proof. Initially, the proof progresses in demonstrating R(x, y) being a normalized simi-

larity in the proof of Theorem 17. Subsequently, the obtained result is substituted into

the equation of Theorem 17

R(x, y) =
µ(x) + µ(y)− d(x, y)

µ(x) + µ(y) + d(x, y)

=
µ(x)+µ(x)−d(x,x)

2
+ µ(y)+µ(y)−d(y,y)

2
− d(x, y)

µ(x)+µ(x)−d(x,x)
2

+ µ(y)+µ(y)−d(y,y)
2

+ d(x, y)

=
s(x, x) + s(y, y)− d(x, y)

s(x, x) + s(y, y) + d(x, y)
= RGS(x, y).

(2.95)

As has been proved, this similarity forms the bridge between Jaccard similarity (see

Theorem 15) and similarity derived from distances. From this equation one can deduce

that µ(x ∪ y) = s(x,x)+s(y,y)+d(x,y)
2

.

Returning from a normalized similarity to a normalized similarity distance can be

achieved by applying the inverse function.

Theorem 19 (Generalized Rozinek Normalized Distance [OR-1]). Generalized Rozinek

normalized distance is the following normalized distance metric

RGDn =
2d(x, y)

s(x, x) + s(y, y) + d(x, y)
, (2.96)

Proof. A direct relationship between the Jaccard distance (Theorem 16) and the gener-

alized Rozinek normalized distance is expressed

JD(x, y) =
µ(x△y)

µ(x ∪ y)
=

d(x, y)

µ(x ∪ y)
=

d(x, y)
µ(x)+µ(y)+d(x,y)

2

=
2d(x, y)

µ(x) + µ(y) + d(x, y)
=

2d(x, y)

s(x, x) + s(y, y) + d(x, y)

= RGDn(x, y).

(2.97)

Obviously, conditions D1 and D3 are satisfied. Reference to [91] is made for D2.

Theorem 20 (Generalized Rozinek distance). Generalized Rozinek distance is the dis-
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tance metric

RGD(x, y) =
s(x, x) + s(y, y)− s(x, x)s(x, y)− s(y, y)s(x, y)

s(x, y) + 1
, (2.98)

Proof. From Theorem 18, d(x, y) can be expressed as follows

RGS(x, y) = s(x, y) =
s(x, x) + s(y, y)− d(x, y)

s(x, x) + s(y, y) + d(x, y)

=⇒ s(x, y)(s(x, x) + s(y, y) + d(x, y)) = s(x, x) + s(y, y)− d(x, y)

=⇒ s(x, x)s(x, y) + s(y, y)s(x, y) + d(x, y)s(x, y) + d(x, y) = s(x, x) + s(y, y)

=⇒ d(x, y)(s(x, y) + 1) = s(x, x) + s(y, y)− s(x, x)s(x, y)− s(y, y)s(x, y)

=⇒ d(x, y) =
s(x, x) + s(y, y)− s(x, x)s(x, y)− s(y, y)s(x, y)

s(x, y) + 1
= RGD

(2.99)

From the previously proven theorems, it is obvious that d(x, y) = µ(x△y) satisfies the

axioms for being a distance metric.

Theorem 21 (Tanimoto Coefficient). The Tanimoto coefficient is a generalized Rozinek

similarity

RGS(x, y) = S(x, y) =
s(x, y)

s(x, x) + s(y, y)− s(x, y)
, (2.100)

Proof. Upon substitution of s(x, y) into the Tanimoto coefficient, it is obtained that

S(x, y) =
s(x, y)

s(x, x) + s(y, y)− s(x, y)
=

s(x,x)+s(y,y)−d(x,y)
2

s(x, x) + s(y, y)− ( s(x,x)+s(y,y)−d(x,y)
2

)

=
s(x, x) + s(y, y)− d(x, y)

2

2

s(x, x) + s(y, y) + d(x, y)

= RGS(x, y)

(2.101)

Theorem 22 (Steinhaus Distance [120]). Steinhaus distance is a generalized Rozinek

normalized distance

RGS(x, y) = σµ(f, g) =

∫
|f(x)− g(x)|dµ(x)∫

max{|f(x)|, |g(x)|, |f(x)− g(x)|}dµ(x)
, (2.102)

Proof. Let A,B be Lebesgue measurable sets. Then, it can be written as [120]

µ(A△B) =

∫
|χA(x)− χB(x)|dµ(x) =

∫
|f(x)− g(x)|dµ(x)

µ(A ∪B) =

∫
max{χA(x), χB(x)}dµ(x) =

∫
max{|f(x)|, |g(x)|, |f(x)− g(x)|}

(2.103)
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By substituting µ(A△B) and µ(A ∪B), it is obtained

JD(x, y) =
µ(A△B)

µ(A ∪B)
=

∫
|f(x)− g(x)|dµ(x)∫

max{|f(x)|, |g(x)|, |f(x)− g(x)|}

=
2d(x, y)

s(x, x) + s(y, y) + d(x, y)

(2.104)

Theorem 23 (Ruzicka Similarity). Ruzicka similarity [5] (generalized Jaccard similarity

[121]) is a generalized Rozinek similarity

RGS(x, y) = JG(x, y) =

∑
k min{xk, yk}∑
k max{xk, yk}

, (2.105)

Proof. For the proof, the characteric functions χx, χy and non-negative real valued func-

tions f(x), g(x) are applied:

JS(x, y) =
µ(x ∩ y)

µ(x ∪ y)
=

∫
min{χx, χy}dµ(x)∫
max{χx, χy}dµ(x)

=

∫
min{f(x), g(x)}dµ(x)∫
max{f(x), g(x)}dµ(x)

= lim
δx→0

∑
min{f(x), g(x)}δx∑
max{f(x), g(x)}δx

= JG(x, y)

(2.106)

In the last step, the continous functions are discretized, where δ may be chosen as a

sampling length. The relation of JS(x, y) to RGS(x, y) is derived in Appendix 18.

The distance derived from the Ruzicka similarity dn(x, y) = 1− JG(x, y) is known by

the name ‘Soergel distance’ [5].

Theorem 24 (Gaussian Similarity). Gaussian similarity is a similarity

s(x, y) =
1

σ
√

2π
exp

{
−(x− y)2

2σ2

}
≈ exp{−(x− y)2} = exp{−d(x, y)2}, (2.107)

Proof. The properties S1, S3, S4 and S5 are trivial. S2 is satisfied as follows

(
1− exp{−d(x, y)2}

)(
1− exp{−d(y, z)2}

)
≥ 0

exp{−d(x, y)2 − d(y, z)2}+ 1 ≥ exp{−d(x, y)2}+ exp{−d(y, z)2}

exp{−d(x, z)2}+ 1 ≥ exp{−d(x, y)2}+ exp{−d(y, z)2}

s(x, z) + s(y, y) ≥ s(x, y) + s(y, z)

(2.108)

Gaussian similarity is relevant to the natural human and animal perception of sim-

ilarity based on psychological research [14], where it is shown that a stimulus decays
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exponentially with the distance. Numerous experiments have provided empirical obser-

vations of learned responses to some measure of different stimuli. As the independent

variable of a physical measure of the difference between two stimuli, there have been cho-

sen, for example, the difference in wavelengths of light, frequencies of tones or angular

orientations of shapes.

Theorem 25 (Rozinek Natural Distance). The Rozinek natural distance is a distance

metric

RND(x, y) = σ

√
−2 ln (σ

√
2πs(x, y)) ≈

√
− ln(s(x, y)), (2.109)

Proof. Expressing d(x, y) from Theorem 24.

This distance is derived from Gaussian similarity and describes an inverse problem

of how human and animal perception treats a distance depending on the similarity. In

addition, there is a limit lims(x,y)→0+ RND(x, y) = +∞.

In cases where the similarity measurement is only dependent on the distance and

Jaccard-like similarities cannot be used directly, for example, for an edit distance—also

called the k difference problem [122]—the similarity is very appropriate. An analogy

between the k difference problem and the symmetric difference set x△y in set theory can

be observed.

Theorem 26 (Normalized Edit Similarity). The normalized edit similarity is a Rozinek

similarity over the alphabet Σ

sn(x, y) =
|x|+ |y| − d(x, y)

|x|+ |y|+ d(x, y)
, (2.110)

where d(x, y) is an edit distance.

Proof. Case 1: Levenshtein similarity

R(x, y) =
µ(x) + µ(y)− d(x, y)

µ(x) + µ(y) + d(x, y)
=
|x|+ |y| − d(x, y)

|x|+ |y|+ d(x, y)
= 1− 2d(x, y)

|x|+ |y|+ d(x, y)

= 1− dN−GLD(x, y)

(2.111)

where dN−GLD(x, y) is a normalized generalized Levenshtein distance of the form

dN−GLD(x, y) =
2d(x, y)

α(|x|+ |y|) + d(x, y)
(2.112)

where α = 1 is the minimum cost of insertion and deletion costs and d(x, y) is an edit

distance [123]. This proof has been inspired by [2], [111] where it is further proved that

dN−GLD is a normalized distance metric. Hence by the duality between normalized simi-

larity and normalized distance metrics, sn(x, y) = 1− dn(x, y) is proven.
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Case 2: Longest Common Subsequence (LCS)

The same results are obtained when normalizing the LCS. Let l be the length of the

LCS [124]

l(x, y) =
1

2
(|x|+ |y| − dLCS(x, y)) (2.113)

where l(x,y) satisfies the similarity axioms from Definition 5 and dLCS denotes the edit

distance based on unit insertion and deletation cost [2]. Now attention is turned to

normalizing similarity through evaluating a generalized Tanimoto coefficient [2], [90]

S(x, y) =
s(x, y)

s(x, x) + s(y, y)− s(x, y)
. (2.114)

The s(x, y) is interpreted as a count of common features, while S(x, y) express this

count as a fraction of the total number of features of x and y. Setting s(x, y) = l(x, y), it

is thus obtained

S(x, y) =
l(x, y)

|x|+ |y| − l(x, y)
(2.115)

Since l(x, x) = |x| and l(x, y) = |y|, the above expressions are elaborated to

S(x, y) =
|x|+ |y| − dOM(x, y)

|x|+ |y|+ dOM(x, y)
(2.116)

where dOM is an edit distance (for details see [2]). Thus, it is proved that also S(x, y) =

R(x, y).

The normalized edit similarity is suitable for conversion from Levenshtein distance or

the normalization of the longest common subsequence (LCS). The procedure is shown in

proofs.



Chapter 3

Linear Regression in Similarity Space

In the vast realm of data analysis, the treatment and understanding of textual data, par-

ticularly database records, have become increasingly paramount. As the digital universe

grows exponentially, with an estimated 2.5 quintillion bytes of data produced daily, a sig-

nificant portion of this avalanche is textual data [125]. These are the records that detail

transactions, logs, communications, and countless other human and machine interactions.

Understanding the patterns, structures, and relationships within this textual data offers

profound opportunities for knowledge discovery and decision support [126].

Traditional data analysis methodologies, prominently the least squares regression, have

been foundational in the domain of quantitative data [127]. Rooted in the early 19th

century and attributed to Legendre [128] and Gauss [129], the least squares method has

been an invaluable tool in deducing relationships within data, finding applications from

astronomy to economics. But can this time-tested method be adapted to the nuanced

realm of textual data?

Textual data, unlike quantitative data, primarily relies on the notion of ’similarity’

rather than ’magnitude’ [88]. Two words or phrases may not exhibit a quantifiable dif-

ference, but they can show varying degrees of similarity based on their semantics, usage,

or context [130]. Because of this property of textual data, there’s a need for an analysis

method that recognizes its qualitative aspect. This has led to the idea of modifying the

least squares method to work within a similarity framework.

In this thesis, the application of least squares regression in the context of textual

data similarity is investigated. A method is introduced to adapt traditional regression

techniques to work in a similarity space, with a primary focus on word similarities in

database records. The approach involves defining an appropriate similarity, reshaping the

problem space, and ensuring results are both robust and interpretable [131].

With this research, the intention is to enhance data analysis techniques, bridging the

gap between the quantitative precision of traditional methods and the qualitative depth

59
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of textual data [126].

The primary areas of focus in this thesis are regression analysis and similarity spaces,

aiming to adapt the regression analysis framework to function within similarity spaces.

3.1 Problem Formulation

Linear regression is a fundamental statistical and machine learning technique used to

model the relationship between a dependent variable and one or more independent vari-

ables by fitting a linear equation to observed data. The formulation of a linear regression

problem involves several key components, which can be described as follows:

Definition 20 (Linear Regression [OR-3], [132]–[134]). Given a dataset {yi, xi,1, ..., xi,m}ni=1

consisting of n observations, each observation includes a dependent (target) variable yi and

m independent (predictor) variables xi = [1, xi,1, xi,2, . . . , xi,m]T . The goal of linear regres-

sion is to find a linear relationship between the dependent variable and the independent

variables.

The linear relationship is represented by the equation:

yi = θ0 + θ1xi,1 + . . .+ θmxi,m = xT
i θ + ϵi (3.1)

where the coefficients are denoted by θ = [θ0, θ1, . . . , θm]T including θ0 as the intercept

term, and ϵi is the error term for the i-th observation, indicating the differences between

observed and predicted values of the dependent variable.

The objective of linear regression is to find the values of the coefficients θ that minimize

the differences between the predicted and observed values of the dependent variable. This

is often achieved by minimizing the cost function, which is typically the Mean Squared

Error (MSE) for all observations [128], [129], [132], [133]:

θ̂ = arg min
θ
JMSE(θ) = arg min

θ

1

n

n∑
i=1

(yi − ŷi)2 (3.2)

where ŷi is the predicted value of the dependent variable for the i-th observation,

calculated as:

ŷi = xT
i θ. (3.3)

The function J(θ) represents the cost associated with a particular set of parameters

θ, and the goal is to find the set of θ that minimizes J(θ). Although MSE is a common

choice for the cost function in linear regression, other cost functions can also be used

depending on the specific requirements and characteristics of the data.
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In this thesis, instead of adhering to the traditional view, a dualistic perspective within

a similarity space is introduced and explained through the following definition.

Definition 21 (Objective Function in Similarity Space [OR-3], [OR-4]). Let V be a vector

space over a field F. Consider a similarity space (V, s) with a function s : V × V → R≥0.

Formally, the objective function of linear regression in this context aims at maximizing

the similarity over the similarity space (V, s), which can be formally expressed as

θ̂ = arg max
θ

J(θ) = arg max
θ

s(yi, ŷi) (3.4)

for any yi, ŷi ∈ V , where yi is the dependent (target) variable and ŷi is the predicted value

of the dependent variable for the i-th observation.

3.2 State-of-the-Art

In the field of computer science, linear regression remains a fundamental technique for

modeling the relationship between variables. Over the years, various objective functions

and modifications have been proposed to enhance the performance and versatility of linear

regression models. In this section, an overview of the state-of-the-art objective functions

and their popular modifications is provided.

The most widely used objective function for linear regression is Ordinary Least Squares

(OLS). OLS aims to minimize the sum of squared differences between predicted and actual

target values [128], [129].

3.2.1 Regularized Regression

In the pursuit of addressing overfitting and enhancing model generalization, regularized

linear regression methods have gained substantial popularity. These methods augment

the traditional OLS objective function by incorporating penalty terms that encourage

specific properties in the model. Here, three widely used regularized linear regression

techniques are discussed:

Ridge Regression (L2 Regularization)

Ridge regression, introduced by Tikhonov [135], extends the OLS framework by adding

an L2 regularization term to the objective function. This regularization term penalizes

the magnitude of the coefficients, thereby encouraging smaller coefficients. The Ridge

Regression objective function is defined as:
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θ̂ = arg min
θ
JR(θ) = arg min

θ

n∑
i=1

(ŷi − yi)2 + λ
n∑

j=1

θ2j (3.5)

Here, θ denotes the model parameters (coefficients), ŷi is the predicted value, yi is the

actual target value, n is the number of features, and λ is the regularization parameter.

Ridge regression encourages smaller coefficient values, effectively reducing overfitting

and improving model generalization.

Lasso Regression (L1 Regularization)

Lasso regression, introduced by Tibshirani [136], promotes sparsity within the model

by incorporating an L1 penalty term in the objective function. The Lasso Regression

objective function is defined as:

θ̂ = arg min
θ
JL(θ) = arg min

θ

n∑
i=1

(ŷi − yi)2 + λ
n∑

j=1

|θj| (3.6)

Similar to Ridge regression, the model parameters θ are adjusted during training,

but Lasso encourages some coefficients to be exactly zero, effectively performing feature

selection.

Elastic Net Regression (L1 + L2 Regularization)

Elastic Net Regression, proposed by Zou and Hastie [137], strikes a balance between Ridge

and Lasso regression by combining both L1 and L2 regularization terms. The Elastic Net

objective function is defined as:

θ̂ = arg min
θ
JEN(θ) (3.7)

= arg min
θ

n∑
i=1

(ŷi − yi)2 + λ1

n∑
j=1

|θj|+ λ2

n∑
j=1

θ2j (3.8)

Here, λ1 and λ2 are regularization parameters that control the strength of L1 and L2

regularization, respectively.

Elastic Net provides a versatile regularization approach, allowing users to balance

feature selection and regularization according to their specific needs.
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3.2.2 Robust Regression

In scenarios where the data may be contaminated with outliers, robust regression tech-

niques have been developed to provide more resilient modeling. These methods aim to

minimize the impact of outliers on the model while still capturing the underlying trends

in the majority of the data. One notable approach is Huber loss, introduced by Huber

[138].

Huber Loss

Huber loss combines the benefits of both mean squared error (MSE) and mean absolute

error (MAE) and is designed to handle data with outliers more effectively. The Huber

Loss objective function is defined as follows:

θ̂ = arg min
θ
JH(θ) = arg min

θ

n∑
i=1

Lδ(ŷi − yi) (3.9)

In this equation, n represents the number of data points, θ denotes the model parame-

ters (coefficients), ŷi is the predicted value, and yi is the actual target value. The function

Lδ is a piecewise loss function that combines the properties of MSE for small errors and

MAE for large errors:

Lδ(z) =

1
2
z2, if |z| ≤ δ

δ(|z| − 1
2
δ), if |z| > δ

Here, δ is a tuning parameter that controls the threshold for switching between the

quadratic and linear regions. For small errors (|z| ≤ δ), the loss is quadratic, similar to

MSE. For large errors (|z| > δ), the loss is linear, similar to MAE.

Huber loss offers a robust alternative to traditional OLS by providing a balanced

approach to handle outliers while still maintaining the benefits of squared loss for small

errors. It is widely used in regression tasks where data quality and robustness to outliers

are critical considerations.

3.3 Simple Linear Regression in Similarity Space

A vector space equipped with an inner product |⟨·, ·⟩| is termed a Hilbert space if it is

complete with respect to the norm induced by that inner product, i.e., ∥x∥ =
√
⟨x, x⟩.

Under certain conditions, if similarity is measured based on the Lebesgue measure, the
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equation

s(x, y) = µ(x ∩ y) = |⟨x, y⟩| (3.10)

holds, where µ denotes the Lebesgue measure. This measure satisfies certain axioms as

given in Definition 5 and proved in Theorem 14.

Given a dataset with observed values y and input values xi, the goal is to find param-

eters that maximize the projection of y onto its predicted values ŷ = θ0 + θ1x. This can

be quantified using the dot product of these vectors:

θ̂ = [θ̂0, θ̂1]
T = arg max

θ0,θ1

{
n∑

i=1

yiŷi − λ
n∑

i=1

ŷi
2

}
(3.11)

= arg max
θ0,θ1

{
n∑

i=1

yi(θ0 + θ1xi)− λ
n∑

i=1

(θ0 + θ1xi)
2

}
(3.12)

where λ is a regularization coefficient that controls the balance between maximizing

the projection and minimizing the magnitude of the parameters.

3.3.1 Deriving the Gradients

To find the values of θ0 and θ1 that maximize the objective function, the gradient is

computed and set to zero.

For θ0:

∂J

∂θ0
=

n∑
i=1

yi − 2λ
n∑

i=1

(θ0 + θ1xi) (3.13)

= ny − 2λ(nθ0 + θ1x) (3.14)

where y is the mean of the observed values, and θ0 and θ1x are the means of the predicted

values.

For θ1:

∂J

∂θ1
=

n∑
i=1

yixi − 2λ
n∑

i=1

xi(θ0 + θ1xi) (3.15)

=
n∑

i=1

yixi − 2λ(
n∑

i=1

xiθ0 +
n∑

i=1

θ1x
2
i ) (3.16)

Setting these gradients to zero yields the conditions for the optimal parameters θ0 and

θ1. The gradient ascent updates for the parameters at each iteration are given by:
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θ0 ← θ0 + α
∂J

∂θ0
(3.17)

θ1 ← θ1 + α
∂J

∂θ1
(3.18)

where α is the learning rate, which controls the size of the steps taken in the direction

of the gradient. The optimization continues until a maximum number of iterations is

reached or the change in the objective function value between successive iterations is less

than a specified tolerance ϵ. The detailed steps are presented in Algorithm 1 [OR-3],

[OR-4].

Robustness to Outliers

Consider two datasets: one without outliers D and one with an outlier D′. Let the

objective values for these datasets be represented as J(D) and J(D′).

Without the regularization term, the difference in objectives due to an outlier is:

∆Jno-reg = J(D′)− J(D) (3.19)

=
∑
i∈D′

yi(θ0 + θ1xi)−
∑
i∈D

yi(θ0 + θ1xi) (3.20)

Given the influence of an outlier, this difference could be significantly large.

However, with the regularization term:

∆Jreg = J(D′)− J(D) (3.21)

=

[∑
i∈D′

yi(θ0 + θ1xi)− λ
∑
i∈D′

(θ0 + θ1xi)
2

]
(3.22)

−

[∑
i∈D

yi(θ0 + θ1xi)− λ
∑
i∈D

(θ0 + θ1xi)
2

]
(3.23)

The regularization term, −λ
∑

i(θ0 + θ1xi)
2, penalizes large values of the parameters,

thereby limiting the magnitude of predictions.

To examine the impact of an outlier on this regularized objective, consider a single

outlier point (xout, yout) such that yout is much larger than other values.

The contribution of this outlier to the objective is:

∆Joutlier = yout(θ0 + θ1xout)− λ(θ0 + θ1xout)
2 (3.24)

While the data term yout(θ0 + θ1xout) tries to fit the outlier closely, the regularization
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term −λ(θ0 + θ1xout)
2 prevents the model parameters from adapting too much to the

outlier. Thus, a suitable choice of λ can limit the outlier’s influence, ensuring robustness.

Convergence to Linear Regression Model

To demonstrate that the regularized objective function converges towards a linear regres-

sion solution, the properties of the objective function and the gradient ascent update rules

need to be examined. Given that the function is maximized, it needs to be concave. This

function is a dot product minus a sum of squared parameters (a regularization term).

Under certain conditions, this function can be concave, especially if the dot product term

dominates the behavior. The negative sum of squares (regularization term) is concave.

For concave functions, gradient ascent with a suitable learning rate guarantees conver-

gence to a global maximum. And the potential concavity of the objective function, these

updates will iteratively increase the value of J until it converges to its global maximum,

fitting the model to the given data.

The regularization term penalizes extreme values of θ̂. This ensures that the algorithm

doesn’t diverge, promoting stability and convergence. Moreover, the regularization can

be viewed as a form of penalty that keeps the parameter values bounded, ensuring that

the gradient ascent does not lead to unbounded growth of the parameters.



Chapter 4

Fixed-Point Theory in Similarity

Space

4.1 Problem Formulation

Similarity and dissimilarity functions are essential tools in numerous research fields, such

as information retrieval, data mining, machine learning, cluster analysis, and various ap-

plications in database search and protein sequence comparison. The use of dissimilarity

functions typically necessitates a metric space, which is a well-defined mathematical struc-

ture. However, the concept of similarity functions lacks a formally accepted definition,

leading to ambiguity and inconsistency in their utilization.

To address this gap, the aim is to establish a viable theory of similarity space by

constructing it as a duality to metric space. This approach allows for a more rigor-

ous mathematical understanding of similarity functions and their properties, providing a

foundation for further research and applications.

Fixed point theory is a central topic in modern mathematics and non-linear analysis,

providing a powerful and versatile tool for addressing various problems across diverse

fields. Researchers often formulate problems in terms of finding fixed points of specific

mappings when studying the solvability of functional equations. Fixed point theory has

broad applications in biology, chemistry, economics, game theory, optimization theory,

and physics [139], with numerous esteemed mathematicians, such as Cauchy, Fredholm,

Liouville, Lipschitz, Peano, Picard, and Nash, contributing to its development.

Given the importance of fixed point theory, investigating its potential within similarity

spaces is an essential step towards better understanding the properties and applications

of similarity functions. Such research can lead to the development of new theoretical

frameworks, which can, in turn, contribute to improvements in various mathematical

techniques and models. By examining fixed points in similarity spaces, insights into the

67
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connections between similarity and metric spaces can be gained, as well as the potential

applicability of fixed point theorems in this novel contex

A typical fixed point problem can be formulated as follows: Let X be a given set,

and let be a pair of non-empty sets M,S ∈ X such that M ∩ S ̸= ∅. Given a mapping

T : M → S, the interest lies in finding a point x ∈M such that Tx = x, which is referred

to as a fixed point of T [139]–[142]. This raises three primary questions of interest:

• Existence: When does problem have at least one solution?

• Uniqueness: If problem has a solution, when is such solution unique?

• Approximation: In the case of uniqueness, the question arises of how to develop a

numerical algorithm that converges to the solution?

In this thesis, the questions of existence and uniqueness for a contraction principle

in similarity space are addressed. By investigating this mapping within the context of

fixed point theory, the aim is to deepen an understanding of similarity spaces and explore

potential applications for this mathematical concept in various research areas.

Throughout this thesis, the set of all real numbers is denoted by R, the set of positive

real numbers by R>0 = {x ∈ R | x > 0}, the set of non-negative real numbers by

R≥0 = {x ∈ R | x ≥ 0}, and the set of all natural numbers by N.

In the following text, new results and terms are introduced. The similarity space has

not been studied from this perspective yet, and such results are quite new.

Similarity and dissimilarity functions are essential tools in numerous research fields,

including information retrieval, data mining, machine learning, cluster analysis, and var-

ious applications in database searches and protein sequence comparisons. The use of

dissimilarity functions typically necessitates a metric space, which is a well-defined math-

ematical structure. However, the concept of similarity functions lacks a formally accepted

definition, resulting in ambiguity and inconsistency in their utilization. To address this

gap, the aim is to establish a viable theory of similarity space by constructing it as a

duality to metric space [OR-1].

4.2 State-of-the-Art

Historically, the distinction between the three key areas of Fixed Point Theory was es-

tablished through the discovery of three major theorems:
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• Topological Fixed Point Theory:

– Brouwer’s Fixed Point Theorem (1912) states that every continuous function

mapping a compact convex subset of a Euclidean space to itself has at least

one fixed point [143].

• Metric Fixed Point Theory:

– Banach’s Fixed Point Theorem (1922), or the Contraction Mapping Theorem,

asserts that a contraction mapping on a complete metric space must have a

unique fixed point [144].

• Discrete Fixed Point Theory:

– Tarski’s Fixed Point Theorem (1955) extends the concept of Brouwer’s theo-

rem to complete lattices, demonstrating the existence of fixed points in these

structures [145].

Further, the study in Fixed Point Theory also involves analysis of:

• Single-valued Mapping: Functions where each element in the domain maps to a

single element in the target space.

• Set-valued Mapping (Multivalued Mapping): Functions that may assign a

set of points in the target space to each domain element.

In this state-of-the-art research, the focus is on the single-valued mapping of fixed

points in metric spaces, due to its close structure to similarity spaces and the fact that

the theory of fixed points in this structure is being introduced for the first time. The most

significant theorems are chronologically arranged to enhance understanding of the current

state and development in fixed point theory. For a broader context, there are books that

provide an extensive overview, such as those by Pathak (2018) [141], Subrahmanyam

(2014)[140], Agarwal (2018) [139], Almazel (2014) [108], and Kirk (2014) [142].

4.2.1 Banach’s Fixed Point

Banach fixed-point (1922) theorem [144], a fundamental cornerstone of metric space the-

ory, serves as a powerful tool for a myriad of analytical problems. The theorem has been

extensively studied, emphasizing its diverse applications in analysis. The Banach fixed-

point theorem not only asserts the existence and uniqueness of fixed points for certain

self-mappings in metric spaces, but also provides a constructive method for their discovery,

thus endowing it with significant practical utility.
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Theorem 27 (Banach [144]). Let (X , d) be a complete metric space. Suppose T : X → X
is a contraction mapping, i.e., there exists a constant α ∈ (0, 1) such that d(Tx, Ty) ≤
αd(x, y) for all x, y ∈ X . Then

(i) T has a unique fixed point x∗ ∈ X .

(ii) For every x ∈ X , the Picard sequence {T nx}n∈N converges to x∗:

lim
n→∞

T nx = x∗. (4.1)

(iii) For every x ∈ X , the following speed of convergence is observed:

d(T nx, x∗) ≤ αn

1− α
d(x, Tx) (4.2)

for n ∈ N.

Proof. (i) The existence of the fixed point is first demonstrated. Any x0 ∈ X is chosen,

and a sequence {T nx}n∈N in X is defined for n ≥ 0. It is claimed that {T nx}n∈N
forms a Cauchy sequence in X . Indeed, for m > n,

d(T nx, T n+mx) ≤ d(T nx, T n+1x) + · · ·+ d(T n+m−1x, T n+,x)

≤ (αn + · · ·+ αn+m−1)d(x, Tx)

≤ (αn + αn+1 + αn+2 + · · · )d(x, Tx)

≤ αn

1− α
d(x, Tx).

(4.3)

Since α ∈ (0, 1), αn → 0 as n → ∞. Hence {xn} is a Cauchy sequence. As X is

complete, {T nx}n∈N converges to an element x∗ ∈ X .

Now, it is shown that x∗ is a fixed point of T . Since T is continuous (as a contraction

mapping),

Tx∗ = T ( lim
n→∞

T nx) = lim
n→∞

T (T nx) = lim
n→∞

T n+1x = x∗.

(ii) For uniqueness, suppose y∗ is another fixed point of T , y∗ ̸= x∗ ∈ X and y∗ = Ty∗,

then d(x∗, y∗) > 0 and

d(x∗, y∗) = d(Tx∗, T y∗) ≤ αd(x∗, y∗) < d(x∗, y∗), (4.4)

a contradiction. Hence d(x∗, y∗) = 0, that is x∗ = y∗.
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(iii) By the triangle inequality, it is established that

d(T nx, u) ≤ d(T nx, T px) + d(T px, u) ≤ αn

1− α
d(Tx, x) + d(T px, x∗) (4.5)

for n < p by the inequality. Letting p→∞, the result is obtained

d(T nx, x∗) ≤ αn

1− α
d(Tx, x), (4.6)

which provides a control on the convergence rate of {T nx}n∈N to the fixed point x∗.

4.2.2 Rakotch’s Extension

Rakotch (1962) provided a further generalization for a broader class of contractions. The

Rakotch Fixed Point Theorem is formulated as:

Theorem 28 (Rakotch [146]). Let (X , d) be a complete metric space and T : X → X
a mapping. Suppose there exists a decreasing function φ : R≥0 → [0, 1) such that for all

x, y ∈ X ,
d(Tx, Ty) ≤ φ(d(x, y))d(x, y). (4.7)

Then T has a fixed point.

4.2.3 Kannan’s Fixed Point

Kannan (1969) introduced a different type of contraction condition. The Kannan Fixed

Point Theorem is stated as:

Theorem 29 (Kannan [147]). Let (X , d) be a complete metric space and T : X → X a

continuous mapping. Suppose there exists a constant α ∈ [0, 1
2
) such that for all x, y ∈ X ,

the following contraction condition holds:

d(Tx, Ty) ≤ α[d(x, Tx) + d(y, Ty)]. (4.8)

Then, the mapping T has a fixed point.

4.2.4 Meir-Keeler Contractions

Shortly after Ciric’s work, Meir and Keeler (1969) proposed a new type of contraction

condition. Their generalization relaxed the strict requirements of earlier contraction def-

initions.
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Theorem 30 (Meier-Keeler [148]). Let (X , d) be a complete metric space and T : X → X
a mapping. Meir and Keeler introduced the condition that for every ε > 0, there exists

δ > 0 such that for all x, y ∈ X ,

d(x, y) < ε+ δ =⇒ d(Tx, Ty) < ε. (4.9)

Under this condition, T has a fixed point.

4.2.5 Boyd-Wong Generalization

One of the main generalizations of the Banach principle is the theorem proposed by D.W.

Boyd and J.S. Wong (1969) in [149].

The range of d is denoted by P , and the closure of P is denoted by P , so P = {d(x, y) |
x, y ∈ X}. This is also applicable within the context of a similarity space.

Theorem 31 (Boyd–Wong [149]). Let (X , d) be a complete metric space with P defined

as d(x, y) : x, y ∈ X . Let T : X → X be a self-mapping satisfying:

d(Tx, Ty) ≤ ψ(d(x, y)) (4.10)

for each x, y ∈ X where ψ : P → R≥0 is upper semicontinuous from the right on P and

satisfies ψ(t) < t for all t ∈ P \ {0}, where P denotes the closure P . Then, T has a

unique fixed point x∗ and d(T nx, x∗)→ 0 for each x ∈ X .

The Boyd–Wong theorem’s applicability has been extensively studied across vari-

ous abstract mathematical spaces. Notably, its principles have been examined in the

context of partially ordered metric spaces [150], cone metric spaces [151], and general-

ized metric spaces [152]. Further investigations have been carried out in partial metric

spaces [105], [153], [154], quasi-metric spaces [155], b-metric spaces [156], and bipolar

metric spaces [157]. Other applications and generalizations can be found in [158], [159].

4.2.6 Chatterjea’s Fixed Point

Chatterjea (1972) proposed a theorem similar to Kannan’s but involving the distance

between points and their images under different mappings. The Chatterjea Fixed Point

Theorem is given by:

Theorem 32 (Chatterjea [160]). Let (X , d) be a complete metric space and T : X → X
be a mapping such that there exists a number α ∈ [0, 1

2
) such that ,

d(Tx, Ty) ≤ α[d(x, Ty) + d(y, Tx)], (4.11)
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for all x, y ∈ (X . Then, T has a unique fixed point in X .

4.2.7 Ciric’s Generalization

Ljubomir Ciric in 1974 proposed a generalization that unified several existing fixed point

theorems, including the Banach and Kannan fixed point theorems.

Theorem 33 (Ciric [161]). Let (X , d) be a complete metric space, and let T : X → X be

a quasicontraction, that is, for a fixed constant α < 1,

d(Tx, Ty) ≤ αmax{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}, ∀x, y ∈ X . (4.12)

Then, T has a unique fixed point.

4.2.8 Matkowski Generalization

Matkowski (1975) replaced the condition of upper semi-continuity on ψ by Boyd–Wong

condition and state and proved the following theorem.

Theorem 34 (Matkowski [162]). Let (X , d) be a complete metric space and suppose that

T : X → X satisfies

d(Tx, Ty) ≤ ψ(d(x, y)) (4.13)

for all x, y ∈ X , where ψ : R>0 → R>0 is monotone non-decreasing and satisfies limn→∞ ψn(t) =

0 for all t > 0. Then T has a unique fixed point in X .

4.2.9 Caristi-Ekeland Fixed Point

Caristi’s Fixed Point Theorem, introduced in 1976, provides a novel approach to fixed

point theory based on the Ekeland Variational Principle, linking it to the concept of lower

semicontinuous functions.

Theorem 35 (Caristi-Ekeland [163], [164]). Let (X , d) be a complete metric space and

φ : X → R a lower semicontinuous function bounded below. If there exists a mapping

T : X → X such that for all x ∈ X ,

d(x, Tx) ≤ φ(x)− φ(Tx), (4.14)

then T has a fixed point.
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4.2.10 Rhoades’ Generalization

In 1977, Rhoades made a significant contribution by further relaxing the conditions of

the Banach contraction principle. His generalization is particularly important for its

applications in the analysis of non-expansive mappings.

Theorem 36 (Rhoades [165]). Let (X , d) be a complete metric space, and suppose that

T : X → X satisfies the following inequality:

d(Tx, Ty) ≤ d(x, y)− ψ(d(x, y)), (4.15)

for all x, y ∈ X , where ψ : R≥0 → R≥0 is a continuous and nondecreasing function such

that ψ(t) = 0 if and only if t = 0. Then, f has a unique fixed point.

4.2.11 Suzuki Fixed Point

This theorem, introduced by Tomonari Suzuki in 2008, is particularly interesting because

it establishes conditions under which a mapping in a complete metric space guarantees

the existence of a unique fixed point, utilizing a novel approach involving a specifically

defined non-increasing function.

Theorem 37 (Suzuki [166]). Let (X , d) be a complete metric space, and suppose that

T : X → X . Define a non-increasing function ψ : [0, 1)→
(
1
2
, 1
]
by

ψ(α) =


1, if 0 ≤ α ≤ 1

2

(√
5− 1

)
,

1−α
α2 , if 1

2

(√
5− 1

)
< α < 1√

2
,

1
1+α

, if 1√
2
≤ α < 1.

(4.16)

Assume that there exists α ∈ [0, 1) such that

ψ(h)d(x, Tx) ≤ d(x, y)⇒ d(Tx, Ty) ≤ αd(x, y), for all x, y ∈ X . (4.17)

Then, T has a unique fixed point.

4.2.12 Wardowski Fixed Point

In 2012, Dariusz Wardowski introduced new types of fixed point theorems in metric spaces,

which are based on functions that satisfy certain conditions, known as F-contractions.

Theorem 38 (Wardowski [167]). Let (X , d) be a complete metric space and T : X → X

a mapping. Wardowski introduced the concept of F-contractions, where a function F :
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R≥0 → R≥0 satisfies certain specific conditions. If for all x, y ∈ X,

F (d(Tx, Ty)) ≤ F (d(x, y))− ψ(d(x, y)), (4.18)

where ψ is a lower semicontinuous function from R>0 to R>0, then T has a fixed point.

4.3 Similarity Contraction Principle

The objective of this section is to establish some generalized properties of the similarity

space version of the Banach fixed point theorem.

The construction of the similarity space using f results in a continuous, monotonically

decreasing, and mapping of d(x, y). However, it is important to note that this mapping

does not preserve the metric structure of the original space. Instead, it forms a similarity

space. In this new similarity space, the introduction of the new definition for mappings

that exhibit similar properties is required.

The presentation of the similarity contraction principle involves the introduction of the

analogous concept of Lipschitz mappings in this newly formed space. Additionally, the

extension of the Banach contraction principle to the similarity space setting is proposed.

These concepts will play a crucial role in establishing the desired generalized properties.

Definition 22 (s-Lipschitz Mapping). Given two similarity spaces (X, sX) and (Y, sY )

where sX denotes similarity on the non-empty set X and sY is the similarity on non-empty

set Y , a function T : X → Y is called s-Lipschitz continuous if there exists an s-Lipschitz

constant k > 0 such that for all x, y ∈ X:

sY (Tx, Ty) ≥ k · sX(x, y). (4.19)

An s-Lipschitz mapping with an s-Lipschitz constant k < 1 is called similarity contraction.

Lemma 6. Given two similarity spaces (X, sX) and (Y, sY ), a function T : X → Y is

uniformly s-continuous if it is a s-Lipschitz mapping.

Proof. Assume that T : X → Y is a s-Lipschitz mapping with s-Lipschitz constant

k > 0. Let ϵ > 0 and choose δ = ϵ
k
. Then for all x, y ∈ X such that sX(x, y) >

min{sX(x, x), sX(y, y)} − δ, it is observed that

sY (Tx, Ty) ≥ k · sX(x, y)

> k · (min{sX(x, x), sX(y, y)} − δ)

≥ min{sY (Tx, Tx), sY (Ty, Ty)} − ϵ.

(4.20)
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Hence, T is uniformly s-continuous on X .

The classes of s-Lipschitz continuous, uniformly s-continuous, and s-continuous func-

tions are denoted by L, U , and C respectively. These classes are related as L ⊊ U ⊊
C. This represents the fact that every s-Lipschitz continuous function is uniformly s-

continuous, and every uniformly s-continuous function is s-continuous, but the converse

is not necessarily true.

Definition 23 (Similarity Space Contraction). A mapping T : X → X is said to be

contraction in a similarity space (X, s) if there exists a constant α ∈ (0, 1) such that

similarity contraction condition

s(Tx, Ty) ≥ α · s(x, y) (4.21)

for all x, y ∈ X are satisfied.

The utilization of a duality in defining contraction in similarity spaces, encapsulated

by the self-similarity and mutual similarity contraction conditions, marks a nuanced di-

vergence from traditional metric space contractions. In the domain of similarity spaces,

defining contraction requires a careful delineation to preserve the inherent structure and

properties, particularly in relation to traditional metric spaces. The proposed defini-

tion establishes a bifurcated condition for contraction—self-similarity and mutual sim-

ilarity—ensuring that both intrinsic and comparative similarity are bounded and well-

regulated. The need for this dual condition emerges distinctly from the nuanced nature

of similarity spaces, wherein simply satisfying intrinsic (self) similarity contraction doesn’t

invariably imply an overarching, consistent contraction within the entire similarity space.

Furthermore, the subsequent theorem and its proof seek to establish a robust mathe-

matical bridge between similarity space contractions and the traditional Lipschitz condi-

tion in metric spaces, affording a streamlined transition and applicability of established

metric space theories in the rich, flexible domain of similarity spaces.

Theorem 39 (Dualistic Similarity Contractive Mapping). Let (X , s) be a similarity space,

and let T : X → X be mapping. The mapping T is said to be contractive if there is a real

number α ∈ (0, 1) such that

s(Tx, Tx) + s(Ty, Ty)− 2s(Tx, Ty) ≤ α
[
s(x, x) + s(y, y)− 2s(x, y)

]
. (4.22)

Proof. The similarity contraction conditions defined previously are applied

s(Tx, Tx) ≤ α · s(x, x) ∧ s(Tx, Ty) ≥ α · s(x, y) (4.23)
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s(Ty, Ty) ≤ α · s(y, y) ∧ s(Tx, Ty) ≥ α · s(x, y) (4.24)

and by summing all inequalities and their combinations, the result should be obtained

s(Tx, Tx) + s(Ty, Ty)− 2s(Tx, Ty) ≤ α(s(x, x) + s(y, y)− 2s(x, y))

ds(Tx, Ty) ≤ αds(x, y).
(4.25)

A form of induced elementary metric is observed as given by Theorem 6, and finally, a

Lipschitz mapping is obtained in the metric space (X , d) such that d(Tx, Ty) ≤ kd(x, y)

denoting ds(Tx, Ty) = d(Tx, Ty), ds(x, y) = d(x, y) and k = α ∈ (0, 1).

Corollary 5. Let (X , s) be a similarity space, and let T : X → X be a mapping that

satisfies the inequality

s(Tx, Tx)− s(Tx, Ty) ≤ α(s(x, x)− s(x, y)), (4.26)

for all x, y ∈ X and for some real number α ∈ (0, 1). Then, T is a contractive mapping

with constant α ∈ (0, 1).

Proof. Given a mapping T : X → X that satisfies the inequalities

s(Tx, Tx) ≤ αs(x, x) ∧ s(Tx, Ty) ≥ αs(x, y) (4.27)

these inequalities are subtracted, and by factoring out α, the result is obtained

s(Tx, Tx)− s(Tx, Ty) ≤ α(s(x, x)− s(x, y)). (4.28)

which is the condition given in the statement. Hence, if T satisfies this inequality for all

x, y ∈ X .

Lemma 7 (Generalized Triangle Inequality). Consider a set of elements x1, x2, ..., xn ∈ X
in a similarity space (X , s). Then generalized triangle inequality is following:

s(x1, xn) +
n−1∑
i=2

s(xi, xi) ≥
n−1∑
i=1

s(xi, xi+1). (4.29)

Proof. Base case (n = 3):

The inequality needs to be shown to hold for n = 3.

s(x1, x3) + s(x2, x2) ≥ s(x1, x2) + s(x2, x3) (4.30)

This is the standard triangle inequality (S2) from Definition 5 in a similarity space, which

holds true for any similarity space (X , s). Thus, the base case is established.
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Inductive step: Assume that the inequality holds for n = k:

s(x1, xk) +
k−1∑
i=2

s(xi, xi) ≥
k−1∑
i=1

s(xi, xi+1). (4.31)

It needs to be shown that the inequality also holds for n = k + 1:

s(x1, xk+1) +
k∑

i=2

s(xi, xi) ≥
k∑

i=1

s(xi, xi+1). (4.32)

To prove this, the triangle inequality in the similarity space can be utilized:

s(x1, xk+1) + s(xk, xk) ≥ s(x1, xk) + s(xk, xk+1). (4.33)

If the inductive assumption (4.31) is added to inequality (4.33), the following is obtained:

s(x1, xk+1) +
k∑

i=2

s(xi, xi) ≥
k∑

i=1

s(xi, xi+1). (4.34)

Thus, it has been shown that if the inequality holds for n = k, it also holds for n = k+ 1.

According to the principle of mathematical induction, the generalized triangle inequality

holds for any sequence of elements in a similarity space (X , s).

Theorem 40 (Normalized Similarity Contraction Principle ). Let (X , sn) be a complete

normalized similarity space. Let T : X → X be a contraction mapping, with constant

α ∈ (0, 1). Then

(i) T has a unique fixed point x∗ ∈ X .

(ii) For every x ∈ X , the Picard sequence {T nx}n∈N converges to x∗:

lim
n→∞

T nx = x∗. (4.35)

(iii) The following speed of convergence is observed for every x ∈ X :

s(T nx, x∗) ≥ 1− αn

1− α

(
1− s(x, Tx)

)
(4.36)

for n ∈ N.

Proof. Claim (i)

Suppose, for the sake of contradiction, that there exist distinct points x∗, y∗ ∈ X such that

Tx∗ = x∗ and Ty∗ = y∗. Applying the self-similarity contraction condition, it is obtained
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that s(Tx∗, Tx∗) = s(x∗, x∗) ≥ αs(x∗, x∗). Similarly, the mutual similarity contraction

condition gives s(Tx∗, T y∗) = s(x∗, y∗) ≥ αs(x∗, y∗). Summing these inequalities yields:

s(x∗, y∗) + s(x∗, x∗) ≥ αs(x∗, y∗) + αs(x∗, x∗). (4.37)

Including the non-negativity condition, it is obtained that

s(x∗, y∗) ≥ α− 1

1− α
s(x∗, x∗) ≱ 0. (4.38)

This is a contradiction for α ∈ (0, 1). Therefore, the conclusion is reached that if Tx = x∗

and Ty∗ = y∗, then it must be s(x∗, x∗) = s(y∗, y∗), leading to x∗ = y∗. Thus, the fixed

point of T is unique.

Claim (ii) and (iii)

Let x ∈ X be an arbitrary point. Utilizing the fact that T is a similarity contraction

mapping with constant α, and employing the self-similarity contraction condition and the

mutual similarity contraction condition, the following inequalities can be derived:

ds(Tx, Ty) ≤ αds(x, y) (4.39)

1− s(Tx, Ty) ≤ α− αs(x, y) (4.40)

−s(Tx, Ty) ≤ −1 + α− αs(x, y) (4.41)

s(Tx, Ty) ≥ 1− α + αs(x, y) (4.42)

It is aimed to be proved by induction that for n ≥ 1,

s(T nx, T ny) ≥ 1− αn + αns(x, y). (4.43)

For n = 2, applying T to both sides of the inequality yields:

s(T 2x, T 2y) ≥ 1− α + αs(Tx, Ty). (4.44)

Substituting the inequality s(Tx, Ty) ≥ 1− α + αs(x, y) into the right-hand side:

s(T 2x, T 2y) ≥ 1− α + α(1− α + αs(x, y)). (4.45)

Expanding and simplifying:

s(T 2x, T 2y) ≥ 1− α2 + α2s(x, y). (4.46)

Assume the statement is true for some k ≥ 2, i.e.,
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s(T kx, T ky) ≥ 1− αk + αks(x, y). (4.47)

It must be shown that it holds for k + 1:

s(T k+1x, T k+1y) ≥ 1− α + αs(T kx, T ky),

≥ 1− α + α(1− αk + αks(x, y)),

≥ 1− αk+1 + αk+1s(x, y).

This completes the inductive step, showing the pattern holds for all n.

By induction, it has been established that for any n ≥ 1,

s(T nx, T ny) ≥ 1− αn + αns(x, y). (4.48)

This shows the similarity measure s between any two points transformed by T n is

bounded from below by a function of αn and the original similarity measure s(x, y),

highlighting how the contraction property of T influences the similarity measure over

iterations.

Using generalized triangle inequality according to Lemma 7, for (n,m) ∈ N×N \ {0},
the result is obtained

s(T nx, T n+mx) + s(T n+1x, T n+1x) + ...+ (T n+m−1x, T n+m−1x)

≥ s(T nx, T n+1x) + ...+ s(T n+m−1x, T n+mx).
(4.49)
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By shortening the notation in sums, it is obtained that

s(T nx, T n+mx) ≥
n+m−1∑
i=n

s(T ix, T i+1x)−
n+m−1∑
i=n+1

s(T ix, T ix)

=
n+m−1∑
i=n

s(T ix, T i+1x)− (m− 2)

≥ m− 1−
n+m−1∑
i=n

αi +
n+m−1∑
i=n

αis(x, Tx)− (m− 2)

= 1 +
n+m−1∑
i=n

αis(x, Tx)−
n+m−1∑
i=n

αi

= 1 +
n+m−1∑
i=n

αi

(
s(x, Tx)− 1

)
= 1 + αn1− αm

1− α

(
s(x, Tx)− 1

)
≥ 1 +

αn

1− α

(
s(x, Tx)− 1

)
= 1− αn

1− α

(
1− s(x, Tx)

)

(4.50)

Therefore, given that an arbitrary k > n, it is observed that

s(T nx, T kx) ≥ 1− αn

1− α

(
1− s(x, Tx)

)
. (4.51)

It follows that limn,k→∞ s(T nx, T kx) → 1 as n → ∞. Thus for all k ∈ N the induced

elementary metric in similarity space,

lim
n,k→∞

ds(T nx, T kx)

= lim
n→∞

s(T nx, T nx) + lim
k→∞

s(T kx, T kx)− lim
n,k→∞

2s(T nx, T kx)

= 0.

(4.52)

Therefore {T nx}n∈N is a Cauchy sequence in (X , ds). Since (X , s) is complete, so is (X , ds)
and the sequence {T nx}n∈N converges to some x∗ ∈ X with respect to the metric ds. Let

ϵ > 0 be arbitrarily fixed. It is established that limn→∞ αn = 0 and limk→∞ αk = 0.
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Therefore

s(x∗, x∗) = lim
n→∞

s(T nx, x∗) = lim
n,k→∞

s(T nx, T kx)

= lim
n,k→∞

min

{
s(T nx, T nx), s(T kx, T kx)

}
= min

{
lim
n→∞

s(T nx, T nx), lim
k→∞

s(T kx, T kx)

}
≥ min

{
lim
n→∞

(1− αn + αns(x∗, x∗)), lim
k→∞

(1− αk + αks(x∗, x∗))

}
= 1− αk(1− s(x∗, x∗)) = 1

> 1− ϵ

(4.53)

for all n, k > N , with n→∞, it is observed that s(Tx∗, x∗) = s(x∗, x∗), thereby implying

x∗ = Tx∗.

4.4 Boyd-Wong Theorems

The main contribution is the study of the dual relationship between the similarity space

and the metric space, where the similarity space forms a different axiomatic system.

The focus is placed on the dualistic view of the Boyd–Wong contraction, purely from

the perspective of similarity spaces. The derivations are demonstrated through several

examples.

Theorem 41 (Boyd-Wong Dualistic Contraction [OR-9]). Let (X , s) be a complete sim-

ilarity space and so its dual complete metric space (X , ds) and let T : X → X satisfy the

following condition:

s(Tx, Tx) + s(Ty, Ty)− 2s(Tx, Ty)

≤ ψ(s(x, x)) + ψ(s(y, y))− 2ψ(s(x, y)), ∀x, y ∈ X
(4.54)

where ψ : P → R≥0 is lower semicontinuous from the right on P and ψ(t) > t for all

t ∈ P \ {0}. Then, T has a unique fixed point and every sequence {T nx}n∈N converges to

this unique fixed point x∗.

Proof. Let x, y ∈ X , and let φ : P → R≥0 is upper semicontinuous from the right on P

and φ(t) < t for all t ∈ P \{0}. Given that a complete similarity space implies a complete

metric space, it may be assumed that

ds(x, y) ≤ φ(ds(x, y)). (4.55)
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Furthermore, it is expressed from the previous inequality that

s(Tx, Tx) + s(Ty, Ty)− 2s(Tx, Ty)

≤ φ(s(x, x) + s(y, y)− 2s(x, y))

≤ ψ(s(x, x)) + ψ(s(y, y))− 2ψ(s(x, y)).

(4.56)

So the claim is proven.

In similarity spaces, defining contraction involves a unique duality, represented by

self-similarity and mutual similarity conditions. This stands in contrast to traditional

metric space contractions. The proposed definition establishes a bifurcated condition

for contraction—self-similarity and mutual similarity—ensuring that both intrinsic and

comparative similarity are bounded and well-regulated.

Theorem 42 (Boyd-Wong Similarity Contraction [OR-9]). Let X be a complete similarity

space, and let T : X → X satisfy the contraction conditions of similarity

s(Tx, Ty) ≥ ψ(s(x, y)), ∀x, y ∈ X (4.57)

where ψ : P → R≥0 is lower semicontinuous from the right on P and ψ(t) > t for all

t ∈ P \ {0}. Then,

(i) T has a unique fixed point x∗ ∈ X,

(ii) for every x ∈ X , the Picard sequence {T nx}n∈N converges to x∗:

lim
n→∞

T nx = x∗. (4.58)

Proof. Let x ∈ X , define a shorter notation for self-similarity and mutual similarity

un = s(T nx, T nx) (self-similarity), (4.59)

wn = s(T nx, T n−1x) (mutual similarity). (4.60)

The sequences {un}n∈N and {wn}n∈N are monotonically increasing. Since both se-

quences are bounded, they are convergent. Let denote the limits of these sequences as

limn→∞ un = u and limn→∞wn = w. To ensure the theorem’s conditions are satisfied, it

needs to be shown that un, wn → u,w as n→∞. However, given that u,w > 0t is found

that

un+1 ≥ ψ(un),

wn+1 ≥ ψ(wn).
(4.61)
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So that

u = lim
n→∞

un = lim inf
n→∞

un ≥ lim inf
t→u+

ψ(t) ≥ ψ(u),

w = lim
n→∞

wn = lim inf
n→∞

wn ≥ lim inf
t→w+

ψ(t) ≥ ψ(w),
(4.62)

which is a contradiction because ψ(u) ̸> u and ψ(w) ̸> w as in the statement. Thus,

un, wn converges to similarities u,w as n→∞ for each x ∈ X .

It is now shown that {T nx}n∈N is a Cauchy sequence for each x ∈ X . This completes

the proof, as the limit of this sequence, a fixed point x∗ of T , is clearly unique. Should

{T nx}n∈N not be a Cauchy sequence, then for some ϵ, δ > 0 and for each k ∈ N, sequences

of natural numbers {m(k)}n∈N and {n(k)}n∈N can be found with m(k) > n(k) ≥ k such

that for all k ∈ N, applying the closed s-ball and its complement from Definition 7 in this

manner:

sk = s(Tm(k)x, T n(k)x) ≤ δ

= max{s(Tm(k)x, Tm(k)x), s(T n(k)x, T n(k)x)} − ϵ
(4.63)

and

s(Tm(k)−1x, T n(k)x) > δ

= max{s(Tm(k)−1x, Tm(k)−1x), s(T n(k)x, T n(k)x)} − ϵ.
(4.64)

This can be accomplished by choosing m(k) as the least natural number exceeding

n(k) for satisfying the above inequality. Now,

sk = s(Tm(k)x, T n(k)x)

≥ s(Tm(k)x, Tm(k)−1x) + s(Tm(k)−1x, T n(k)x)− s(Tm(k)−1x, Tm(k)−1x)

≥ wm(k) + δ − um(k).

(4.65)

Thus, δ ≥ sk ≥ wm(k) + δ − um(k). Consequently,

δ ≥ lim sup
k→∞

sk ≥ lim inf
k→∞

sk ≥ lim inf
k→∞

(wm(k) + δ − um(k))

= lim inf
k→∞

wm(k) + δ − lim sup
k→∞

um(k)

= δ.

(4.66)

Hence, limk→∞ sk = δ. Indeed, sk → δ+ as k →∞.
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Further,

sk = s(Tm(k)x, T n(k)x)

≥ s(Tm(k)x, Tm(k)+1x) + s(Tm(k)+1x, T n(k)+1x) + s(T n(k)+1x, T n(k)x)

− s(Tm(k)+1x, Tm(k)+1x)− s(T n(k)+1x, T n(k)+1x)

≥ wm(k) + ψ(s(Tm(k)x, T n(k)x) + wn(k) − um(k)+1 − un(k)+1

≥ 2wk + ψ(sk)− 2uk.

(4.67)

Taking the limit as k → +∞ in the above inequality, it follows that

lim inf
k→∞

sk = lim
k→∞

sk = δ+ ≥ lim inf
k→∞

ψ(sk) ≥ ψ(δ). (4.68)

Since δ > 0, this contradicts that δ > ψ(δ). Hence, {T nx}n∈N is a Cauchy sequence

in X . As X is complete, it converges to an element x∗ in X . Since for all x, y ∈ X ,

s(Tx, Ty) ≥ ψ(s(x, y), T is continuous. Since {T n+1x}n∈N converges to Tx∗ and is also a

subsequence of {T nx}n∈N, it follows that x∗ = Tx∗. Since ψ(t) > t for all t > 0, it follows

that the fixed point x∗ of T is unique.

4.5 Applications

4.5.1 Solution to Fredholm Integral Equation

Suppose that the similarity space of s-continuous functions S([a, b],R) is complete with

similarity

s∞(u, v) = inf
t∈[a,b]
{|u(t)|, |v(t)|} (4.69)

where u, v ∈ S([a, b],R) are s-continuous real functions.

Theorem 43. Let f : [a, b] → R be a s-continuous function, and let K : [a, b] × [a, b] ×
R → R be a function such that the kernel K(t, s, u) is s-continuous in all its arguments.

Consider the nonlinear Fredholm integral equation of the second kind:

u(t) = f(t) + λ

∫ b

a

K(t, s, u(s)) ds, t ∈ [a, b], (4.70)

where λ is a given constant. Suppose the following conditions are satisfied:

(a) s-Continuity: The kernel K(t, s, u) is s-continuous in t, s, and u over the domain

[a, b]× [a, b]× R.
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(b) Compactness: The operator (Tu)(t) =
∫ b

a
K(t, s, u(s)) ds is compact on the space

of s-continuous functions S([a, b],R).

(c) Boundedness: There exists a constant M > 0 such that M ≤ |K(t, s, u)| for all

t, s ∈ [a, b] and for all u ∈ R.

(d) s-Lipschitz Condition: There exists a s-Lipschitz constant L > 0 such that sim-

ilarity condition

inf
t∈[a,b]

{|K(t, s, u)|, |K(t, s, v)|} ≥ L inf
t∈[a,b]

{|u(t)|, |v(t)|} , (4.71)

for all t, s ∈ [a, b] and for all u, v ∈ R.

Then, there exists at least one function u ∈ S([a, b],R) that satisfies the nonlinear

Fredholm integral equation of the second kind.

Proof. Consider the nonlinear Fredholm integral equation of the second kind:

u(t) = f(t) + λ

∫ b

a

K(t, s, u(s)) ds, t ∈ [a, b], (4.72)

where f is a s-continuous function on [a, b], and K(t, s, u) is s-continuous in its arguments,

with λ ∈ [0, 1).

Define the operator T : S([a, b],R)→ S([a, b],R) by

(Tu)(t) = f(t) + λ

∫ b

a

K(t, s, u(s)) ds. (4.73)

Step 1: Show that T is a contraction.

For T to be a contraction, there needs to be a constant α ∈ (0, 1) such that for all

functions u, v in S([a, b],R), similarity contraction condition

inf
t∈[a,b]

{|(Tu)(t)|, |(Tv)(t)|} ≥ α inf
t∈[a,b]

{|u(t)|, |v(t)|} (4.74)

for each t ∈ [a, b].

Given the s-Lipschitz condition on K, for any t ∈ [a, b], similarity contraction condition
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and assuming f(t) = 0

inf
t∈[a,b]

{|(Tu)(t)|, |(Tv)(t)|}

= inf
t∈[a,b]

{∣∣∣∣λ∫ b

a

K(t, s, u(s)) ds

∣∣∣∣ , ∣∣∣∣λ∫ b

a

K(t, s, v(s)) ds

∣∣∣∣}
≥ |λ| inf

t∈[a,b]

{∣∣∣∣∫ b

a

K(t, s, u(s)) ds

∣∣∣∣ , ∣∣∣∣∫ b

a

K(t, s, v(s)) ds

∣∣∣∣}
≥ |λ| inf

t∈[a,b]
{|K(t, s, u(s))| , |K(t, s, v(s))|}

∫ b

a

ds

≥ |λ|L inf
t∈[a,b]

{|u(t)| , |v(t)|}
∫ b

a

ds

= |λ|L(b− a) inf
t∈[a,b]

{|u(t)| , |v(t)|}

For λ such that α = |λ|L(b− a) ∈ (0, 1), T is established to be a contraction.

Step 2: Apply the Similarity Fixed Point Theorem.

With T confirmed as a contraction on the complete similarity space S([a, b],R), the

Similarity Fixed Point Theorem guarantees the existence of a unique fixed point u∗ ∈
S([a, b],R) satisfying Tu∗ = u∗, equating to a unique solution of the integral equation.

Thus, under the specified conditions, there exists a unique function u ∈ S([a, b],R)

that solves the nonlinear Fredholm integral equation of the second kind.

4.5.2 Application to Newton’s Method

The method of Newton, or the Newton-Raphson method [168]–[170], stands as a paradig-

matic example of numerical algorithms for root-finding, owing its robustness and effi-

cacy to the foundational principles of fixed point theory. Specifically, Banach’s Fixed

Point Theorem provides a theoretical underpinning for the convergence properties of this

method. This thesis presents a rigorous mathematical exploration of Newton’s method

applied to the task of root approximation utilizing similarity spaces and contraction map-

pings.

Consider a function f : R → R, assumed to be continuously differentiable over its

domain. The objective is to identify zeros of f , i.e., solutions to f(x) = 0, through

iterative approximations. Newton’s method facilitates this via the iterative scheme:

xn+1 = xn −
f(xn)

f ′(xn)
, (4.75)

where xn denotes the n-th approximation to a root of f , and f ′ signifies the derivative of

f .

To exemplify, the function is scrutinized f(x) = x2 − a, with a > 0 and known to
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possess at least two roots, notably x = ±
√
a. Application of Newton’s method as per

Equation 4.75 yields the transformation:

Tx = x− x2 − a
2x

=
1

2

(
x+

a

x

)
. (4.76)

The function T : [
√
a,∞) → [

√
a,∞) is hereby established as a self-map under the

condition that x ≥
√
a. Further, it holds that x is a fixed point of T if and only if

f(x) = 0.

The convergence criterion leverages the mutual similarity condition, embodied in the

inequality:

s(Tx, Ty) = min{Tx, Ty}

≥ 1

2
min

{
x+

a

x
, y +

a

y

}
≥ 1

2
min{x, y}+

1

2
min

{
a

x
,
a

y

}
≥ 1

2
min{x, y},

(4.77)

valid for all x, y ∈ [
√
a,∞). The self-similarity contraction condition is then

Tx ≥ 1

2
x (4.78)

Notably, the absence of additivity and multiplicativity in the minimum operation

necessitates the adoption of inequality in the analysis. Consequently, T manifests as a

contraction on the complete similarity space ([
√
a,∞), | · |), leading to the deduction, via

the similarity contraction principle, that Equation 4.75 converges to the root x =
√
a

from any initiating guess x0 ∈ [
√
a,∞].

The Newton’s method is applied to find a =
√

2, starting from initial guesses x0 = 10,

y0 = 100 and and z0 = 1000. The following table displays the iteration steps for both

initial guesses, showing the progression towards
√

2:

In numerical experiments, results are verified, and the current current speed of con-

vergence of contraction mapping is calculated using α1, α2, α3:

• The mutual similarity speed of convergence is given by

α1 =
min{Txn, T yn}

min{xn, yn}
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• The self-similarity speed of convergence for x, y and z are expressed as

α2 =
Txn
xn

, α3 =
Tyn
yn

, α4 =
Tzn
zn

.

Iteration xn yn zn α1 α2 α3 α4

0 10 100 1000 - - - -
1 5.1 50.01 500.001 0.5384 0.5384 0.5004 0.5
2 2.7461 25.0250 250.0025 0.6326 0.6326 0.5016 0.5
3 1.7372 12.5525 125.0052 0.8314 0.8314 0.5063 0.5001
4 1.4442 6.3559 62.5106 0.9794 0.9794 0.5248 0.5003
5 1.4145 3.3353 31.2713 0.9998 0.9998 0.5899 0.501

Table 4.1: Iteration steps for Newton’s method with constants α1, α2, α3, and α4.

Concluding that all contractions α1, α2, α3, and α4 are greater than or equal to α = 1
2
,

as demnostrated in the Table 4.5.2.



Chapter 5

Entity Resolution in Similarity Space

5.1 Problem Formulation

Given a normalized similarity sn(R1,R2) is assumed, which measures the similarity be-

tween two records R1 and R2 as a real number in the range of [0, 1], with 1 indicating

complete similarity and 0 indicating complete dissimilarity. A fixed α, where 0 < α < 1,

is considered. The distinction of relevant records into two classes by the applications,

namely the set of matches (M) and the set of non-matches (N ), consisting of ordered

pairs of records (R1,R2), is achieved through a binary classifier. More formally,

(R1,R2) ∈M if sn(R1,R2) ≥ α,

(R1,R2) ∈ N if sn(R1,R2) < α.
(5.1)

The decision where to set the match/non-match threshold α is a balancing act. The choice

should be based on an acceptable sensitivity (or recall, the proportion of truly matching

records that are linked by the algorithm) and positive predictive value (or precision, the

proportion of records linked by the algorithm that truly do match). The task is to find

an algorithm that classifies the sets of matches and non-matches as accurately as possible

corresponding to reality as judged by human observation. In the scientific literature, the

terms record linkage [171]–[173], entity linking [174], data matching [130], fuzzy matching

[175], entity resolution [176], [177], etc., are also encountered.

In information retrieval theory and search engines, the phrase ‘retrieving relevant

documents’ can analogically be met with. A record can be transformed into tokens of

words. That is, each record is split into a set of tokens {X1, . . . , Xj, . . . , Xn} ∈ R1. The

size of a record R1 is denoted by |R1|, which represents the number of tokens in R1 [171]

90
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5.2 State-of-the-Art

The goal is to determine the similarity of the two strings. The similarity can be semantic

or syntactic. Strings are semantically similar if they have the same meaning, for example,

car and automobile, and syntactically similar if they have the same sequence of characters

[178].

From biological perspective the information of the people is stored imprecisely in the

brain - in the brain noise. The imprecise information based on modeling human traits

similarity should be incorporated in current search engines. The approximate string

matching algorithms have been developed to solved imprecise similarity between records

due misspelling, typographical, phonetic error, wrong input, misinterpretation and others.

For a short overview, the approximate string matching algorithms could be grouped by

similar features into categories such as character-based similarity (phonetics, heuristics,

Q-gram, edit-based) and token-based similarity [178]–[180]. In this thesis, a novel class of

character-based category, convolution-based, is introduced, as seen in Figure Figure 5.1.

5.2.1 Character-Based Similarity

Phonetic Similarity

Into group of phonetics algorithms belong Soundex [181], [182], Metaphone [183], Double

Methaphone [184], Phonex [185], Phonix [186], NYSIIS [187], or Fuzzy Soundex [188].

These algorithms are characterized by a strong linguistic phonetic dependence (usually

English) which leads to poor F-measure results [189], poor robustness against misspelling

and typographical errors and they don’t have assumptions of tokens. Due to language

specificity they cannot be well used on multiple-language data sources. However they

are still implemented in many databases and software applications of leading software

companies. Misunderstanding of the usage of such algorithms for various languages for

which they are not intended is very often seen.

Heuristic Similarity

Heuristics are those that do not have a solid theoretical basis and have been derived

empirically. Jaro distance [190] and further its modification Jaro-Winkler [191] distance

are well-known representatives and very often used in the commercial sector for their

simple implementation and high F-measure [130], [180], [189]. They are appropriate only

for short string, e.g. names and don’t have an assumption of tokens, sensitive for disorder

of a sequence of tokens.
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Edit-Based Similarity

The edit distance between two strings is the minimum cost of edit operations need to

transform one string into another. Each operation has a cost function associated often

with the cost 1. Here are well-know algorithms based on dynamic programming, Leven-

shtein [123], Damerau-Levenshtein [192], [193], for DNA or protein sequence comparison

following Needleman-Wunsch [69], Smith-Waterman [70], Gotoh [194] etc. Here could

be mentioned also learning cost distance with supervised machine learning for specific

transitions [195]. Unfortunately, these standard similarity are not practically usable for

bag of words model, where also permutation of words should be involved. The other issue

is also normalization, e.g. Levenshtein distance in a measurement absolute edit distance

between terms, is not practically usable for their bias for words with different length.

The normalization factors are proposed [111], [196], [197] that normalizes Levenshtein

distance in range [0; 1]. However, some of factors violates similarity axioms, especially

triangle inequality. In structured documents is implicit information of the context given

by columns as a semantic topic. Each attribute is modeled using bag of words model,

where the context very often is not relevant in traditional databases and NoSQL storages.

Q-grams

The Q-grams (also called ’n-grams’) are short character substrings of length q of the record

strings [198]. They have been applied, in many variations, e.g. different spelling correction

methods. or inverted indexes [177], [199], [200]. Q-gram method belongs to the most

favourite indexing method in enterprise and web search engines used by tech companies

with the largest market share and capitalization. The comparison with other similarities

has quite good results, however token-based algorithms outperforms this method [189].

It can be explained that Q-grams do not treat natural language encoding based on words

(with ”tokens” being used in the text for greater generality), but rather, they split tokens

into ”artificial” substrings, ignoring the information regarding from which token the Q-

gram was generated. This concept achieves good results for robustness of disorder token

sequence but at overall accuracy performance are used rather as indexing or filtering

methods. They serve so as a preprocessing step for more accurate approximate string

matching algorithms.
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Figure 5.1: This figure delineates the new taxonomy of character-based approximate string

matching algorithms, categorizing them by their methodological approach and operational

characteristics. A newly introduced class, termed ’Convolution-Based’, as discussed in this

thesis, highlights the main contribution.

5.2.2 Token-Based Similarity

In structured documents, there is implicit information from the context, given by columns

as a semantic topic. Each attribute is modeled using a bag-of-words model, where the

context very often is not relevant in traditional databases and NoSQL storage. The

previously mentioned methods are based on the comparison of characters in the complete

string. A hybrid similarity method converts the string into a set of tokens, the so-called

bag-of-words model. A string can be transformed into sets by splitting using a delimiter.

This allows taking into account the semantic meaning of the words and processing large

texts. The comparison has two levels: a character level comparison for each pair of

tokens, and a comparison on the token level of all possible pairs of tokens. The similarity

calculation is usually based on the Jaccard index, or the Sorensen–Dice formulae. For

the token set there are used comparisons such as Monge-Elkan [201], [202] or SofTFIDF

[130]. Unfortunately, these methods perform an approximate combinatorial assignment,

and hence yield an asymmetric matching, see the example below. Maximum matching

on bipartite graph [203]–[205] is more suitable for practical use and achieves the best F-

measures due to its solving the optimal assignment problem and the symmetricity of their

measurements. The great advantage of these methods is that they respect the encoding

of natural language with respect to token resolution as words. It can be found that this
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group of models deserves the most attention in research for its promising results.

Unfortunately, those algorithms often have a quadratic time complexity O(n2) or

even a cubic time complexity O(n3) or worse O(n4), especially those providing the best

recall/precision results on research data sets.

Figure 5.2: Two examples of an asymmetric Monge–Elkan measure simME.

Example of Asymmetric Matching

Monge and Elkan [201] proposed recursive field matching, which measures the simi-

larity distance between two records R1 and R2. Each string is broken up into token sets

R1 = {X1, X2, . . . , Xn} and R2 = {Y1, Y2, . . . , Ym}. Then the similarity is expressed by

simME(R1,R2) =
1

n

n∑
i=1

m
max
j=1

sim′(Xi, Yj), (5.2)

where sim′ is an internal similarity function able to calculate the similarity between two

single tokens. This is a measure that is independent of the sequential order of the tokens.

This equation approximates the solution of the combinatorial assignment problem in

combinatorial optimization. Unfortunately, the Monge–Elkan approximation is not a

symmetrical similarity function, see Figure 5.2.

In this survey, the most cited algorithms based on fuzzy set relatedness have been

identified by me [206]. Hence, they are referred to as the current state of the art. Read-

ers are referred to the commonly used similarity functions, namely fuzzy-dice similarity,

fuzzy-cosine similarity, and fuzzy Jaccard similarity, by me [204]–[206]. The proposed

approximate record matching method will be based on this class of algorithms.
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Definition 24 (Fuzzy-Token Similarity [204], [205]). At the disposal are two sets of to-

kens, R1 and R2. Write R1

∼
∩δR2 for the fuzzy overlap of R1 and R2. The value δ is the

token level threshold in the internal similarity function sim′(Xi, Yj). The incident edge for

the token pair is considered only for sim′(Xi, Yj) ≥ δ. The following similarity functions

will be defined:

Fuzzy Dice Similarity, simD(R1,R2),

simD(R1,R2) =
2|R1

∼
∩δ R2|

|R1|+ |R2|
. (5.3)

Fuzzy Cosine Similarity, simC(R1,R2),

simC(R1,R2) =
|R1

∼
∩δ R2|√

|R1|
√
|R2|

. (5.4)

Fuzzy Jaccard Similarity, simJ(R1,R2),

simJ(R1,R2) =
|R1

∼
∩δ R2|

|R2|+ |R1| − |R1

∼
∩δ R2|

. (5.5)

Fuzzy Overlap Similarity, simJ(R1,R2),

simO(R1,R2) =
|R1

∼
∩δ R2|

min{|R1|, |R2|}
. (5.6)

The relaxed term ‘similarity function’ is used instead of ‘normalized similarity’ because,

e.g. Dice similarity is not a normalized similarity, as can be simply deduced from [207].

In the definition of fuzzy token similarity, a fuzzy overlap is added compared to the

original articles, as the author will continue to be worked with. However the previously

introduced models have some disadvantages from the perspective:

• Second Threshold The disadvantage is that two threshold parameters are actually

present – the threshold δ in the internal similarity function sim′(Xi, Yj) and the

overall threshold α on sim(R1,R2) with these, the classification of whether the
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records R1 and R2 are a match or not is determined. The global threshold α

can be quite different from the local threshold δ. In addition, the threshold of the

internal function δ requires optimization and can lead to reduced accuracy if selected

incorrectly.

• Not Entirely Fuzzy By applying a binary classifier sim′(Xi, Yj) ≥ δ, whether a

token pair (Xi, Yj) is classified as a match. Such a strict classification on the token

level leads to declining matches on tokens lower than the threshold δ and does not

respect human-natural continuous perception of the overall similarity, because the

information about any similarity lower than δ is replaced by a substitution value

of zero. Further, see an example in [208] – Fig. 2. Bipartite graphs with different

δ, where some edges in the weighted bipartite matching are deleted due to the

thresholding. A sub-optimal solution may be obtained due to the lack of a complete

bipartite graph. With this decision, a Bayes risk in Bayesian decision theory is also

accepted [90], [209].

• Not a similarity The triangle inequality given by (N2), respectively (S2), is violated.

This statement is supported by using the normalized Levenshtein similarity, which

violates the triangle inequality, as further mentioned in the next subchapter.

Example It is known that a normalized similarity is given by the relation sn(x, y) =

1 − dn(x, y). Hence, it is only proven that the term dn(x, y) = d(x,y)
max{|x|,|y|} does not

qualify as a distance metric. The edit distance is a solution of a dynamic program-

ming problem and can only be obtained numerically. The task of the embeddability

of the edit distance into lp norms is still an open problem. It has been shown that

such a metric cannot be embedded into the l1 norm (with arbitrary dimension) with

distortion better than 3
2

[210].

Proof. Let’s illustrate this rather with the example of the strings X = ”ab”, Y =

”abc” and Z = ”bc”. Then, it is obtained that

d(X,Z) ≤ d(X, Y ) + d(Y, Z),

d(X,Z)

max{|X|, |Z|}
≤ d(X, Y )

max{|X|, |Y |}
+

d(Y, Z)

max{|Y |, |Z|}
,

2

2
≰

1

3
+

1

3
.

(5.7)

Assertion, it is shown that this normalization does not preserve the properties of

metric space.
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5.2.3 Deep Learning for Matching

One approach to dealing with string matching is shown by [211], who present their software

library for fuzzy string matching and candidate ranking; their approach supports different

deep neural network architectures to train new classifiers and to tune the trained data.

This thesis presents their approach to building the library and tuning the training dataset.

They also compare the results with existing systems such as [212], which however relies

on lookup tables. They compare their results with [213], who bring an approach called

toponym matching, which is used, for example, in matching paired texts that represent

the same real locations and are therefore often used in the geosciences. [213] use the

approach of Gated Recurrent Units [214], a recurrent neural network used in modeling

sequence data. An example is a representation of a sequence of bytes corresponding

to texts with which they have something in common. Their approach uses the deep

neural network architecture proposed by [134], where the parameters are learned from the

training data. The whole model can then be trained end-to-end using a back-propagation

algorithm following an optimization method proposed by [215] and called Adam. The

thesis then shows results on a large dataset collected by the GeoNames gazetter from

www.geonames.org.

Another approach is discussed by [216], which shows ontology matching based on deep

neural networks, noting that there are approaches that ignore higher-level correlations

between different descriptions of the entities under test. Therefore, they propose learning

methods that take these approaches into account. [216] argue that ontology matching

usually measures the similarity between two entities from two different ontologies, where

a pair of entities with high similarity is called a mapping. To correctly exchange data

between ontology-based applications, it is important to establish correspondences (or

mappings) between their ontologies. However, creating such mappings manually is very

difficult due to the complexity of modern ontologies. A deep learning model is then a tool

that can be used to learn a high-level abstract representation of the original data. Their

study used ontology matching to solve the semantic heterogeneity problem and focused

on searching different ontologies among semantically similar entities.

Convolutional Approaches

Character-level convolutional neural networks (CNNs): These have been explored for

string similarity, achieving high accuracy but often requiring large training datasets and

computational resources [88], [131], [217].

Word embeddings with cosine similarity: Embedding methods learn vector represen-

tations of words, and cosine similarity measures the angle between them [218]. While
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effective for semantic similarity, they might not capture precise character-level differences

relevant for this task [178].

Limitations of Existing Approaches: Edit distance measures are generally computa-

tionally expensive for large datasets [219]. Character-based metrics like Jaro and Jaro-

Winkler neglect the importance of character order within the matching window. While

CNNs offer high accuracy, they can be resource-intensive [88], [218]. Word embeddings

might not be optimal for capturing fine-grained character-level similarities [178].

5.3 Convolution-Based String Matching

Character-based similarity metrics represent critical tools in various domains, including

data mining, bioinformatics, and natural language processing. Widely used methods such

as Jaro [190] and Jaro-Winkler [191], [220]–[222] offer efficient similarity evaluation, but

they often neglect the significance of character order within the matching window. This

disregard can potentially compromise accuracy, especially when dealing with strings where

specific sequence holds considerable importance.

In this thesis, two novel similarity measurements are proposed, Convolutional Jaro

(ConvJ) and Convolutional Jaro-Winkler (ConvJW) [OR-5], that effectively address this

limitation. Both similarity measures leverage a convolutional approach with a Gaussian

weighting function to effectively capture the positional proximity of matching characters,

leading to significantly enhanced accuracy compared to existing methods in the category

of unsupervised character based approximate string matching.

The key contributions of this work comprise:

Improved accuracy: ConvJ and ConvJW achieve superior accuracy as measured by F1-

score, surpassing the state-of-the-art in unsupervised character based approximate string

matching.

Computational efficiency: Both metrics maintain computational efficiency comparable to

Jaro and Jaro-Winkler, making them suitable for practical applications.

Faster execution: ConvJ exhibits even faster execution times compared to the standard

Jaro implementation.

These characteristics render ConvJ and ConvJW ideal for tasks requiring high-performance

string similarity calculations. They set the stage for continued investigation of convolu-

tional similarity measures across diverse fields.

Despite different modern techniques the leading technological companies using Jaro

and Jaro-Winkler in their products and it belongs to the most impactful and most used

similarity function for task in deduplication and matching. Some large products where
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such techniques are implemented are listed:

Commercial Products

• Oracle Data Quality : A component of Oracle’s broader data management suite that

offers data cleansing, profiling, and matching capabilities. It likely uses algorithms

similar to Jaro-Winkler for its matching and deduplication processes to ensure high

data quality across enterprise systems [223].

• Talend Open Studio: This open-source data integration platform includes the Jaro-

Winkler similarity function in its Data Profiling and Data Quality, which can be

used for data cleansing and matching. You can find the documentation for the Data

Profiling and Data Quality solution here [224].

• IBM InfoSphere This data integration platform includes the Jaro-Winkler similarity

function in its Transformer stage, which can be used for data cleansing and matching.

You can find the documentation for the Transformer stage here [225].

• Informatica Data Quality This data integration platform includes the Jaro and Jaro-

Winkler similarity functions in its Data Quality transformation, which can be used

for data cleansing and matching. You can find the documentation for the Data

Quality transformation here: [226].

Open-source Libraries

• Apache Lucene This open-source search engine library includes the Jaro-Winkler

similarity function in its FuzzyQuery class, which can be used for fuzzy search

queries. You can find the documentation for the FuzzyQuery class here: [227].

This list is far from exhaustive; there are numerous other commercial products and

open-source libraries that utilize the Jaro or Jaro-Winkler algorithms.

Addressing the Limitations: ConvJ addresses these limitations by combining the effi-

cient matching mechanism of Jaro with a convolutional approach. It incorporates Gaus-

sian weighting to emphasize matches closer in position and leverages convolutions to

capture the overall similarity landscape effectively. This results in a computationally ef-

ficient metric that considers both character matches and their relative order, leading to

improved accuracy compared to existing methods.
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5.3.1 Convolution-Based String Similarity Model

This section introduces a generalized model for convolution-based string similarity mea-

sures, extending beyond specific instances like Jaro to a broader class of similarity func-

tions. By employing a generic matching kernel, this model provides a flexible foundation

for developing and analyzing various string matching algorithms through convolution

principles.

In the context of string similarity, convolution can be conceptualized as the process

of sliding a matching kernel over one string (considered as the signal) to evaluate its

similarity against another string (treated as the filter). Mathematically, this process is

represented by the convolution sum:

(f ∗ g)[n] =
∞∑

m=−∞

f [m]g[n−m], (5.8)

where f [n] corresponds to the character sequence of the first string S1, and g[n] repre-

sents the generic matching kernel applied to S1 and the second string S2. This formulation

captures the essence of convolution-based string similarity by systematically evaluating

the match between characters across the two strings.

A matching kernel, g[n], is a function that quantifies the similarity between characters

from two strings within a defined window of comparison. The choice of kernel is pivotal, as

it determines the sensitivity of the similarity measure to various factors, such as positional

alignment, character equivalence, and the proximity of matches. For a broad class of

convolution-based similarity functions, kernels can vary significantly, including, but not

limited to:

• Gaussian kernels for weighted positional similarity,

• Kronecker delta functions for exact character match emphasis,

• Custom kernels designed to capture specific linguistic or domain-specific properties.

The flexibility in kernel selection allows for tailoring the similarity measure to the spe-

cific requirements of the application domain, enhancing both the accuracy and relevance

of the comparisons.

Definition 25 (Generalized Convolution-Based String Similarity). Let Σ be a finite alpha-

bet, and let Σ∗ denote the set of all finite strings over Σ. The generalized convolution-based

string similarity measure sconv(S1, S2) : Σ∗ × Σ∗ → R≥0 quantifies the similarity between

S1 and S2 utilizing a convolutional approach. Formally, sconv(S1, S2) is defined by the

equation:
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sconv(S1, S2) =

|S1|−1∑
i=0

|S2|−1∑
j=0

G(i, j) ·K(S1[i], S2[j]), (5.9)

where:

• G(i, j) is a weighting function that modulates the importance of matches based on

their positional characteristics, thereby facilitating the incorporation of spatial in-

formation into the similarity calculation.

• K(S1[i], S2[j]) is a kernel function that evaluates the similarity between the i-th

character of S1 and the j-th character of S2. The choice of kernel function K allows

for the customization of the similarity measure to accommodate various matching

criteria and character equivalences.

This framework establishes a new class of convolution-based string similarity mea-

surements, grounded in a mathematical model that extends the utility of convolution

operations to approximate string matching. Central to this model is the flexibility in ker-

nel function selection, enabling the development of similarity measurements tailored to

specific data characteristics and analysis requirements. This methodological advancement

supports the creation of similarity measures that are both precise and adaptable, suitable

for a diverse range of applications from text processing to bioinformatics.

By incorporating various kernel functions, the model provides a robust foundation for

capturing complex patterns of similarity, including character substitutions and phonetic

variances. This allows for a deeper analysis of character-based data, enhancing the accu-

racy and efficiency of similarity computations. The framework’s adaptability to different

kernel functions opens up possibilities for exploring novel approaches to approximate

string matching.

5.3.2 Convolutional Jaro (ConvJ)

The Jaro similarity measure [190], introduced by Matthew A. Jaro, serves as a measure

for evaluating the similarity between two strings, denoted as S1 and S2. This metric

is particularly useful in fields such as record linkage and spell checking, quantifying the

degree of similarity on a scale from 0 to 1, where 0 indicates no similarity and 1 denotes

an exact match.

Definition 26 (Jaro Similarity [190], [191]). Let Σ be a finite alphabet, and let Σ∗ denote

the set of all finite strings over Σ. The Jaro similarity measure sJ : Σ∗ ×Σ∗ → [0, 1] ⊂ R
between two strings S1 and S2 is defined as follows. Let d be the maximum distance
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within which characters from one string can match with characters from the other string,

determined by:

d =

⌊
max(|S1|, |S2|)

2

⌋
− 1. (5.10)

The number of matching characters m between S1 and S2 is defined as the maximum

number of one-to-one correspondences between characters in S1 and S2 that can be made

such that for any matched pair (S1[i], S2[j]), |i − j| ≤ d. This captures the essence of

forming matches within a sliding window in the sequence, ensuring each character from

S1 is matched uniquely to a character in S2 within the allowable distance and vice versa.

The number of transpositions t is calculated based on the sequence of matching char-

acters, counting instances where matched characters are in a different order in the two

strings.

The Jaro similarity measure is then calculated by:

sJ(S1, S2) =

0 if m = 0,

1
3

(
m
|S1| + m

|S2| + m−t/2
m

)
otherwise.

(5.11)

The computational complexity of the Jaro similarity Algorithm 2 isO(|S1||S2|), where

|S1| and |S2| are the lengths of the two input strings. This efficiency makes it highly suit-

able for real-time data processing and large-scale data matching tasks. The Jaro similar-

ity measure has found extensive applications in various domains requiring accurate string

comparison, including database cleaning, information retrieval, and natural language pro-

cessing. It also serves as the foundation for more sophisticated similarity metrics, such as

the Jaro-Winkler distance, which introduces adjustments for common prefixes to increase

precision in specific contexts.

The ConvJ is innovative enhancements of the traditional Jaro similarity algorithm,

incorporating a convolutional approach with Gaussian weighting to assess the similarity

between two strings. This method extends the original Jaro algorithm by applying a

Gaussian-weighted convolution operation, aiming to capture the positional proximity of

matching characters with greater detailed similarity evaluation. See Algorithm 4.

For any two positions i and j within strings S1 and S2, respectively, the Gaussian

weight is computed as:

G(i, j) = exp

(
−|i− j|

2

2σ2

)
= exp

(
− d2

2σ2

)
, (5.12)

where σ represents the standard deviation of the Gaussian kernel. This weighting function

decreases the influence of character matches as their positional distance increases, with σ

controlling the rate of this decrease.
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The convolution operation aims to identify the optimal character match between

strings S1 and S2 within a predefined sliding window, utilizing Gaussian weighting to

balance proximity and character accuracy. This procedure is encapsulated by the calcu-

lation of Mw, representing the accumulated sum of optimal match evaluations across all

character positions in S1:

Mw =

|S1|−1∑
i=0

max
j∈J(i)

{
G(i, j) · δS1[i],S2[j]

}
, (5.13)

where G(i, j) denotes the Gaussian weight function, emphasizing the impact of posi-

tional differences between characters at indices i in S1 and j in S2. The Kronecker delta

function, δS1[i],S2[j], indicating an exact match between characters at positions i and j:

δS1[i],S2[j] =

1 if S1[i] = S2[j],

0 otherwise.
(5.14)

The index set J(i) defines the matching range for a character at position i, determined

by:

J(i) = {j : max(0, i− w) ≤ j ≤ min(|S2| − 1, i+ w)} , (5.15)

with w representing the half-window size, calculated based on the desired coverage

percentage and the standard deviation (σ) of the Gaussian distribution. The calculation

of w is informed by the z-score (Z), which is derived from the desired coverage percentage

in a normal distribution. For a coverage of 99.9%, the z-score is determined as follows

Z = Φ−1

(
99.9% + 1

2

)
, (5.16)

where Φ−1 denotes the inverse of the cumulative distribution function (CDF) for a

standard normal distribution. Given Z ≈ 3.29 for 99.9% coverage, w can be calculated

by:

w = ⌈3.29 · σ⌉, (5.17)

where ⌈·⌉ denotes the ceiling function, ensuring that w is sufficiently large to include

at least 99.9% of the normal distribution’s weight, thus maximizing the likelihood of

capturing the most relevant character matches within the window. This selection of

w ensures that the convolution operation robustly accounts for both the precision of

character matches and their positional proximity.

The ConvJ similarity measure enhances string similarity evaluation by incorporating a
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Figure 5.3: The graph illustrates the Gaussian kernel’s impact on convolution-based string
similarity, with a standard deviation (σ = 2), highlighting the 99.9% coverage area critical
for the ConvJ and ConvJW algorithms. The graph, marked with −w and w to denote
the half-window size, emphasizes the balance between character match precision and
proximity.

detailed assessment of character misalignment between strings S1 and S2. This approach

extends beyond simple transposition counts to offer a granular examination of character

positional deviations and their impact on similarity perception.

Misalignment is assessed using an adjusted inverse Kronecker delta function, δ̄ij, to

penalize positional discrepancies more effectively:

δ̄ij = 1− δij, (5.18)

where δij is defined as:

δij =

1 if i = j,

0 otherwise,
(5.19)

indicating exact alignment of characters at index i in S1 with index j in S2, and 0 for

misalignments. The complement, δ̄ij, quantifies the degree of misalignment, which is then

weighted by the Gaussian function, G(i, j), to account for the significance of positional

differences:

Aw =
∑

(i,j)∈M

δ̄ij ·G(i, j), (5.20)

Here, Aw denotes the cumulative weighted sum of misalignments across all character
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position pairs within the set M . This measure not only identifies character matches but

also captures the complex spatial dynamics of string similarity, enhancing the precision

of the similarity score. The set M is defined as the collection of all character position

pairs (i, j) where character i from string S1 is evaluated against character j from string

S2. Formally, M can be represented as:

M = {(i, j) : i ∈ S1, j ∈ S2, and |i− j| ≤ w} . (5.21)

The parameter σ in the Gaussian weighting function adjusts the sensitivity to posi-

tional differences. A larger σ broadens the Gaussian distribution, accommodating mis-

alignments over larger distances and thus penalizing distant mismatches less severely. In

contrast, a smaller σ emphasizes immediate proximity, focusing the assessment on closely

aligned character pairs. This flexibility allows for the algorithm to be tailored to different

application needs, balancing precision with positional variance tolerance.

This approach ensures that the ConvJ similarity measure not only quantify character

matches but also account for both character presence and their orderly sequence.

Summarizing these derivations leads to the final definition of ConvJ.

Definition 27 (ConvJ [OR-5]). Given a finite alphabet Σ and Σ∗ denoting the set of all

finite strings over Σ, the ConvJ similarity measure sJ : Σ∗×Σ∗ → [0, 1] ⊂ R between two

strings S1 and S2 utilizes a convolutional approach with Gaussian weighting to evaluate

character matches with attention to their positional proximity. For any two positions i

and j within strings S1 and S2, respectively, a Gaussian weight is computed as:

G(i, j) = exp

(
−(i− j)2

2σ2

)
, (5.22)

where σ is the standard deviation of the Gaussian kernel. The ConvJ similarity incor-

porates a convolution operation to identify optimal character matches within a predefined

sliding window, weighted by G(i, j), to compute the similarity score as follows:

sConvJ =
1

3

(
Mw

|S1|
+
Mw

|S2|
+
Mw − Aw

Mw

)
, (5.23)

where Mw represents the sum of Gaussian-weighted matches, and Aw denotes the weighted

sum of misalignments between S1 and S2. The procedure calculates Mw by accumulating

the maximum of {G(i, j) · δS1[i],S2[j]} for each character position in S1, and Aw accounts

for positional discrepancies between matching characters.

The example Equation B.1 illustrates how ConvJ assesses string similarity, taking

into account both the convolutional matching strategy and the significance of starting

characters, especially when applying Gaussian weighting with specific σ and w parameters.
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As a reference implementation of the Jaro similarity for the experiments, the Rosetta

Code implementation [228] (see Algorithm 2) in the C# programming language is utilized.

Several enhancements are made to the implementation to improve execution time.

The proposed ConvJ, detailed in Algorithm 4, introduces several optimizations over

the standard Jaro similarity calculation, leading to significant improvements in computa-

tional efficiency, accuracy and execution speed. Key enhancements include:

1. Elimination of Match Tracking Arrays: Unlike the original Jaro algorithm,

which utilizes boolean arrays to track character matches between strings (lines 7-8

of Algorithm 2), ConvJ foregoes this approach. This optimization reduces mem-

ory overhead and eliminates the need for multiple array access operations, thereby

enhancing runtime performance.

2. Integrated Match and Miasalignment Calculation: ConvJ computes char-

acter matches and misalignments simultaneously within a single iteration through

each string. This integration contrasts with the Jaro method’s sequential process,

which separately identifies matches and then calculates transpositions, thus reduc-

ing the overall computational steps required. Through the loop in lines 24–27 of

Algorithm 4, matches for each character in S1 are sought in S2 within the window

w, thereby optimizing both match detection and misalignment evaluation.

3. Precomputed Gaussian Weights: The algorithm leverages a precomputed vec-

tor of 1D Gaussian weights based on the relative character positions within a prede-

fined window size. This precalculation avoids repetitive weight computations during

runtime, leading to a more efficient execution. These values are precomputed based

on the window size w and standard deviation σ (lines 1–3 and the PrecomputeGaus-

sian function in lines 4–9 of Algorithm 4).

4. Localized Comparison with Gaussian Weighting: By applying Gaussian

weights to character comparisons, ConvJ emphasizes closer character matches over

distant ones. This approach not only aligns with the intuitive understanding of

string similarity but also minimizes unnecessary computations for characters out-

side the maximum window size, further speeding up the algorithm.

5. Early Termination on Perfect Character Match: If a perfect match (character

equality with maximum Gaussian weight) is discovered, the algorithm terminates

the inner loop early (line 20 of Algorithm 4), sidestepping unnecessary comparisons.

This optimization proves particularly efficacious for strings with high similarity,

curtailing the average computation time.
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These improvements collectively contribute to a more performant execution of the

ConvJ similarity measurement, making it particularly suitable for applications requiring

high-throughput processing of string comparisons.

5.3.3 Convolutional Jaro-Winkler (ConvJW)

The Jaro-Winkler similarity measure [191] enhances the Jaro similarity measure by giving

more favorable scores to strings that match from the beginning for a set prefix length.

This adjustment is particularly beneficial in applications where common prefixes are an

indication of similarity, such as name matching in record linkage. The Algorithm 3 was

developed by William E. Winkler [191] to improve the accuracy of the Jaro similarity

metric in certain contexts.

The Jaro-Winkler similarity score, sJW(S1, S2), is calculated using the Jaro similarity

score, sJ(S1, S2), with an additional boost for common prefixes. The formula is given by:

sJW (S1, S2) = sJ(S1, S2) + l · p · (1− sJ(S1, S2)), (5.24)

where l is the length of the common prefix up to a maximum of 4 characters, p is a

scaling factor for how much the score is adjusted upwards for prefix similarity. A typical

value for p is 0.1.

The common prefix length l is defined as the number of characters from the start of

the strings that are identical, up to a maximum of 4 characters. This means that the

maximum possible adjustment to the Jaro similarity score is 0.1× 4× (1− sJ(S1, S2)) =

0.4×(1−sJ(S1, S2)), which can significantly influence the final similarity score for strings

with common prefixes. See Equation B.1.

The Jaro-Winkler similarity [191] algorithm maintains the computational efficiency of

the Jaro similarity, with an additional step to calculate the prefix length. This makes it

equally suitable for real-time applications and large datasets where precise string matching

is crucial. The introduction of the prefix scaling factor enhances the matching accuracy

for strings with common beginnings, making it especially useful in the fields of data

deduplication, record linkage, and information retrieval where such characteristics are

common.

Definition 28 (ConvJW [OR-5]). Given a finite alphabet Σ and Σ∗ denoting the set of

all finite strings over Σ, the ConvJW similarity measure sConvJW : Σ∗ × Σ∗ → [0, 1] ⊂ R
between two strings S1 and S2 builds upon the ConvJ similarity by integrating exponential

decay to weight the significance of matching characters based on their position in the

strings, with the intent to emphasize matches closer to the beginning of the strings. For

any two positions i and j within strings S1 and S2, respectively, a Gaussian weight is
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computed as:

G(i, j) = exp

(
−(i− j)2

2σ2

)
, (5.25)

where σ is the standard deviation of the Gaussian kernel, and an exponential decay factor

is applied as:

E(i, j) = exp(−β ·min(i, j)), (5.26)

with β representing the decay rate. The ConvJW similarity incorporates these weights in

a convolution operation to compute the similarity score as follows:

sConvJW =
1

3

(
Mw

C[|S1|]
+

Mw

C[|S2|]
+
Mw − Aw

Mw

)
,

whereMw represents the sum of Gaussian-weighted and exponentially decayed matches, Aw

denotes the weighted sum of misalignments between S1 and S2, and C[·] is a precomputed

cumulative sum that integrates the exponential decay across the string length, serving as

a normalization factor for the similarity score.

The ConvJW is implemented in Algorithm 5. For further calculation examples, see

Example B.1.

5.3.4 Experiments

The effectiveness of the novel algorithms, ConvJ and ConvJW, was evaluated on a suite

of datasets, segmented into two categories: Dataset A and Dataset B. The Dataset A

is enumerated in Table 5.3.4, span various entities characterized by single attributes, as

adapted from Cohen (2003) [130]. For Dataset B [229], outlined in Table 5.3.4, specific

focus is placed on the first attribute, namely the name and title, for the experiments.

These datasets include complex records from the Abt-Buy, Amazon-Google Products and

DBLP-ACM sources, which are designed for benchmarking entity resolution tasks. The

datasets are part of a collection curated by the DBS Uni Leipzig, aimed at facilitating

research in the domain of entity resolution by providing a diverse set of scenarios where

entities need to be matched across different data sources despite discrepancies in their

representations [230].
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Dataset #Number of strings Dataset #Number of strings

Animal 5,709 Game 911

Bird Kunkel 336 Park 654

Bird Nybird 982 Restaurant 863

Bird Scott1 38 Ucd-people 90

Bird Scott2 719 Census 841

Business 2,139

Table 5.1: Dataset A used in experiments from original sources [130]

Dataset #Tuples #True matches #Attributes

Abt-Buy 1081-1092 1097 4

Amazon-GoogleProducts 1363-3226 1300 4

DBLP-ACM 2614-2294 2224 4

Table 5.2: Dataset B used in experiments from original sources [230]

This analysis leveraged the non-interpolated average precision, adopting methodologies

from prior works [130], [178]. Precision and recall are defined as follows:

Precision =
c(i)

i
, (5.27)

Recall =
c(i)

m
, (5.28)

where c(i) represents the count of correct matches up to rank i, and m denotes the total

correct matches. The interpolated precision at recall level r maximizes precision for all

ranks i satisfying c(i)/m ≥ r. Performance comparison among similarity functions utilizes

the maximum F1-score, calculated by:

F1-score = 2× (Precision× Recall)

Precision + Recall
× 100%. (5.29)

Results are depicted in Tables 1 and 2 for Dataset A and B, emphasizing the comparative

analysis of current state-of-the-art character-based similarity functions.

In the comprehensive analysis, the Convolutional Jaro (ConvJ) and Convolutional

Jaro-Winkler (ConvJW) metrics were assessed across multiple datasets to evaluate their

performance in comparison with state-of-the-art character based approximate string match-

ing such as Jaro [190], Jaro-Winkler [191], Levenshtein [123], Damerau-Levenshtein [192],

Smith-Waterman [70], and Needleman-Wunsch [69]. The evaluation focused on the F1-

score, a critical metric reflecting both precision and recall, to provide a balanced view of
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each algorithm’s accuracy and efficiency.

Superior F1-Score Performance: The results, particularly highlighted in Tables

5.3.4 and 5.3.4, demonstrate the superior performance of ConvJ and ConvJW algorithms.

ConvJW, with a σ setting of 2, achieved the highest F1-score of 86.32% on Dataset A,

surpassing the traditional Jaro-Winkler score of 81.45%. This improvement emphasizes

the efficacy of integrating a convolutional methodology and Gaussian weighting to accu-

rately capture the proximity of character positions with improved precision. Similarly, on

Dataset B, ConvJ with a σ setting of 0.5 achieved an F1-score of 89.13%, outperforming

Jaro-Winkler’s 86.17%, further affirming the robustness of our proposed metrics in varied

dataset contexts.

Optimal Sigma (σ) Settings: The performance sensitivity to the σ parameter was

evident, where ConvJand ConvJW’s effectiveness varied with changes in σ. For instance,

ConvJ’s performance peaked at a σ value of 0.5 on Dataset B, indicating the importance

of tuning this parameter to balance between emphasizing close character matches and ac-

commodating positional variances. This adaptability allows for fine-tuning the algorithms

to match the specific requirements of different datasets, contributing significantly to their

superior performance (Figure 5.4 and Figure 5.5).

Similarity Function F1-score

ConvJW(σ = 2, β = 0.1) 87.95 %

ConvJW(σ = 1, β = 0.1) 87.81 %

ConvJW(σ = 0.5, β = 0.1) 87.14 %

ConvJ(σ = 1) 84.99 %

ConvJ(σ = 2) 84.72 %

ConvJ(σ = 0.5) 84.54 %

Jaro-Winkler 81.45 %

Damerau-Levenshtein 76.86 %

Levenshtein 76.83 %

Needleman-Wunsch 76.25 %

Smith-Waterman 75.71 %

Jaro 75.29 %

Table 5.3: F1-score Comparison of character-based similarity functions ranked in descend-

ing order of F1-score for Dataset A
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Figure 5.4: F1-score performance as a function of the σ parameter in the ConvJ algorithm.

The graph demonstrates the optimal σ value for maximizing the F1-score, illustrating the

algorithm’s sensitivity to this parameter for Dataset A.

Similarity Function F1-score

ConvJ(σ = 0.5) 89.13%

ConvJ(σ = 1) 89.03%

ConvJ(σ = 2) 88.55%

ConvJW(σ = 0.5, β = 0.1) 88.39%

ConvJW(σ = 1, β = 0.1) 88.17%

ConvJW(σ = 2, β = 0.1) 87.96%

JaroWinkler 86.17%

Needleman-Wunsch 85.85%

Jaro 85.78%

Levenshtein 85.39%

Damerau-Levenshtein 85.37%

Smith-Waterman 84.38%

Table 5.4: F1-score Comparison of character-based similarity functions ranked in descend-

ing order for Dataset B



CHAPTER 5. ENTITY RESOLUTION IN SIMILARITY SPACE 112

Figure 5.5: F1-score performance as a function of the σ parameter in the ConvJ algorithm.

The graph demonstrates the optimal σ value for maximizing the F1-score, illustrating the

algorithm’s sensitivity to this parameter for Dataset B.

5.3.5 Time and Space Complexity

The time complexity of both the Jaro and Jaro-Winkler similarity algorithms isO(|S1||S2|),
where |S1| and |S2| denote the lengths of the two strings being compared. This complexity

arises from the requirement to potentially compare each character in one string to every

character in the other string within a certain matching window, scaling with the product

of the lengths of the two strings.

The memory complexity for these algorithms is O(|S1|+ |S2|). This is due to the need

to store intermediate match information, such as matched characters, for each string.

This storage is necessary to calculate the final similarity score, including handling trans-

positions for the Jaro algorithm and prefix similarity adjustments in the Jaro-Winkler

extension.

These complexities suggest that while Jaro and Jaro-Winkler are relatively efficient

for shorter strings, their performance may degrade for longer strings due to the quadratic

nature of their time complexity. Despite this, they are popular for many practical appli-

cations involving string similarity and approximate matching due to their simplicity and

effectiveness.
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The ConvJ algorithm introduces more efficient computational approach to approxi-

mate string similarity, characterized by a quasilinear time complexity with respect to the

length of one string and the fixed window size. Specifically, the time complexity is denoted

as O(|S1|w), where |S1| is the length of the first string and w is the fixed window size

utilized in the similarity calculation. This efficiency is achieved by limiting comparisons

to a fixed window around each character, significantly reducing the number of operations

compared to traditional quadratic approaches.

Memory complexity for ConvJ is primarily influenced by the storage of precomputed

Gaussian weights and intermediate calculations. Given the fixed window size w, the

memory requirement is O(w), accounting for the Gaussian weight array and temporary

variables used during computation. This compact memory footprint makes ConvJ par-

ticularly suitable for applications with stringent memory constraints.

Performance assessments were conducted on an Intel i7 11370H processor with 16GB

RAM, comparing execution times and performance deltas to gauge the algorithms’ effi-

ciency. The summarized outcomes in Tables 5.3.5 and 5.3.5 for Dataset A and B reveal

the computational advantages of ConvJ and ConvJW against established string matching

algorithms.

Computational Efficiency: Notably, ConvJ and ConvJW not only excelled in ac-

curacy but also in computational efficiency. As evidenced in Tables 5.3.5 and 5.3.5,

ConvJW(σ = 0.5) recorded the fastest execution time on Dataset B with 0:10:158, show-

casing a substantial speed advantage over traditional metrics like Jaro (1:21:675) and

Jaro-Winkler (1:33:368). This efficiency is paramount for large-scale applications, en-

abling rapid and precise string similarity assessments across extensive datasets.

Algorithm Time (mm:ss:ms) Performance ∆ (%)
ConvJ(σ = 0.5) 0:02:412 0.00%
ConvJW(σ = 0.5) 0:02:660 +10.28%
ConvJ(σ = 1) 0:03:607 +49.54%
ConvJW(σ = 1) 0:03:841 +59.25%
ConvJ(σ = 2) 0:05:540 +129.68%
ConvJW(σ = 2) 0:05:577 +131.22%
Jaro 0:10:314 +327.61%
Jaro-Winkler 0:10:736 +345.11%
Levenshtein 0:33:629 +1294.24%
Damerau-Levenshtein 0:58:098 +2308.71%
Needleman-Wunsch 1:13:331 +2940.26%
Smith-Waterman 1:24:695 +3411.40%

Table 5.5: Time Performance of Character-Based Similarity for Dataset A
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Algorithm Time (mm:ss:ms) Performance ∆ (%)
ConvJ(σ = 0.5) 0:10:158 0.00%
ConvJW(σ = 0.5) 0:12:733 +25.34%
ConvJ(σ = 1) 0:15:948 +56.94%
ConvJW(σ = 1) 0:17:424 +71.54%
ConvJ(σ = 2) 0:25:537 +151.49%
ConvJW(σ = 2) 0:27:048 +166.32%
Jaro 1:21:675 +705.88%
Jaro-Winkler 1:33:368 +819.36%
Levenshtein 6:20:035 +3759.22%
Damerau-Levenshtein 11:20:111 +6708.99%
Needleman-Wunsch 15:45:774 +9296.85%
Smith-Waterman 16:38:783 +9815.41%

Table 5.6: Time Performance of Character-Based Similarity for Dataset B

5.4 Fuzzy Record Similarity (FRS)

The proposed model is based on maximum weight matching in a bipartite graph [203],

[205], [206] that satisfies an axiom (S1) for symmetry mentioned above. The exact optimal

solution to the combinatorial assignment problem can be solved by the Kuhn–Munkres

algorithm [231]–[233].

A graph G = (V , E) consists of a set V = R1 ∪ R2 of vertices (the tokens of both

records) and a set E of pairs of vertices, called edges. For an edge e = (Xi, Yj), it is

stated that the endpoints of e are Xi and Yj; it is also stated that e is incident to Xi and

Yj.

A graph G = (V , E) is bipartite if the vertex set V can be partitioned into two sets R1

and R2 (the bipartition) such that R1 ∩R2 = ∅ and no edge in E has both endpoints in

the same set of the bipartition.

A matching M ⊆ E is a collection of edges such that every vertex is incident to at

most one edge of M. If a vertex has no edge incident to it, then the vertex is said to be

exposed (or unmatched). A matching is perfect if no vertex is exposed; in other words, a

matching is perfect if its cardinality is equal to |R1| = |R2|.

Theorem 44 (König). For any bipartite graph, the maximum size of a matching is equal

to the minimum size of a vertex cover.

This theorem is an expression of the equality of the primary and dual problem in linear

programming. The Kuhn–Munkres algorithm is based on such dual tasks.

Definition 29 (Maximum Weight Matching Problem). Given a weight ci,j for all (i, j) ∈
E. Given a matching, let its incidence vector be x where xi,j = 1 if (i, j) ∈ M and

0 otherwise. One can formulate the maximum weight matching problem as follows: its
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objective function is

x∗ = arg max

|R1|∑
i=1

|R2|∑
j=1

ci,jxi,j = arg max cTx, (5.30)

subject to
|R1|∑
i=1

xi,j = 1, (5.31)

|R2|∑
j=1

xi,j = 1. (5.32)

The original algorithm has a polynomial time complexity O(|V|4) but it has been

shown that it can be modified to achieve an O(|V|3) running time. Note that the best

known time complexity for the maximum weighted matching is O(|V||E| + |V|2 log |V|)
[234], [235]. The class of these combinatorial optimization problems belongs to the class

of NP-complete problems.

For the calculation of textual similarity, the normalized edit similarity in the range

[0, 1], already defined in Theorem (45), is utilized

ci,j = sn(Xi, Yj). (5.33)

Let’s mention that several normalization factors have been developed [111], [196], [197]

and most of them violate the triangle inequality as a condition of being a similarity. How-

ever, in [111] there has been a normalized similarity, and this has been further generalized

into similarity space [OR-1]. On the other hand, it also has been found that such normal-

ization factors don’t affect the accuracy, with fluctuations in the test results ≈ 1%. This

accuracy could be considered as a statistically acceptable error.

A normalization of d(Xi, Yj) differences, commonly referred to as the edit distance,

for Levenshtein similarity is now introduced in the interval [0, 1], a widely used approach

in [178], [189], [200], [205],

s(Xi, Yj) = 1− d(Xi, Yj)

max{|Xi|, |Yj|}
. (5.34)

It can be easily shown, for example 5.4, that this normalization also violates the triangle

inequality, and therefore all the distance or similarity functions introduced in the articles

based on this normalization are not metrics and cannot be well-used in applications like

cluster analysis.

Example. Considering the strings X = ”ab”, Y = ”abc”, and Z = ”bc”, the following is
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obtained:

d(X,Z) ≤ d(X, Y ) + d(Y, Z),

d(X,Z)

max{|X|, |Z|}
≤ d(X, Y )

max{|X|, |Y |}
+

d(Y, Z)

max{|Y |, |Z|}
,

2

2
≰

1

3
+

1

3
.

(5.35)

Theorem 45 (Normalized Edit similarity). Let Σ be a finite alphabet, and let Σ∗ denote

the set of all strings over Σ. Given X, Y ∈ Σ∗, the Generalized Rozinek Similarity over

Σ is the normalized edit similarity

sn(X, Y ) =
s(X,X) + s(Y, Y )− d(X, Y )

s(X,X) + s(Y, Y ) + d(X, Y )
=
|X|+ |Y | − d(X, Y )

|X|+ |Y |+ d(X, Y )
, (5.36)

where sn(X, Y ) : Σ× Σ∗ → [0, 1] ⊂ R and | . | denotes the cardinality of a set, specifically

the number of characters of the string.

Proof. Without loss of generality, it may be assumed that a self-similarity s(X,X) is a set

function, particularly that s(X,X) is a measure µ(X) on a σ-algebra on the finite alphabet

Σ. The set of all strings Σ∗ induces a σ-algebra on the finite alphabet Σ, resulting in a

measure space represented as the triple (Σ,Σ∗, µ).

In fact, in the abstract meaning, the edit distance d(x, y) is a symmetric difference

of ordered sets, where d(X, Y ) = µ(X△Y ) is calculated by an algorithm of dynamic

programming. For finite sets, the cardinality is a natural measure of size. In this case,

the cardinality | . | of sets is defined as the number of characters in the sets. It is expressed

sR(X, Y ) = sn(X, Y ) =
s(X,X) + s(Y, Y )− d(X, Y )

s(X,X) + s(Y, Y ) + d(X, Y )

=
µ(X) + µ(Y )− µ(X△Y )

µ(X) + µ(Y ) + µ(X△Y )

=
|X|+ |Y | − d(X, Y )

|X|+ |Y |+ d(X, Y )
.

(5.37)

Since it is proven from Theorem 18 that sR(X, Y ) is a normalized similarity, the proof is

complete. Alternatively, a second proof [OR-1], [111] is provided to support the statement

|X|+ |Y | − d(X, Y )

|X|+ |Y |+ d(X, Y )
= 1− 2d(X, Y )

|X|+ |Y |+ d(X, Y )
= 1− dn(X, Y ), (5.38)
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where dn(x, y) is a normalized edit distance of the form

dn(X, Y ) =
2d(X, Y )

|X|+ |Y |+ d(X, Y )
. (5.39)

In [111] it is further proved that dn is a normalized distance metric. Hence by the duality

between normalized similarity and normalized distance metrics, sn(x, y) = 1− dn(x, y) is

also proven [OR-1].

Now, a scenario is considered in which the prediction of the edit distance is desired

based solely on the lengths of the strings X and Y . The calculation of the edit dis-

tance d(X, Y ) itself is computationally expensive, in quadratic time O(|X||Y |), So, a

rough estimate of the worst-case expected edit distance for the minimum edit normalized

similarity, given by the threshold sn(X, Y ) ≥ α, is desired. An expected edit distance

supα d(X, Y ) = d(α, |X|, |Y |) is introduced, depending on already known parameters – the

threshold α and the lengths of the strings |X| and |Y |. Finally, a prediction is obtained,

which is computationally feasible in constant time O(1) and will assist in developing an

optimal filter in subsequent chapters.

Definition 30 (Expected Edit Distance). Let the worst case expected edit distance be

d(α, |X|, |Y |) : R×N+×N+ → N0 the maximal possible edit distance d(X, Y ) : Σ∗×Σ∗ →
N0 for string lengths |X| and |Y | and a similarity given by fixed α ∈ [0, 1].

Theorem 46 (Threshold of Normalized Edit similarity). Let the edit distance be d(X, Y ),

the worst case of the expected distance function be d(α, |X|, |Y |), and write the floor func-

tion by ⌊ . ⌋. Then

sn(X, Y ) ≥ α⇐⇒ d(X, Y ) ≤ d(α, |X|, |Y |) =

⌊
1− α
1 + α

(|X|+ |Y |)

⌋
, (5.40)

where α ∈ [0, 1] ⊂ R is a threshold of the normalized similarity given by sn(X, Y ) ≥ α.

Proof. According to Theorem 20 and substituting for self-similarities which equal the

corresponding cardinality of the sets, s(X,X) = |X|, s(Y, Y ) = |Y |, the expected distance

d(α, |X|, |Y |) reaches a maximum just when the similarity is minimal under the lowest

similarity given by the threshold α. This occurs if and only if sn(X, Y ) = α is substituted:

d(X, Y ) =
⌊
dR
⌋

=

⌊
1− sn(X, Y )

1 + sn(X, Y )
(s(X,X) + s(Y, Y ))

⌋

≤ sup
α
d(X, Y ) =

⌊
1− α
1 + α

(|X|+ |Y |)

⌋
= d(α, |X|, |Y |).

(5.41)
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Since the edit distance is an integer, the floor function is used to remove any undefined

fractional part.

Definition 31 (Fuzzy Record Similarity - FRS). Let M be a matching collection of edges

connecting pairs of tokens, and the cardinality |M| = min{|R1|, |R2|}, especially for cases

of non-perfect matching, |R1| ≠ |R2|. An expected value of the similarity is defined as an

average of the normalized edit similarity between R1 and R2 as follows:

E[sn(R1,R2)] = sn(R1,R2) =

∑
(i,j)∈M sn(Xi, Yj)

|M|
. (5.42)

Theorem 47. The Fuzzy Record similarity (FRS) is a normalized similarity.

Proof. FRS satisfies (N1) because the maximum weight matching in a bipartite graph is

a symmetric measure. Continuing from Definition 31, Theorem 45 is applied along with

convex combinations in Theorem 5, and then the remaining axioms are easily proven.

Corollary 6 (Identity FRS and Fuzzy Overlap Similarity). The Fuzzy Record similarity

equals the Fuzzy Overlap Similarity if and only if δ = 0:

sn(R1,R2) = simO(R1,R2). (5.43)

Proof. It can be expressed directly

sn(R1,R2) =

∑
(i,j)∈M sn(Xi, Yj)

|M|
=

∑
(i,j)∈M sn(Xi, Yj)

min{|R1|, |R2|}

=
|R1

∼
∩δ=0 R2|

min{|R1|, |R2|}
= simO(R1,R2).

(5.44)

whenever a second threshold is removed by setting δ = 0, a complete bipartite graph is

obtained, therefore
∑

(i,j)∈M sn(Xi, Yj) = |R1

∼
∩δ=0 R2|.

In contrast to the Fuzzy Jaccard Similarity from Definition 24, a well-designed general-

ized similarity suitable for text mining and cluster analysis is offered as the first introduced

advanced fuzzy record similarity technique.

Graphically, the whole procedure is shown in Figure 5.6 and 5.7.

For the time complexity, note that in most cases in large databases, in each attribute

there are stored short strings with few tokens, hence the computation is well feasible and

fast in many real-world scenarios. However in large storage with millions of records, such

a time complexity of the algorithm is not usable in real-time approximate string matching

and search. There could be developed a filter, also called a blocking technique, using a

method with much lower time complexity and thus filter many records and significantly
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Figure 5.6: The construction of a complete bipartite graph where every token vertex of
the first record set R1 is connected to every token vertex of the second record set R2.

Figure 5.7: Maximum weighted bipartite matching of two recordsR1 andR2 and adjacent
edges of token pairs Xi, Yj weighted by normalized similarity sn(Xi, Yj).

reduce the large comparison space [177], [199], [200]. Practically all used methods are

sub-optimal filters which during filtering lose true positive candidates. The reason for

this observation is that these methods are not explicitly mathematically united.

The intention of this thesis is to show in general that it is possible to derive an optimal

filter that is less time-consuming and serves as the lower bound of the threshold related

to a more time-consuming algorithm of approximate string matching. In this case, a

two-stage method is proposed, where a less time-consuming filter, such as a Q-gram filter,

could be used for the proposed token-based model FRS with polynomial time complexity.

The Q-gram filter is also one of the most used indexing methods for search engines in

real-world applications. Thresholding by least shared Q-grams is known as T-overlap

similarity join [200]. In the next chapters, a new optimal Q-gram filter for FRS will be

described, the purpose of which is to solve the T-overlap similarity join problem.

5.5 Count Q-gram Filter

Some basic types of Q-gram filtering are distinguished, including count filtering, posi-

tional filtering, prefix filtering, and length filtering [177], [236]. Two of these types will

be described in this thesis, providing a basic description of their ideas:
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Count Filtering

The intuition behind count filtering is that strings with greater edit similarity than a

threshold sn ≥ α have a large number of Q-grams in common, based on Theorem 48,

Corollary 8 and 49.

At the beginning of this chapter, the concept of Q-gram similarity lying in similarity

space will be introduced.

Definition 32 (Q-gram Similarity). Let Σ be a finite alphabet, and let Σ∗ denote the set

of all strings over Σ. The function sq : Σ∗ × Σ∗ → N0 is the Q-gram similarity function

for the strings R1, Y

sq(QX , QY ) = |QX ∩QY |, (5.45)

where QX and QY are the corresponding Q-gram sets.

Corollary 7. Q-gram Similarity sq(QX , QY ) is a similarity.

Proof. It has been already shown in [OR-1] that a set intersection is a elementary simi-

larity satisfying (S1), (S2), (S3) and (S4) from Definition 5.

A normalized similarity called the Jaccard metric is obtained by dividing by |QX∪QY |
[OR-1]. For further derivation, only a simple intersection is considered as a measurement

of the Q-grams common to R1 and Y .

In [122], there is proposed a relation between the edit distance and the Q-gram method.

Suppose given a pattern string R1 with length |X| and a text string Y with length |Y |.
Then the following theorem is given in [237]:

Theorem 48 (Q-gram Count Filtering [122], [237]). Let R1 and Y be strings with the

edit distance d(X, Y ). Then, the Q-gram similarity |QX ∩QY | of the token R1 and Y is

at least

t = inf
d
{|QX ∩QY |} = max{|X|, |Y |} − q + 1− qd(X, Y ), (5.46)

where t is a Q-gram similarity threshold with respect to d(X, Y ).

Proof. [122]

This observation is crucial for a family of algorithms focusing on string similarity search

and similarity join based on edit distance constraints with many real-world applications

in data cleaning, search engines and integration, which extend traditional exact search

and exact join operations in databases by tolerating errors and inconsistencies in the data.

See [200].
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One of the common problems is to find the threshold of least sharing Q-grams for an

allowed edit distance with a fixed maximum distance dmax which can be set as a parameter

by the user. Denote by d ∈ [0, dmax] an interval range of allowed edit distance.

Corollary 8 (Infimum of Q-gram for Edit Distance). Let d ∈ [0, dmax] be an edit distance.

Then there exists a lower bound

inf
d
{|QX ∩QY |} = max{|X|, |Y |} − q + 1− qmin{dsing, dmax}. (5.47)

Proof. infd{|QX ∩ QY |} = infd=dmax{|QX ∩ QY |}; the term min{dsing, dmax} treats filter

underflow below 0.

A singularity of a Q-gram filter dsing occurs whenever this lower bound is less than or

equal to zero, as will be explained further on.

Corollary 9 (Supremum of Q-gram for Edit Distance). Suppose given an edit distance

d ∈ [0, dmax]. Then there exists an upper bound

sup
d
{|QX ∩QY |} = max{|X|, |Y |} − q + 1. (5.48)

Proof. Similarly, an upper bound is obtained by maximizing |QX ∩QY | and using d = 0,

hence supd{|QX ∩QY |} = supd=0{|QX ∩QY |}.

In this new definition, an expression using infimum and supremum on the Q-gram

set in relation to the edit distance d was introduced for the first time. A similar kind of

equation is also introduced in [122], [237]. For simplicity, from now on, the threshold is

written as t = infd{|QX ∩QY |}.

Definition 33 (Q-gram Singularity). It is said that there is a Q-gram singularity if no

common Q-gram is guaranteed, and so Q-gram filtering has no effect and

t = inf
d
{|QX ∩QY |} ≤ 0. (5.49)

Corollary 10 (Length Singularity of Q-gram Filter). Let |X|sing be the string length

where t = 0 for an edit distance d(X, Y ) > 0. It is called a length singularity of the

Q-gram filter for edit distance

|X|sing = (d(X, Y ) + 1)q − 1. (5.50)

Proof. A positive edit distance d > 0 is assumed. Then

t = |X| − q + 1− qd(X, Y ), (5.51)
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Figure 5.8: An example of a singularity of a trigram filter for d = 1 and |X|sing = 5.
Suppose the worst case for fixed d = 1 is the substitution in the position of character C
destroying all trigrams {”CAC”, ”ACH”, ”CHE”}, hence t = 0

.

|X| = t+ (d(X, Y ) + 1)q − 1, (5.52)

with t = 0 is proven.

There is an example in Fig. 5.8.

5.5.1 Optimal Count Q-gram Filter for Character-Based Simi-

larity

The normalization of the edit distance has received less attention in many scientific arti-

cles, but it is of great importance for many real-world applications that require measuring

normalized similarity independently of the length of the string. The edit distance d = 1

on a token with length |X| = 24 is very often totally different from that of a token Y

with, e.g. |Y | = 6. The normalization factor brings is well related to the human percep-

tion of the similarity of different objects. From similarity space theory, the tokens could

often have different self-similarities. Self-similarity could be a measure of the number of

extracted Q-grams or token lengths. For instance, having a German word X = ‘Einkom-

mensteuererklärung’ (income tax return) and Y = ‘Steuer’ (tax), then s(X,X) ≥ s(Y, Y )

when counting string lengths, common characters or Q-grams. Whenever two objects with

different feature sizes are compared, it is questioned whether these objects are of differ-

ent importance. In this model, it is asserted that they are not, leading to the following

argument for normalization among tokens.

Similar to the previous equation (8), the normalized least sharing Q-gram pairs are

reformulated as a threshold similarity as follows:

tα = inf
α
{|QX ∩QY |} = max{|X|, |Y |} − q + 1− qd(α, |X|, |Y |), (5.53)
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where the edit distance is substituted with the worst-case scenario d(X, Y ) = d(α, |X|, |Y |),
which is utilized later in this thesis.

The occurrence of a singularity of the Q-gram filter tα depends on the string lengths

|X| and |Y | and the user-chosen threshold parameter α ∈ [0, 1].

Corollary 11. — Let |X| and |Y | be string lengths where tα = 0 for a normalized edit

similarity sn(X, Y ) ≥ α. This is termed a singularity of the Q-gram filter

|X|sing = qd(α, |X|, |Y |) + q − 1. (5.54)

Proof. With tα = 0 it can be proven

0 = |X| − q + 1− qd(α, |X|, |Y |),

|X|sing = qd(α, |X|, |Y |) + q − 1.
(5.55)

For simplicity, it is assumed that the tokens have the same lengths |X| = |Y |. For

illustration purposes, these examples are provided: if d(α, |X|, |Y |) = 1, then |X|sing =

|Y |sing = 2q − 1 for a trigram, where |X|sing = 5, and for a bigram, where |X|sing = 3.

For another example, if d(α, |X|, |Y |) = 2, |X|sing = |Y |sing = 3q − 1 for the trigram

|X|sing = 8 and for the bigram |X|sing = 5.

Corollary 12 (Edit Distance Singularity of Q-gram Filter). Suppose given an expected

edit distance dsing(α, |X|, |Y |) which is a singularity of the Q-gram filter for an edit dis-

tance, that is, where tα = 0. Then,

dsing(α, |X|, |Y |) =

⌈
|QX |
q

⌉
(5.56)

where QX is the Q-gram set of string R1.

Proof. Since tα = 0, then, similar to before,

0 = max{|X|, |Y |} − q + 1− qdsing(α, |X|, |Y |),

dsing(α, |X|, |Y |) =

⌈
max{|X|, |Y |} − q + 1

q

⌉
,

dsing(α, |X|, |Y |) =

⌈
sup{|QX ∩QY |}

q

⌉
.

(5.57)

For simplicity, again assume |X| = |Y |. Finally, it is obtained

dsing(α, |X|, |Y |) =

⌈
|QX |
q

⌉
. (5.58)
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The fractional part means the remaining Q-grams which have the size |QX | mod q. Ad-

ditionally, the remaining Q-grams are destroyed with d = 1, thus the ceiling function ⌈.⌉
is used to handle the fractional part.

Simply explained, a Q-gram filter can work efficiently if d(X, Y ) ≤ dsing(α, |X|, |Y |).
If equality holds, all Q-grams could be destroyed, as the worst case.

Corollary 13. (Edit Similarity Singularity of Q-gram Filter) Let αsing be a singularity

threshold of a Q-gram filter where tα = 0.

αsing =
2q|X| − |X|+ q − 1

2q|X|+ |X| − q + 1
=

2q|X| − |QX |
2q|X|+ |QX |

. (5.59)

Proof. Assuming an unfractional part, it is obtained that

d(α, |X|, |Y |) = dsing(α, |X|, |Y |),
1− α
1 + α

(|X|+ |Y |) =
sup{|QX ∩QY |}

q
,

1− α
1 + α

=
sup{|QX ∩QY |}
q(|X|+ |Y |)

,

α =
q(|X|+ |Y |)− sup{|QX ∩QY |}
q(|X|+ |Y |) + sup{|QX ∩QY |}

.

(5.60)

This is proven by finding a root of the equation for α. Assuming the strings have equal

lengths, this can be simplified to

α =
2q|X| − |QX |
2q|X|+ |QX |

=
2q|X| − |X|+ q − 1

2q|X|+ |X| − q + 1
. (5.61)

In other words, a threshold α ≥ αsing should always be selected for corresponding

token lengths to ensure the effectiveness and efficiency of the Q-gram filter in filtering any

dissimilar records.

Corollary 14. Shorter strings less than |X| <
⌈

1+α
2−2α

⌉
must have an exact match with

size for all Q-grams |QX | for the Q-gram filter

|X| <

⌈
1 + α

2− 2α

⌉
=⇒ tα = |QX | = |X| − q + 1. (5.62)

Proof. Thus, it is shown that a non-integer fractional part d(α, |X|, |Y |) < 1 leads to an ex-

act match after applying the floor function, i.e., d(α, |X|, |Y |) < 1 =⇒ ⌊d(α, |X|, |Y |)⌋ =
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Figure 5.9: Sawtooth function of different string lengths |X| and fixed q and α. The zero
crossings of tα illustrate singularities of the Q-gram filter. Similar to results in [238].

0. ⌊
2|X| − 2α|X|

α + 1

⌋
< 1,

|X| <

⌈
α + 1

2− 2α

⌉
.

(5.63)

Indeed, for d = 1 and α = 0.8, |X| = 5 is obtained. Shorter strings must always have

sn(X, Y ) < α for d > 0.

A singularity of a Q-gram filter could cause performance problems on certain string

lengths |X|sing due to generating a large candidate set. To resolve this kind of problem,

this model should be extended with at least 1 padding Q-gram, denoted by p ∈ Σ∗. From

nature, empirical observation, and some blocking techniques [177], [199], [200], increasing

the importance of initial letters seems reasonable. For an initial solution, a prefix or

postfix ’p = #’ or both could be defined for each token, and the Q-gram sets could be

extended by about |QX |+ |p| Q-grams.

Corollary 15. A smooth Q-gram set is a set of Q-grams extended by padding the total

length |QX | + |p| and with no singularity for tα = 0 for a normalized edit similarity

sn(X, Y ) ≥ α and an expected edit distance d(α, |X|, |Y |) > 0. There is always at least
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some shared Q-grams, equal to the shift of the padded characters |p|.

tαp = tα + |p| (5.64)

Proof. Let p be the (finite) number of padded characters. Then

tαp = max{|X + p|, |Y + p|} − q + 1− qd(α, |X|, |Y |)

= max{|X|, |Y |}+ |p| − q + 1− qd(α, |X|, |Y |)

= tα + |p|,

(5.65)

where tα = 0. Note that padding characters p are not used to calculate the expected

editing distance d(α, |X|, |Y |).

The information about a singularity of a Q-gram filter or the near neighborhood around

a singularity plays an important role. Many articles have compared, on different data sets,

the use of padding Q-grams, reaching the same conclusion: this increases the F-measure

statistics [239], [240]. A theoretical explanation for why this happens has never been seen

in any framework. It is believed that singularity provides an explanation for this specific

behavior. The padding characters have a ”smoothing” effect on the token boundaries,

which is why the result is called a ”smooth Q-gram set”. In another interpretation, more

information for classification is obtained if the feature set is extended.

Another solution could be to combine feature extraction with multiple sizes of the

Q-grams, e.g. unigrams, bigrams, and trigrams. The singularities of those Q-gram filters

would be mutually resolved. A generalization of such a combination could be expressed as

a sum of shared Q-grams over different Q-gram sizes t1, t2, t3 and their constants q1 = 1,

q2 = 2, q3 = 3.

t1,2,3 = t1 + t2 + t3 =

3 max{|X|, |Y |} − q1 − q2 − q3 + 3− d(α, |X|, |Y |)(q1 + q2 + q3)
(5.66)

and evaluating

t1 + t2 + t3 = 3 max{|X|, |Y |} − 3− 6d(α, |X|, |Y |). (5.67)

5.5.2 Optimal Count Q-gram Filter for Token-Based Similarity

Set similarity join identifies all pairs of sets within a single record collection or across two

different collections when the similarity score is above a certain threshold α [177], [179].
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Figure 5.10: Maximum weighted bipartite matching of two records R1 and R2.

This process is an essential operation in many applications, such as data cleaning and

integration, personalized recommendation and record deduplication.

As shown in the Fig. 5.12, the focus is on a two-step method for similarity join:

firstly, using a count Q-gram filter, and secondly, employing maximum weighted bipartite

matching as the best approach for solving the combinatorial assignment problem [204].

This method involves fuzzy token similarity in bipartite matchings, recognized state-of-

the-arts for its high accuracy in classifying records as matches or non-matches in an

error-tolerant manner. However, this approach results in polynomial time complexity,

O(n3), which is managed by the Kuhn-Munkres algorithm (Fig. 5.10).

To improve the efficiency of similarity joins, exhaustive pair comparisons are avoided

by applying a count Q-gram filter. In real-world applications, Ukkonen’s lemma [198],

[237] is used to establish a direct relation between Q-gram similarity and edit distance

(Levenshtein), which acts as a rigorous mathematical filter to reduce the number of com-

parisons without missing any true matches. As indicated in the figure, the Q-gram filter

operates in constant time, O(1) on a pre-built inverted Q-gram index. This significant

reduction in comparison pairs enables real-time processing, as only a small fraction of can-

didate pairs is further verified for actual matches in the second stage of Fuzzy Bipartite

Matching (Fig. 5.12).

According to Ukkonen’s lemma [198], [237], let X and Y be tokens with the edit

distance d(X, Y ). Then, the Q-gram similarity |QX ∩ QY | of the tokens X and Y is at

least t = infd{|QX ∩ QY |} = max{|X|, |Y |} − q + 1 − qd(X, Y ), where t is a Q-gram

similarity threshold with respect to d(X, Y ) and q is the Q-gram length.

The problem often arises with the assumption that this constraint is applied to the

entire record [237]. Consider two records R1 and R2, split into sets of tokens Xi ∈ R1 and

Yj ∈ R2. This simplification is demonstrated in the example below, leading to differing

results of the Q-gram filter as a constraint of fuzzy bipartite matching. This gap in this

thesis’s goal is addressed.
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Example. Consider two records R1 and R2, each divided into sets of tokens {X1, X2}
and {Y1, Y2}, respectively. Let there be a matching set of token pairsM, such thatM =

{{X1, Y1}, {X2, Y2}}. For the entire record, the Q-gram similarity threshold is calculated

as

t = max{|X1 ∪X2|, |Y1 ∪ Y2|} − q + 1− qd(X1 ∪X2, Y1 ∪ Y2),

which diverges from the separate calculations for each matching pair,

tM = max{|X1|, |Y1|} − q + 1− qd(X1, Y1) + max{|X2|, |Y2|} − q + 1− qd(X2, Y2),

as determined by the edges in a maximum weighted bipartite matching. This demonstrates

that t ̸= tM, indicating the need for a more refined filter approach for tM.

In [122], a lower bound relationship is established between edit distance and the Q-

gram method for a pattern string X of length |X| and a text string Y of length |Y |.
This lower bound is crucial for string similarity search and similarity join algorithms,

which are widely applied in data cleaning, search engines, and data integration [200].

These algorithms, going beyond traditional exact search methods, handle data errors and

inconsistencies. Their importance lies in speeding up similarity joins and minimizing

exhaustive pairwise comparisons.

The Q-gram Count filter model is refined by introducing more precise assumptions for

the token sets R1,R2, and an optimal filter is derived to ensure that no comparison pair

with a Fuzzy Jaccard Similarity higher than α is lost.

It is assumed that the matching token pairs provided by M are known, while their

edit distances are unknown. However, these distances can be predicted based on expected

edit distances.

Theorem 49 (Optimal Count Q-gram Filter for Bipartite Matching). Let R1 and R2 be

records representing a set of tokens. Then the Q-gram similarity in bipartite matching of

R1, R2 and cardinality |M| for a given threshold sn(R1,R2) ≥ α is at least

tM = inf
α
{|QR1 ∩QR2|}

=
∑

(i,j)∈M

max{|Xi|, |Yj|} − |M|q + |M|︸ ︷︷ ︸
maximum shared Q-grams

−qmax
α

∑
(i,j)∈M

d(αi,j, |Xi|, |Yj|)︸ ︷︷ ︸
loss function

, (5.68)

containing a linear combination of

d(αi,j, |Xi|, |Yj|) =
1− αi,j

1 + αi,j

(|Xi|+ |Yj|) (5.69)
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under the constraint α =
∑

(i,j)∈M αi,j

|R1|+|R2|−
∑

(i,j)∈M αi,j
for which the linear combination is maxi-

mized.

Proof. Consider the sum over connected pairs of tokens with cardinality |M|

inf
α
{|QR1 ∩QR2|} = inf

α

{ ∑
(i,j)∈M

|QXi
∩QYi

|

}
=

∑
(i,j)∈M

inf
αi,j

{|QXi
∩QYj

|}

=
∑

(i,j)∈M

inf
αi,j

{max{|Xi|, |Yj|} − q + 1− qd(X, Y )}

=
∑

(i,j)∈M

{max{|Xi|, |Yj|} − q + 1− q sup
αi,j

d(X, Y )}

=
∑

(i,j)∈M

max{|Xi|, |Yj|} − |M|q + |M| − qmax
α

∑
(i,j)∈M

d(αi,j, |Xi|, |Yj|).

(5.70)

Each αi,j is the distributed minimum similarity for each token, giving a threshold vec-

tor that should maximize the sum of the expected distances d(αi,j, |Xi|, |Yj|) so that

sn(R1,R2) ≥ α holds for tM . Formalizing this, the task is obtained

maximize
∑

(i,j)∈M

d(αi,j, |Xi|, |Yj|),

subject to
∑

(i,j)∈M

αi,j ≥
α

1 + α
(|X |+ |Y|) α ∈ [0, 1], i = 1, . . . , |M|,

αi,j ∈ [0, 1], j = 1, . . . , |M|.

This leads to an integer linear programming task equivalent to the Knapsack problem,

solvable in O(nb) time. The optimization algorithm determines the maximum expected

edit distance distribution across tokens, maintaining the similarity threshold sn(R1,R2) ≥
α.

The aim is to merge the objective function and its constraint into a single expression

using the Lagrange multiplier method

L(αi,j, ..., α|M|, λ)

=
∑

(i,j)∈M

d(αi,j, |Xi|, |Yj|)− λ

 α

1 + α
(|X |+ |Y|)−

∑
(i,j)∈M

αi,j


=

∑
(i,j)∈M

1− αi,j

1 + αi,j

(|Xi|+ |Yj|)− λ

 α

1 + α
(|X |+ |Y|)−

∑
(i,j)∈M

αi,j

 .

and solve ∇αi,j ,...,α|M|,λL(αi,j, ..., α|M|, λ) = 0. Differentiating with respect to a specific αi,j
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and setting the derivative to zero:

∂L
∂αi,j

= − 2(|Xi|+ |Yj|)
α2
i,j + 2αi,j + 1

− λ = 0. (5.71)

Differentiating with respect to λ and setting this derivative to zero:

∂L
∂λ

=
α

1 + α
(|R1|+ |R2|)−

∑
(i,j)∈M

αi,j = 0. (5.72)

Solving these equations will yield the values of αi,j and the optimal λ for the given

optimization problem. From this, λ can be solved for as follows

λ = − 2(|Xi|+ |Yj|)
α2
i,j + 2αi,j + 1

. (5.73)

So the threshold from Theorem (49) can be expressed with the Lagrangian function

as follows:

tM = inf
α
{|QR1 ∩QR2|}

=
∑

(i,j)∈M

max{|Xi|, |Yj|} − |M|q + |M|︸ ︷︷ ︸
maximum shared Q-grams

−q L(αi,j, . . . , α|M|, λ)︸ ︷︷ ︸
loss function with Lagrangian

. (5.74)

5.5.3 Unsupervised Learnable Count Q-gram Filter

Considering the analytical intractability of the optimal count Q-gram filter, the goal is to

establish a suitable approximation that maintains accuracy while ensuring computational

efficiency, achieving a constant time complexity of O(1).

The approach is predicated on the following assumptions:

• The cardinalities of the sets R1, R2, and the matching set M are equivalent, i.e.,

|R1| = |R2| = |M|.

• For every token pair (i, j) ∈ M, the length of Yj is assumed to be the expected

value of the lengths of tokens in R2, represented as |Yj| = E[Yj].

• The similarity threshold α is uniformly applied across all token pairs, such that

E[αi,j] = α, and hence E[L(αi,j, ..., α|M|, λ)] = L(α, λ)].

• The expected number of destroyed Q-grams, E[qi,j], is estimated based on the as-

sumption that the edit distance d = 1 is a uniformly distributed random variable
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over the token. This estimation is represented by the formula:

E[qi,j] = q ·
sup |QXi

∩QYj
|

max{|Xi|,E[|Yj|]}
= q · max{|Xi|,E[|Yj|]} − q + 1

max{|Xi|,E[|Yj|]}
< q. (5.75)

Specifically, by establishing that E[qi,j] < q, the filter criteria become more stringent

and so enhancing the selectivity of the filter.

• The mean value of the expected number of destroyed Q-grams across all tokens R1

is denoted E[E[qi,j]].

• The filter sensitivity factor γ is introduced within the range [0, 1], due to certain

simplifications and estimations made across the collection of records. This factor is

empirically set to be slightly weaker, allowing a balance between high efficiency and

precision of the filter.

Under these considerations, the approximation for the Q-gram similarity is derived as

follows:

E[tM] =
∑
i∈R1

max{|Xi|,E[Yj]} − |R1|q + |R1| − L(α, λ)

=
∑
i∈R1

max{|Xi|,E[Yj]} − |R1|q + |R1| −
∑
i∈R1

E[qi,j]d(α, |Xi|,E[Yj])

− E[E[qi,j]] · γ · λ ·
(
α(1− α)

1 + α
|X |
)
.

(5.76)

The loss function d(α, |Xi|, |Yj|), considering the expected value of Yj, is defined as:

d(α, |Xi|,E[Yj]) =
1− α
1 + α

(|Xi|+ E[Yj]) (5.77)

and Lagrange multiplier

λ = −2(E[|Xi|] + E[Yj])

α2 + 2α + 1
. (5.78)

This approximation greatly simplifies the original problem. By standardizing the

length of tokens in R2 to their expected value and using a consistent similarity threshold,

the Q-gram similarity calculation is optimized to O(1). This method is especially useful

when the exact lengths of |Yj| are unknown or when computational efficiency is a priority.

The method is implemented in Algorithm 7.

5.5.4 Approximate Count Q-gram Filter

Theorem 50 (Approximate Count Q-gram Filter). Let FR1 and FR2 be discrete dis-

tribution functions representing the ascending sorted lengths |Xi| and |Yi|, respectively.



CHAPTER 5. ENTITY RESOLUTION IN SIMILARITY SPACE 132

Consider R1 and R2 as sets of records with unknown connected edges and let M denote

the set of matched record pairs with cardinality |M|. Assuming the constancy of αi,j = α

for all (i, j) as an approximation, the Q-gram similarity in bipartite matching is at least:

t̂M =
2qα + α− 2q + 1

2 + α
(FR1 [|M|] + FR2 [|M|]) +

1

2
|FR1 [|M|]− FR2 [|M|]| − |M|q+ |M|

(5.79)

for a classification threshold in Fuzzy Bipartite Matching, sn(R1,R2) ≥ α.

Proof. The derivation results from a new approximation method that involves using sev-

eral techniques to establish a less tight lower bound for certain terms. To facilitate the

reader’s comprehension, the following equations, integral to the final derived formula, are

presented first

max

{ ∑
(i,j)∈M

|Xi|,
∑

(i,j)∈M

|Yj|

}
≤

∑
(i,j)∈M

max{|Xi|, |Yj|}. (5.80)

The maximum of any two variables a, b ∈ R can also be expressed in another analytical

form:

max{a, b} =
1

2
(a+ b+ |a− b|), (5.81)

and now define the cumulative sum (discrete distribution function) of ascending sorted

length FR1 and FR2 . Finally, the inequality is obtained as follows:

max{FR1 [|M|], FR2 [|M|]} ≤ max

{ ∑
(i,j)∈M

|Xi|,
∑

(i,j)∈M

|Yj|

}
. (5.82)

With equations (5.80), (5.81), and (5.82), the full derivation is proceeded, assuming the

constancy of αi,j = α for simplicity. The floor function ⌊.⌋ is also applied to maintain

integer values for shared Q-grams. The entire derivation is as follows:
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tM =
∑

(i,j)∈M

max{|Xi|, |Yj |} − |M|q + |M| − qmax
α

∑
(i,j)∈M

d(α, |Xi|, |Yj |)

=
∑

(i,j)∈M

max{|Xi|, |Yj |} − |M|q + |M| − qmax
α

∑
(i,j)∈M

1− αi,j

1 + αi,j
(|Xi|+ |Yj |)

≈
∑

(i,j)∈M

max{|Xi|, |Yj |} − |M|q + |M| − q
1− α

1 + α

∑
(i,j)∈M

(|Xi|+ |Yj |)

≥ max

{ ∑
(i,j)∈M

|Xi|,
∑

(i,j)∈M

|Yj |

}
− |M|q + |M| − q − qα

1 + α

∑
(i,j)∈M

(|Xi|+ |Yj |)

=
1

2

∑
(i,j)∈M

(|Xi|+ |Yj |) +
1

2

∣∣∣∣∣ ∑
(i,j)∈M

|Xi| −
∑

(i,j)∈M

|Yk|

∣∣∣∣∣− |M|q + |M| − q − qα

1 + α

∑
(i,j)∈M

(|Xi|+ |Yj |)

=
2qα+ α− 2q + 1

2 + α

∑
(i,j)∈M

(|Xi|+ |Yj |) +
1

2

∣∣∣∣∣ ∑
(i,j)∈M

|Xi| −
∑

(i,j)∈M

|Yk|

∣∣∣∣∣− |M|q + |M|
≥ 2qα+ α− 2q + 1

2 + α
(FR1

[|M|] + FR2
[|M|]) + 1

2

∣∣∣FR1
[|M|]− FR2

[|M|]
∣∣∣− |M|q + |M|

≥

⌊
2qα+ α− 2q + 1

2 + α
(FR1

[|M|] + FR2
[|M|]) + 1

2

∣∣∣FR1
[|M|]− FR2

[|M|]
∣∣∣⌋− |M|q + |M|

= t̂M

=⇒ tM ≈ t̂M.

(5.83)

Consequently, when utilizing a pre-built inverted Q-gram index that includes the dis-

tribution of ascending sorted lengths, a time complexity of O(1) can be achieved.

Theorem 51 (Q-gram Filter Efficiency). Let αoptim be a minimal efficient threshold

for a Q-gram filter to be effective at filtering dissimilar records for bipartite matching

sn(R1,R2) ≥ α. Then

αoptim ≥
2q − 1

2q + 1
. (5.84)

From Equation (5.82) it follows that FX [|M|] ≤
∑|M|

i=1 |Xi|. It should be proven

that in the ordered statistics |X1| ≤ |X2|, . . . , |Xm−1| ≤ |Xm|, it is also shown that

tX1 ≤ tX2 , . . . , tXm−1 ≤ tXm . For any |Xi| and |Xj| = |Xi| + 1, the inequality tXi
≤ tXj

holds. Thus, the inequality
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|X| − q + 1− qd(α, |X|, |X|) ≤ (|X|+ 1)− q + 1− qd(α, |X|+ 1, |X|+ 1),

|X| − q + 1− q2|X| − 2α|X|
1 + α

≤ (|X|+ 1)− q + 1− q2(|X|+ 1)− 2α(|X|+ 1)

1 + α
,

−q2|X| − 2α|X|
1 + α

≤ 1− q2(|X|+ 1)− 2α(|X|+ 1)

1 + α
,

2|X| − 2α|X| ≥ 2(|X|+ 1)− 2α(|X|+ 1)− 1 + α

q

α ≥ 2q − 1

2q + 1
.

(5.85)

As derived previously in (13), the Q-gram filter works for α ≥ αsing. If αoptim = 2q−1
2q+1

is put, then the convergence of this is obvious:

lim
|X|→∞

αsing(|X|) = αoptim. (5.86)

By evaluating the expression, an effective Q-gram filter is obtained for bigram α ≥ 0.6,

for trigram α ≥ 5
7
, and for fourgram α ≥ 7

9
. The conditions for the minimum thresholds

make sense for ordinary use in real applications and have great robustness to errors.

Now, in the previous model, a padding extension is also incorporated, which should

further improve the efficiency of the filtering.

Corollary 16 (Optimal Count Q-gram Filter with Padding for Bipartite Matching). Let

R1 and R2 be records representing a set of tokens and suppose there is an extension of the

tokens by padding them with characters p ∈ Σ∗. Then the Q-gram similarity in bipartite

matching of R1, R2 and cardinality |M| for given threshold α is at least

tMp = inf
α,p
{|QR1 ∩QR2 |} = tM + |M||p|. (5.87)

Proof. Apply Corollary 15 and a procedure similar to that for proving Theorem 49.

Corollary 17 (Approximate Lower Bound to Optimal Count Q-gram Filter with Padding

for Bipartite Matching). Let R1 and R2 be records representing a set of tokens and suppose

the number of total padding characters is |pR1|, |pR2| in the records R1 and R2. Then the

Q-gram similarity in bipartite matching of R1, R2 and cardinality N for given threshold

α is at least

tMp ≈ t̂Mp = t̂M + min{|pR1 |, |pR2|}. (5.88)

Proof. Similar to the previous: Use Corollary 15 and Theorem 50. The counting of the

total padding characters per each record is due to the existence of tokens shorter than q,
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Figure 5.12: Block diagram of the processing of records from the source in real-time by a
two-step system of Q-gram filter and Fuzzy Bipartite Matching

where no padding characters are appended, but only the string is prolonged to be at least

of size q, ensuring extraction of at least one Q-gram feature.

5.6 Real-TimeMatching and Search in Similarity Space

5.6.1 Software Architecture

The architecture of the application for solving the approximate string-matching problem

is shown in Fig. 5.11. The region inside the dashed rectangle delineates the main topics of

the thesis. The mathematically derived lower bound of FRS t̂M filters dissimilar records

|QR1 ∩QR2| < t̂M from a Q-gram inverted index. The generated candidates only include

a very small fraction of the indexed collection of records. This stage mainly guarantees

real-time running. Furthermore, FRS runs comparisons on the generated candidates and

generates a subsetM of the candidates for sn(R1,R2) ≥ α. This process is illustrated in

the block of Fig. 5.12. The critical point is reiterated that a lower threshold α results in

a larger set of candidates. The previous chapters explained how the lower bound t̂M and

FRS are related mathematically to the threshold α [OR-6].

Figure 5.11: Production System Architecture of Fuzzy Search/Matching Engine
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5.6.2 Experiments

In this section, the results of an extensive set of experiments conducted to demonstrate

the efficiency of the proposed mathematical models for Q-gram filtering and approximate

record-weighted matching in a bipartite graph are presented.

The quality of the measurement data can be checked by finding matches in a database

created from other sources. A test suite that has been reported in various papers and

widely used to analyze these metrics [130], [178] was utilized.

In the dataset, pairs of inputs belonging to the same domain were compared, and if

their IDs matched, they were marked as identical. The test involved comparing datasets

taken from [130] as shown in Table. 5.3.4. Each dataset was divided into two parts, and

between these two parts, scores between all pairs of records were calculated. Subsequently,

all pairs were sorted according to the calculated similarity scores. Ideally, all matches

should have a higher similarity score and, as a result, should appear in the sorted list

before all mismatches.

The non-interpolated average precision of this ranking was computed. According to

the papers [130], [178], precision and recall were calculated as follows:

Precision =
c(i)

i
, (5.89)

Recall =
c(i)

m
, (5.90)

where c(i) is the number of correct matching pairs ranked before position i, and m is total

number of correct matches. Consequently interpolated precision at recall r is the maxi
c(i)
i

,

where the max is taken over all ranks i such that c(i)
m
≥ r. The graphs in Fig. 5.13 and

Fig. 5.14 are plotted from the interpolated precision in the recall sequence r = 0.0, 0.05,

. . . , 0.95, 1.0 (21 equidistant recall levels) with a step length of 0.05. The curves go

through the points and are smoothed for better clarity. The overall relative performance

of the compared similarity functions is calculated using the maximum F1-score as:

F1-score = 2× (Precision× Recall)

Precision+Recall
× 100%, (5.91)

and shown in the Tab. 5.7. The table shows that the best results of 85.09% were achieved

using the FRS method and its combination with the Q-gram filter 85.01%. Based on the

results, it can be concluded that such a result confirms the high accuracy of the approx-

imated optimal Q-gram filter and verifies the correctness of the mathematical derivation

of its approximate form. However, it should be noted that although it is still an approxi-

mation, there are several records for which it was found, upon detailed analysis, that they
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did not pass through the filter [OR-6].

A complete ablation study was performed for combinations of the derived Q-gram

filters with padding (Theorem 50 and Corollary 17) and the naive Q-gram filter with

padding (Corollary 15), along with FRS. Padding |p| = 2 indicates that a single prefix

and postfix character was used, |p| = 1 indicates only a prefix character was used, and

|p| = 0 no padding was applied. The experiments evaluated whether each compared pair

of matches passes the filter at a fixed threshold α corresponding to the final similarity score

of the FRS method, i.e. filter threshold α = sn(R1,R2). The thresholding parameter α

was only reduced by 0.01 as an error tolerance. The effectiveness of the Q-gram filter as

a lower bound on the FRS method is tested in this manner [OR-6].

Figure 5.13: Relative performance of selected similarity functions from the group of hy-

brid, edit and Q-gram similarity

Figure 5.14: Comparison of the relative performance of Q-gram filter+FRS and hybrid

similarity functions
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Figure 5.15: Comparison of the relative performance of Q-gram filter+FRS in an ablation

study

Similarity F1-score Similarity F1-score

FRS 85.09% Smith-Waterman 75.71%

3-gram filter+FRS 85.01% Smith-Waterman-Gotoh 75.54%

2-gram filter+FRS 84.88% Jaro 75.29%

Fuzzy Jaccard (Levenshtein δ = 0.8)) 84.17% Overlap 3-gram 73.21%

Jaro-Winkler 81.45% Jaccard 2-gram 71.05%

L2 Monge-Elkan (Levenshtein) 80.80% Dice 2-gram 71.05%

Damerau-Levenshtein 76.86% Jaccard 3-gram 70.86%

Levenshtein 76.83% Dice 3-gram 70.86%

Needleman-Wunsch 76.25% Overlap 2-gram 66.92%

Table 5.7: F1-score Comparison of selected similarity functions ranked in descending order

of F1-score
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Similarity F1-score Similarity F1-score

FRS 85.09 % naive 2-gram (|p| = 2)+FRS 34.75 %

3-gram (|p| = 2)+FRS 85.01 % naive 2-gram (|p| = 1)+FRS 34.33 %

2-gram (|p| = 2)+FRS 84.88 % naive 2-gram (|p| = 0)+FRS 31.69 %

3-gram (|p| = 1)+FRS 84.84 % naive 3-gram (|p| = 2)+FRS 29.07 %

2-gram (|p| = 1)+FRS 84.74 % naive 3-gram (|p| = 1)+FRS 29.07 %

3-gram (|p| = 0)+FRS 84.71 % naive 3-gram (|p| = 1)+FRS 29.07 %

2-gram (|p| = 0)+FRS 84.38 %

Table 5.8: Ablation study of the combination of Q-gram filters with FRS evaluated by

F1-score

5.6.3 Time and Space Complexity

As already shown in Fig. 5.12, Q-gram filter and FRS together perform a real-time fuzzy

matching run. The speed is affected by the alpha threshold parameter, which affects the

size of the pool of potential candidates in the second stage of FRS. Testing is performed to

compare relative time complexity on a single-core Intel i7 11370H device with a maximum

turbo frequency of 4.80 GHz and 16GB of RAM. The results of these tests are presented

in Tab. 5.7. The results of the tests are intended to demonstrate the real-time capacity of

the proposed system architecture when compared to the trivial configuration of individual

similarity functions. The achieved overall result of 220 milliseconds for the Q-gram filter

and FRS is measured for all datasets, and the system architecture shown in the Fig.5.11

is used. Furthermore, the analysis of the time complexity of the Q-gram filter and FRS

is dealt with separately.

Similarity Elapsed Similarity Elapsed

Time Time

Q-gram Filter+FRS 0s:220ms Dice 3-gram 10s:717ms

Jaro-Winkler 3s:772ms Jaccard 2-gram 10s:542ms

Jaro 3s:902ms Overlap 2-gram 11s:549ms

Jaccard 3-gram 9s:829ms Dice 2-gram 11s:95ms

Overlap 3-gram 10s:251ms Fuzzy Jaccard (δ = 0.8) 12s:824ms

Levenshtein 13s:426ms FRS 13s:474ms

L2 Monge-Elkan (Levenshtein) 14s:209ms Damerau-Levenshtein 22s:824ms

Needleman-Wunsch 28s:170ms Smith-Waterman 28s:600ms

Table 5.9: Relative Time Complexity, Sorted by Elapsed Time

If two tokens of sizes |Xi| and |Yj| are given (keeping the previous notation), the nor-
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malized edit similarity is computed by a dynamic algorithm with a time complexity of

O(|Xi||Yj|) and a space complexity of Θ(|Xi||Yj|). Since an implementation highly opti-

mized for performance for production systems is used, the cost matrix is transformed into

a short vector, achieving a space complexity of only Θ(|Yj|) in this implementation. The

construction of the adjacency matrix for the complete bipartite graph takes O(|R1||R2|)
and requires an allocation Θ(|R1||R2|). As discussed before, the solution of the assign-

ment problem by the Kuhn–Munkres algorithm is calculated in addition to the adjacency

matrix, incurring O(|V |3). For simplicity, let generally denote the number of elements by

n. The total time complexity is obtained as follows [OR-6]

O(|R1||R2|)O(|Xi||Yj|) +O((|V |3) ≈ O(n2)O(n2) +O(n3) ≈ O(n4). (5.92)

5.7 Record Deduplication in Similarity Space

At the core lies the notation of entity (or entity profile), which constitute a uniquely

identified description of a real-world object in the form of name-value pairs.

Definition 34 (Entity). Assuming finite sets of attribute names n ∈ N , attribute values

V, and unique identifiers i ∈ I. An entity ei is a tuple (i, Ai), where Ai is a set of name

value pairs (n, v) with v ∈ (V ∪ I). A set of entity E is called entity collection.

This definition is adapted for a wide range of (semi-)structured representations, e.g.

for the most common language-independent data format JSON, database records or web

documents.

Definition 35 (Entity Resolution). Two entity ei and ej match, ei ≡ ej, if they refer

to the same real-world entity. Matching entities are also called duplicates. The task of

entity resolution is to find all matching entities within an entity collection or across two

or more entity collections.

The term ”entity” is also interchangeable with the term ”record” used primarily in

databases. In this context, the entity refers to a possible subset of the attributes of the

record, and sometimes attributes that are not important for the user definition of the

entity can be omitted. For practical reasons, an entity is a subset of a record, denoted

ei ⊆ Ri, because for a particular deduplication task, not all attributes are relevant to the

record comparison or the attributes are superfluous for a classification.



CHAPTER 5. ENTITY RESOLUTION IN SIMILARITY SPACE 141

Definition 36 (Deduplication). Deduplication is a process represented by a function

D : E → C, where E is a collection of entities, and C is a collection of clusters of duplicate

entities within E. Each cluster in C consists exclusively of entities that are considered

equivalent (duplicates) under a specified equivalence relation ≡. Formally, the function is

defined as:

D(E) = C = {{ei, . . . , ej} : ei, . . . , ej ∈ E ,∀ei ≡ ej, i ̸= j}. (5.93)

The definition based on family of sets C imposes the necessity to have the output as

a clusters of entities with same entity resolution and no singleton entity will be returned.

This is the main suggested difference from introduced definition [177].

The need for clusters leads to the use of Euclidean space, which provides an axiomatic

system with the properties used by most clustering methods. The Euclidean space, or

more generally, a metric space that induces the distance metric, is considered. Distance

metrics often serve as optimization criteria for many clustering algorithms. Assuming a

non-metric space gives rise to unnatural problems, such as the inability to localize points in

the space, measure distances between points, convergence problems in algorithms, slower

algorithmic iteration due to relaxing the triangle inequality, and inability to acquire the

shape of a cluster, among others. Nevertheless, it has been proven that a quite large family

of similarity functions is dual to metric space (e.g., Jaccard index, Tanimoto coefficient,

edit similarity, Gaussian similarity, and many others [OR-1]). This dual space is termed a

similarity space. Without complex mathematical analysis, such a space can be imagined

as an ’inverse space’ or a ’symmetric mirror space’ with respect to the metric space.

Therefore, insistence is placed on such a similarity space where duality to metric spaces

has been proven [OR-1].

Definition 37 (Self-Join in Similarity Space). Given an entity collection E, a similarity

s : E2 → R, and a similarity threshold α, a similarity join identifies all pairs of entity in

E that have similarity at least α

E ▷◁α E = {(ei, ej) ∈ E2 : s(ei, ej) ≥ α, i ̸= j}. (5.94)

Deduplication is characterized by its effectivness and its efficiency. The first refers to

how many true positive duplicates are detected, while the second expresses the computa-

tional cost for detecting them. Usually in terms of the number of performed comparisons,

which is referred to computational time complexity O(D(E)). The naive, brute-force

approach performs all pairwise comparison on entity collection, having a quadratic com-

plexity O(D(E)) = O(E2). When deduplicating a single structured data source with |E|
number of entities, the maximum number of comparisons is given by the symmetric ma-

trix with a Cartesian product of |E| × |E|. Either the lower or upper triangle is utilized
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without the diagonal, as comparison of the entity itself is unnecessary. This results in

a final time complexity of O(D) = (|E|2 − |E|)/2, as each entity potentially needs to be

compared with all other entities.

To avoid exhaustive pairwise comparisons, the similarity join typically involves two

steps of Filtering and Matching.

Definition 38 (Filtering). Given an entity collection E, a similarity function s : E2 → R,
and a similarity threshold α, the Filtering function, denoted as Fα, is a mapping from E2

to subsets of E2 defined as:

Fα = {(ei, ej) ∈ E2 : s(ei, ej) ≥ α, i ̸= j}. (5.95)

This function returns a subset of E2 containing candidate pairs where each pair is poten-

tially similar based on the similarity threshold α.

Definition 39 (Matching). Given the subset of entity pairs produced by the Filtering

function, the Matching function, denoted asMα, is a mapping from this subset to subsets

of E2 defined as:

Mα = {(ei, ej) ∈ Fα : s(ei, ej) ≥ α}. (5.96)

This function refines the subset output from Fα and retains only those pairs in which the

entities satisfy the similarity criterion defined by the threshold α.

Definition 40 (Self-Join in Similarity Space). Given an entity collection E, a similarity

function s : E2 → R, and a similarity threshold α, the Self-Join in a Similarity Space,

denoted as E ▷◁α E, is the composition of the Filtering function Fα and the Matching

functionMα and is defined as:

E ▷◁α E =Mα(Fα). (5.97)

This represents the set of entity pairs from E2 that meet the similarity threshold α.

5.7.1 Experiments

In these experiments, the expected token length is estimated as the average length across

all E records, denoting R2 ∈ E as E[Yj] = Y and R1 as E[Xi] = X. The factor γ is

empirically set to 0.75.

The precision and recall metrics are based on the concepts of true positives, false

positives, and false negatives:

• True Positives (TP): Pairs of records that are correctly placed in the same clusters

and belong to the same entity.
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• False Positives (FP): Pairs of records that are incorrectly placed in the same cluster

but belong to different entities.

• False Negatives (FN): Pairs of records that belong to the same entity but are incor-

rectly placed in different clusters.

Based on the defined terms, Precision and Recall are calculated using the formulas:

Precision = TP
TP+FP

and Recall = TP
TP+FN

. The F-Score, which is the harmonic mean

of Precision and Recall, is given by: F − Score = 2× Precision×Recall
Precision+Recall

× 100%.

These equations represent the standard approach to calculating the accuracy of a

process such as clustering, balancing the trade-off between precision and recall. The

maximum F-Score is calculated over all thresholds α in range [0, 1]. For the clustering

analysis, DBSCAN [241] and All Nearest Neighbors (ANN) [132] are employed, as shown

in Table 5.10. The Q-gram filter achieved a precision of 100%, indicating that no true

positive (TP) comparison pairs were erroneously removed, while maintaining a recall of

52%. This high efficiency and filtering capability of the Q-gram filter are evident, as filter

passes only twice as many candidate pairs compared to the fraction of TP comparison

pairs.

Similarity DBSCAN Max F-score ANN Max F-score

2-Gram Filter + Fuzzy Jaccard 85.20% 69.79%

3-Gram Filter + Fuzzy Jaccard 85.20% 69.79%

Fuzzy Jaccard 85.20% 69.79%

2-Gram Jaccard 82.48% 60.61%

Jaro 79.17% 71.63%

2-Gram Overlap 65.86% 79.17%

3-Gram Jaccard 78.86% 66.19%

3-Gram Overlap 67.20% 74.05%

Jaro-Winkler 73.33% 61.69%

Levenshtein 68.59% 55.16%

Table 5.10: Sorted Comparison of Max F-scores for DBSCAN and All Nearest Neighbors

Clustering Algorithms on Labelled Vauniv Dataset (116 Records and 15 Clusters) [130]

The main contribution surpasses existing state-of-the-art models with the development

of an optimal Q-gram Count filter for bipartite matching, ensuring no true positive (TP)

comparison pairs are lost, as the lower bound of bipartite matching is matehmatically

derived. Given its analytical intractability, a precise estimation method for this filter is

proposed, which operates in constant time complexity O(1). In these tests, this approach
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achieved 100% precision in filtering with a high filtering capability. Altogether, the pro-

posed extended count Q-gram filter significantly speeds up the process of similarity join

while maintaining high filter efficiency and precision. The record deduplication was effi-

ciently conducted using DBSCAN clustering, which has the significant advantage of being

able to form clusters of arbitrary shape while maintaining fast performance, characterized

by a time complexity of O(|E| log(|E|)) [241]. It is worth noting that scalability can be

achieved by using one of the parallel versions of DBSCAN, as discussed in [242].



Chapter 6

Discussion

The main contribution of the author in this thesis lies in the further development of the

theory of similarity space, demonstrating the class of functions that reside within the

similarity space C(A) (section 2.7). Significant effort has been dedicated to establishing

proper transformations between similarity and metric spaces (section 2.5), along with the

introduction of the Generalized Rozinek similarity solution to an open, previously un-

solved problem (section 2.7). Additionally, the thesis explores the intriguing concept of

s-continuity (section 2.4), introduces novel fixed-point theories with practical applications

in differential equations (subsection 4.5.1) and the Newton method (subsection 4.5.2), and

presents a new approach to linear regression (chapter 3). The author also unveils sub-

stantial potential for embedding into measure spaces (subsection 2.6.1), probability spaces

(subsection 2.6.2), and Hilbert spaces (subsection 2.6.3), while showcasing promising di-

rections in establishing a new s-norm and enriching functional analysis with novel insights

(subsection 2.6.3).

The results presented in the Table 6 underscore the significant contributions of the

author to the domain of similarity functions in NLP tasks, as highlighted by the entries

denoted in blue. Time complexities are simplified for an illustrative overview of each

algorithm.

The author’s contributions in approximate string matching, especially with ConvJ

and ConvJW (section 5.3), surpass existing state-of-the-art methods in both efficiency

and effectiveness. Achieving an F1-score of 87.95% with ConvJW, these methods lever-

age convolutional approaches and the Fast Fourier Transform (FFT), enabling a theoret-

ical time complexity of O(n log n). This approach underlines the potential for handling

large datasets effectively. Additionally, fuzzy record matching methods marked as O(1),

indicating constant time due to a prebuilt index, showcase the fastest execution times.

The FRS method, despite its higher time complexity of O(n4), still secures an F1-score

of 85.09%, illustrating a balance between computational demand and accuracy in similar-
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ity assessment. The novel use of ”3-gram filter+FRS” and ”2-gram filter+FRS” methods

further reflects the author’s innovative strategy to boost performance, maintaining high

F1-scores through effective filtering and similarity calculations.

In contrast, conventional methods like Levenshtein and Jaro-Winkler, while founda-

tional, exhibit lower F1-scores in this analysis, highlighting the advanced nature of the

author’s techniques. These contributions significantly push forward the field of approx-

imate string matching, offering solutions that are not only technically sophisticated but

also highly applicable to real-world data challenges.

Similarity Function Time Complexity F1-Score Character-Based Token-Based

ConvJW(σ = 2, β = 0.1) O(n log n) 87.95% ✓

FRS O(n4) 85.09% ✓

3-gram filter+FRS O(1) 85.01% ✓

ConvJ(σ = 1) O(n log n) 84.99% ✓

2-gram filter+FRS O(1) 84.88% ✓

Fuzzy Jaccard O(n4) 84.17% ✓

Jaro-Winkler O(n2) 81.45% ✓

L2 Monge-Elkan O(n3) 80.80% ✓

Damerau-Levenshtein O(n2) 76.86% ✓

Levenshtein O(n2) 76.83% ✓

Needleman-Wunsch O(n2) 76.25% ✓

Smith-Waterman O(n2) 75.71% ✓

Smith-Waterman-Gotoh O(n2) 75.54% ✓

Jaro O(n2) 75.29% ✓

Overlap 3-gram O(n) 73.21% ✓

Jaccard 2-gram O(n) 71.05% ✓

Dice 2-gram O(n) 71.05% ✓

Jaccard 3-gram O(n) 70.86% ✓

Dice 3-gram O(n) 70.86% ✓

Overlap 2-gram O(n) 66.92% ✓

Table 6.1: Comparison of similarity functions based on F1-score and their respective

time complexities, highlighting both character-based and token-based approaches. The

author’s contributions are indicated by the text colored in blue.



Chapter 7

Conclusion

This thesis is focused on research of the theory o similarity space and its application, es-

pecially in NLP. The central research question and motivation for this thesis is essentially

simple: What is an ideal similarity function and what are its properties?

The current state-of-the-art is covered of similarity and similarity space and its current

definitions and properties in the theoretical part (section 2.1 and section 2.2). The current

state-of-the-art shows that this is a new theory that has not yet been fully exploited and

does not have clearly stated conventions.

This dissertation successfully addresses the ambitious objectives set forth in sec-

tion 1.3, advancing the field of similarity space both theoretically and practically. The

theoretical contributions, detailed in the respective sections of the dissertation, have sig-

nificantly expanded our understanding and application of similarity space. Notably, the

introduction of a formal definition of similarity space and its axiomatic systems (sec-

tion 1.3) marks a pivotal advancement, placing similarity space alongside metric spaces

in mathematical significance. The exploration of duality between similarity and metric

spaces (section 2.5), along with the development of novel theorems such as the linear

transformation and convex combination of normalized similarity, underscores the depth

of theoretical exploration undertaken.

The practical implications of this work are profound, particularly in the realms of ap-

proximate string matching, record matching, and deduplication within similarity space.

The development of convolutional-based string matching (chapter 5) represent ground-

breaking contributions to the field, offering enhanced accuracy and efficiency over state-of-

the-arts methods. Additionally, the creation of the Fuzzy Record Similarity and the Op-

timal Q-gram Filter further exemplifies the successful application of theoretical concepts

to solve real-world problems, reinforcing the interconnectedness of theory and practice in

this research.

This dissertation does not merely bridge the gap between theoretical knowledge and
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practical application; it also proposes a forward-looking direction for future research in

the field. The introduction of s-norm in functional analysis (chapter 2) and the novel

application of fixed-point theory in similarity space (chapter 4) open new avenues for

exploration, promising to inspire subsequent innovations.

In conclusion, this dissertation accomplishes its stated goals by unifying and fur-

ther developing the theory of similarity space and demonstrating its broad applicability

through practical implementations. The seamless integration of theory and practice not

only validates the relevance of mathematical theories to real-world challenges but also

sets a precedent for future research at the intersection of these domains. The contribu-

tions made herein not only enhance the academic understanding of similarity spaces but

also offer tangible tools and methodologies for tackling complex problems in approximate

string matching, record matching, and deduplication, among others. As this work aptly

demonstrates, the pursuit of theoretical advancement in tandem with practical application

remains a cornerstone of meaningful scientific inquiry.

The research was further conducted in cooperation with the software company Rozinet

s.r.o. in the form of a case study, where the theoretical conclusions from the initial analysis

were verified and implemented in commercial and government projects.



Appendix A

Algorithms

A.1 Simple Linear Regression in Similarity Space

Algorithm 1 Optimization using Dot Product Maximization with Regularization

Input: Data points (x1, y1), . . . , (xn, yn), Regularization coefficient λ, Learning rate α,
Tolerance ϵ, Maximum iterations max iterations
Output: Parameters θ0, θ1
Initialize θ0, θ1 to some starting values
Initialize Jold to a large value
iteration← 0
while iteration < max iterations do

J ←
∑n

i=1 yi(θ0 + θ1xi)− λ
∑n

i=1(θ0 + θ1xi)
2

if |J − Jold| < ϵ then break

Jold ← J
∇J0 ←

∑n
i=1 yi − 2λ(θ0 + θ1xi)

∇J1 ←
∑n

i=1 yixi − 2λxi(θ0 + θ1xi)
θ0 ← θ0 + α∇J0
θ1 ← θ1 + α∇J1
iteration← iteration+ 1

return θ0, θ1
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A.2 Convolution-Based String Matching

Algorithm 2 Jaro (Implementation Rosetta [228])

Require: S1, S2 ▷ Two input strings
Ensure: sJ(S1, S2) ▷ Normalized similarity score between 0 and 1
1: if S1 = NULL or S2 = NULL then
2: return 0.0
3: |S1| ← length of S1
4: |S2| ← length of S2
5: w ← max(|S1|, |S2|)/2− 1
6: Initialize s1Matches[1 . . . |S1|] to all false
7: Initialize s2Matches[1 . . . |S2|] to all false
8: m← 0 ▷ Number of matches
9: t← 0 ▷ Half the number of transpositions
10: for i = 0 to |S1| − 1 do
11: for j = max(0, i− w) to min(i+ w + 1, |S2|)− 1 do
12: if s2Matches[j] is true or S1[i] ̸= S2[j] then
13: continue
14: s1Matches[i]← true
15: s2Matches[j]← true
16: m← m+ 1
17: break
18: if m = 0 then
19: return 0.0
20: k ← 0
21: for i = 0 to |S1| − 1 do
22: if s1Matches[i] then
23: while s2Matches[k] is false do
24: k ← k + 1

25: if S1[i] ̸= S2[k] then
26: t← t+ 1

27: k ← k + 1

28: sJ(S1, S2)← 1
3

(
m
|S1| + m

|S2| + m−t/2
m

)
29: return sJ(S1, S2)
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Algorithm 3 Jaro-Winkler (Implementation Rosetta [228])

Require: S1, S2 ▷ Two input strings
Ensure: sJW (S1, S2) ▷ Normalized similarity score between 0 and 1
1: sJ ← Jaro Similarity(S1, S2)
2: l← 0
3: for i = 0 to min(min(|S1|, |S2|), 4)− 1 do
4: if S1[i] = S2[i] then
5: l← l + 1
6: else
7: break
8: p← 0.1 ▷ Scaling factor
9: sJW ← sJ + l · p · (1− sJ)

10: return sJW
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Algorithm 4 Convolutional Jaro (ConvJ)

Require: S1, S2 ▷ Two input strings
Require: σ ▷ Standard deviation for Gaussian weighting
Ensure: sJ ▷ Normalized similarity score [0,1]
1: w ← ⌈3.29 · σ⌉
2: G← PrecomputeGaussian(w, σ)
3: function PrecomputeGaussian(w, σ)
4: Initialize a 1D array G[0 . . . w]
5: for d = 0 to w do
6: G[d]← exp

(
− d2

2σ2

)
7: return G
8: Mw ← 0 ▷ Sum of weights for matches
9: Aw ← 0 ▷ Sum of weights for misalignments

10: for i = 0 to |S1| − 1 do
11: M(i)← 0
12: for j = max(0, i− w) to min(|S2|, i+ w + 1)− 1 do
13: if S1[i] = S2[j] then
14: weight← G[|i− j|]
15: M(i)← max(M(i), weight)
16: if weight = 1.0 then
17: break ▷ Early termination if perfect match

18: Mw ←Mw +M(i)
19: if M(i) > 0 and S1[i] ̸= S2[j] then
20: Aw ← Aw +M(i)

21: sJ ← 1
3

(
Mw

|S1| + Mw

|S2| + Mw−Aw

Mw

)
22: return sJ
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Algorithm 5 Convolutional Jaro-Winkler (ConvJW)

Require: S1, S2 ▷ Two input strings
Require: σ ▷ Standard deviation for Gaussian
Require: β ▷ Decay rate for exponential weighting
Ensure: sJW ▷ Normalized similarity score [0,1]
1: w ← ⌈3.29 · σ⌉
2: G← PrecomputeGaussian(w, σ)
3: E ← PrecomputeExponential(max(|S1|, |S2|), β)
4: C ← PrecomputeMaxSum(max(|S1|, |S2|), β)
5: function PrecomputeGaussian(w, σ)
6: Initialize a 1D array G[0 . . . w]
7: for d = 0 to w do
8: G[d]← exp

(
− d2

2σ2

)
9: return G

10: function PrecomputeExponential(maxLength, β)
11: Initialize a 1D array E[0 . . .maxLength]
12: for i = 0 to maxLength do
13: E[i]← exp(−β · i)
14: return E
15: function PrecomputeMaxSum(maxLength, β)
16: Initialize a variable sum← 0
17: Initialize a 1D array C[0 . . .maxLength]
18: for i = 0 to maxLength do
19: sum← sum+ exp(−β · i)
20: C[i]← sum ▷ Cumulative sum up to index i

21: return MaxSum
22: Mw ← 0 ▷ Sum of weights for matches
23: Aw ← 0 ▷ Sum of weights for misalignments
24: for i = 0 to |S1| − 1 do
25: M(i)← 0
26: for j = max(0, i− w) to min(|S2|, i+ w + 1)− 1 do
27: if S1[i] = S2[j] then
28: weight← G[|i− j|] · E[min(i, j)]
29: M(i)← max(M(i), weight)
30: if weight = E[min(i, j)] then
31: break ▷ Early termination if perfect match

32: Mw ←Mw +M(i)
33: if M(i) > 0 and i ̸= j then
34: Aw ← Aw +M(i)

35: sJW ← 1
3

(
Mw

C[|S1|] + Mw

C[|S2|] + Mw−Aw

Mw

)
36: return sJW
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A.3 Real-Time Matching and Search in Similarity

Space

Algorithm 6 Fuzzy Overlap Similarity

1: Input: Records R1, R2, Similarity threshold α
2: Output: Fuzzy Overlap Similarity simO(R1,R2)
3: procedure CalculateFuzzyOverlap(R1, R2, α)
4: Initialize similarity score simO(R1,R2)← 0
5: Create a bipartite graph G with nodes from R1 and R2

6: for each pair of tokens (Xi, Yj) where Xi ∈ R1 and Yj ∈ R2 do
7: Calculate token similarity s(Xi, Yj)
8: Add edge (Xi, Yj) to G with weight sn(Xi, Yj)

9: Compute maximum weighted matching M in G using Kuhn-Munkres algorithm

10: simO(R1,R2)←
∑

(i,j)∈M sn(Xi,Yj)

|M|
11: return simO(R1,R2)

Algorithm 7 UL-BipartiteJoin: Two-Step Unsupervised Learnable Similarity Join Ap-
proach

1: Input: Query record R1, Records R2 ∈ E , Inverted Q-gram Index I, Distribution of
token lengths FR2 , Q-gram length q, Similarity threshold α

2: Output: Matched Record Pairs
3: procedure BipartiteJoin(R1, I, FR2 q, α)
4: t̂M ← CalculateULQGramFilter(R1, I, FR2 , q, α)
5: Initialize list of matched pairs R ← []
6: for each record R2 in E , I do
7: if Q-gram similarity of |R1 ∩R2| ≥ t̂M then
8: simJ(R1,R2)← CalculateFuzzyJaccard(R1,R2, α)
9: if simJ(R1,R2) ≥ α then
10: Add tuple (R1,R2) to R
11: return R
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Algorithm 8 BipartiteJoin: Two-Step Similarity Join Approach

1: Input: Query record R1, Records R2 ∈ E , Inverted Q-gram Index I, Distribution of
token lengths FR2 , Q-gram length q, Similarity threshold α

2: Output: Matched Record Pairs
3: procedure BipartiteJoin(R1, I, FR2 q, α)
4: t̂M ← CalculateAprroxQGramFilter(R1, I, FR2 , q, α)
5: Initialize list of matched pairs R ← []
6: for each record R2 in E , I do
7: if Q-gram similarity of |R1 ∩R2| ≥ t̂M then
8: S ← CalculateFuzzyOverlap(R1,R2, α)
9: if S ≥ α then
10: Add tuple (R1,R2) to R
11: return R

Algorithm 9 Approximate Count Q-gram Filter

1: Input: Query record R1, Inverted Q-gram Index I, Distribution of token lengths FR2

Q-gram length q, Similarity threshold α
2: Output: Approximate Count Q-gram Filter Threshold t̂M
3: procedure CalculateAprroxQGramFilter(R1, I, FR2 q, α)
4: Initialize t̂M ← 0 ▷ Initialize approximate count Q-gram filter
5: for each token Xi in R1 do
6: Generate Q-grams for Xi

7: for each Q-gram Q of Xi do
8: if Q exists in Inverted Index I then
9: Update t̂M using the distribution of token lengths in I
10: Calculate FR1 for query R1 ▷ Cumulative sum of ascending sorted lengths

11: t̂M ←

⌊
2qα+α−2q+1

2+α
(FR1 + FR2) + 1

2

∣∣∣FR1 − FR2

∣∣∣⌋− |M|q + |M|

12: return t̂M
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Algorithm 10 Unsupervised Learnable Count Q-gram Filter

1: Input: Records R1, R2, Expected length of tokens E[|Yj|], Similarity threshold α,
Q-gram length q, Filter sensitivity factor γ

2: Output: Unsupervised Learnable Count Q-gram Filter Threshold E[tM]
3: procedure CalculateULQGramFilter(R1, R2, E[|Yj|], α, q, γ)
4: E[tM]← 0 ▷ Initialize probabilistic count Q-gram filter
5: Calculate E[E[qi,j]]
6: for each token Xi in R1 do
7: E[qi,j]← q · max{|Xi|,E[|Yj |]}−q+1

max{|Xi|,E[|Yj |]}

8: λ← −2(E[|Xi|]+E[|Yj |])
α2+2α+1

9: Update E[tM]←
∑

i∈R1
max{|Xi|,E[|Yj|]} − |R1|q + |R1| − L(α, λ)

10: return E[tM]

Algorithm 11 Fuzzy Jaccard Similarity

1: Input: Records R1, R2, Similarity threshold α
2: Output: Fuzzy Jaccard Similarity simJ(R1,R2)
3: procedure CalculateFuzzyJaccard(R1, R2, α)
4: Initialize similarity score simJ(R1,R2)← 0
5: Create a bipartite graph G with nodes from R1 and R2

6: for each pair of tokens (Xi, Yj) where Xi ∈ R1 and Yj ∈ R2 do
7: Calculate token similarity s(Xi, Yj)
8: Add edge (Xi, Yj) to G with weight sn(Xi, Yj)

9: Compute maximum weighted matching M in G using Kuhn-Munkres algorithm

10: simJ(R1,R2)←
∑

(i,j)∈M sn(Xi,Yj)

|R2|+|R1|−
∑

(i,j)∈M sn(Xi,Yj)

11: return simJ(R1,R2)

Algorithm 12 Building Inverted Q-gram Index

1: Input: Set of records E , Q-gram length q
2: Output: Inverted Q-gram Index I
3: procedure BuildInvertedQGramIndex(E , q)
4: Initialize empty index I
5: for each record R2 in E do
6: for each token Yj in R2 do
7: Generate Q-grams of length q from Yj
8: for each Q-gram Q in Q-grams of Yj do
9: if Q not in I then

10: Initialize an empty hash table in I[Q]

11: if record identifier of R2 not in I[Q] then
12: Initialize frequency I[Q][identifier of R2]← 0

13: Increment frequency count I[Q][identifier of R2]

14: return I
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Algorithm 13 Searching in Inverted Q-gram Index with QGramCount Algorithm

1: Input: Query record R1, Inverted Q-gram Index I, Q-gram length q, Similarity
threshold τ

2: Output: Set of matching records R
3: procedure SearchInvertedQGramIndex(R1, I, q, τ)
4: Initialize an empty count map C ▷ To store Q-gram counts per record
5: Initialize an empty set R ▷ For results
6: QR1 ← Generate Q-grams of length q from R1 ▷ Store Q-grams of R1

7: for each Q-gram Q in QR1 do
8: if Q in I then
9: for each record identifier id in I[Q] do
10: if id not in C then
11: C[id]← 0 ▷ Initialize count for new id

12: C[id]← C[id] + 1 ▷ Increment count for this id

13: for each id, count in C do
14: if count ≥ τ then
15: Add id to R ▷ Add id to results if it meets threshold
16: return R ▷ Return the set of results
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A.4 Record Deduplication in Similarity Space

Algorithm 14 Record Deduplication using DBSCAN

1: Input: Set of records E , Similarity threshold α, MinPts = 1
2: Output: Set of clusters C, representing deduplicated records
3: procedure DBSCANDeduplication(E , α)
4: Initialize set of clusters C ← ∅
5: Mark all records in E as unvisited
6: for each record ei in E do
7: if ei is unvisited then
8: Mark ei as visited
9: N ← FindNeighbors(ei, E , α)

10: if size of N ≥ MinPts then
11: Initialize a new cluster K
12: ExpandCluster(ei, N , K, α)
13: Add K to C
14: return C
15: procedure FindNeighbors(ei, E , α)
16: Initialize empty list N
17: for each record ej in E do
18: if Similarity(ei, ej) ≥ α then
19: Add ej to N
20: return N
21: procedure ExpandCluster(ei, N , K, α)
22: Add ei to cluster K
23: for each record ej in N do
24: if ej is unvisited then
25: Mark ej as visited
26: N ′ ← FindNeighbors(ej, E , α)
27: if size of N ′ ≥ MinPts then
28: N ← N ∪N ′

29: if ej is not yet a member of any cluster then
30: Add ej to cluster K
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Algorithm 15 Record Deduplication using All Nearest Neighbors (ANN)

1: Input: Set of records E , Similarity threshold α
2: Output: Set of clusters C, representing deduplicated records
3: procedure ANNDeduplication(E , α)
4: Initialize set of clusters C ← ∅
5: Mark all records in E as unvisited
6: for each record ei in E do
7: if ei is unvisited then
8: Mark ei as visited
9: N ← FindAllNeighbors(ei, E , α)
10: if size of N ≥ 1 then
11: Initialize a new cluster K
12: Add ei to K
13: for each ej in N do
14: Add ej to K
15: Mark ej as visited

16: Add K to C
17: return C
18: function FindAllNeighbors(ei, E , α)
19: Initialize empty list N
20: for each record ej in E do
21: if ej ̸= ei and Similarity(ei, ej) ≥ α then
22: Add ej to N
23: return N
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Examples

B.1 Convolution-Based String Matching

Example (Jaro Similarity). To demonstrate the Jaro similarity, consider the strings

S1 = ”MARTHA” and S2 = ”MARHTA”. The matching characters are m = 6, as

all characters in S1 match with those in S2, albeit in a slightly different order. The half

number of transpositions t (where a transposition is a pair of matching characters in a

different sequence between S1 and S2) is calculated as 1, since two characters (’R’ and

’H’) are out of order. Thus, the Jaro similarity score sJ can be calculated as follows:

sJ(S1, S2) =
1

3

(
m

|S1|
+

m

|S2|
+
m− t
m

)
(B.1)

=
1

3

(
6

6
+

6

6
+

6− 1

6

)
(B.2)

= 0.944 (B.3)

Example (Violation of the Triangle Inequality by the Jaro Distance Metric [243]). The

Jaro distance metric is not compliant with the triangle inequality, a fundamental property

required For metric spaces. For any three elements S1, S2, and S3, the triangle inequality

is defined as:

d(S1, S3) ≤ d(S1, S2) + d(S2, S3) (B.4)

However, consider strings S1 = ”ab”, S2 = ”cb”, and S3 = ”cd”. The calculation of

the Jaro distance between these strings is as follows:

The Jaro distance, dJ , is calculated using the Formula:

dJ(S1, S2) = 1− sJaro(S1, S2), (B.5)

160
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For S1 = ”ab” and S2 = ”cb”, there is one matching character (’b’) with no transpo-

sitions (m = 1, t = 0), leading to:

dJ(S1, S2) = 1− 1

3

(
1

2
+

1

2
+ 1

)
=

1

3
. (B.6)

Similarly, For S2 = ”cb” and S3 = ”cd”, there is one matching character (’c’) with

no transpositions (m = 1, t = 0), hence:

dJ(S2, S3) =
1

3
. (B.7)

For S1 = ”ab” and S3 = ”cd”, there are no matching characters (m = 0), so:

dJ(S1, S3) = 1. (B.8)

This results in:

dJ(S1, S3) = 1 ≰ dJ(S1, S2) + dJ(S2, S3) =
1

3
+

1

3
=

2

3
, (B.9)

demonstrating the failure of the Jaro distance to comply with the triangle inequality.

Example (Convolutional Jaro Similarity (ConvJ)). Consider the strings S1 = ”MARTHA”

and S2 = ”MARHTA” for calculating Convolutional Jaro similarity with σ = 2 and

w = 7.

Given the matching window determined by w = 7, all characters are within this range

due to the strings’ lengths. The Gaussian weight for each character position difference

(distance d) is calculated using G(i, j) = exp
(
− d2

2σ2

)
, with σ = 2.

For simplicity, assume the Gaussian weights for matching characters (ignoring char-

acter order) result in a sum of weights Mw = 5.8 (a hypothetical value for illustrative

purposes, reflecting the sum of Gaussian weights for matched characters). Assuming no

transpositions for a direct match scenario, the ConvJ score is computed as:

sJ(S1, S2) =
1

3

(
Mw

|S1|
+
Mw

|S2|
+
Mw

Mw

)
(B.10)

=
1

3

(
5.8

6
+

5.8

6
+ 1

)
(B.11)

≈ 0.967 (B.12)

This score is slightly adjusted due to the convolutional matching process, illustrating

the nuanced similarity assessment provided by ConvJ.
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Example (Jaro-Winkler Similarity). To illustrate the Jaro-Winkler similarity, we exam-

ine the strings S1 = ”DWAYNE” and S2 = ”DUANE”.

First, calculate the Jaro similarity as above. Assuming m = 4 (matching characters

excluding transpositions) and t = 1 (the ’W’ and ’U’ are transposed), the Jaro score is:

sJ(S1, S2) =
1

3

(
4

6
+

4

5
+

4− 1

4

)
≈ 0.822 (B.13)

The common prefix length l is 1 (for ’D’), and with p = 0.1 (the standard scaling

factor), the Jaro-Winkler score sJW becomes:

sJW (S1, S2) = sJ(S1, S2) + l · p · (1− sJ(S1, S2)) (B.14)

= 0.822 + 1 · 0.1 · (1− 0.822) (B.15)

= 0.822 + 0.018 (B.16)

= 0.840 (B.17)

This example illustrates how the Jaro-Winkler similarity provides a slight increase over

the Jaro similarity for strings with a common prefix, emphasizing the importance of initial

characters in certain contexts.

Example (Convolutional Jaro-Winkler (ConvJW)). Consider the strings S1 = ”DWAYNE”

and S2 = ”DUANE”, with σ = 2 and decay rate α = 0.1, where w = 7 is determined

by σ. In this ConvJW approach, exponential decay is used instead of the common prefix

length for similarity adjustments.

First, compute the ConvJ similarity with Gaussian-weighted matches. For illustration,

let’s assume a hypothetical sum of Gaussian-weighted matches Mw = 4.5.

Unlike the traditional Jaro-Winkler, which applies a prefix scaling factor, the Con-

vJW similarity here incorporates exponential decay for weighting character matches. This

emphasizes the importance of matching characters closer to the beginning of the strings.

Assuming the ConvJ similarity score (without the exponential decay adjustment) is ap-

proximately 0.822:

The adjusted similarity sJW (S1, S2) is then calculated by considering the exponential

decay over the indices of matching characters, already factored into Mw. Thus, the simi-

larity score remains 0.822 in this simplified example, showcasing the effect of the Gaussian

and exponential decay directly within the convolutional matching process without an ex-

plicit formula here for the adjustment (as it’s inherently part of the Mw calculation).
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