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A B S T R A C T

Since its first demonstration more than a half century ago, magnetic levitation (MagLev) has gained
eminent scientific attention from both the fundamental and applied points of view. In essence, MagLev
shows highly nonlinear dynamics, described with nonlinear differential equations. Thus, in order
to exploit the MagLev phenomenon, both mathematical models and control algorithms must be
constructed. Frequently authors use simplifications of the model, and in doing so, limit the application
of the MagLev model around a nominal operating point. In these simplified cases, the MagLev models
may contain parameters that are not represented by proper physical quantities. Thus, in this work,
we revised the issue of MagLev modelling from the first-principle approach. More specifically, we
theoretically derived expressions for the interaction between the magnetic fields of the solenoid and
a small magnetic object. The behavior of the inductance on a distance from the solenoid was then
described. The suggested MagLev modelling concept was verified experimentally, confirming the
validity and correctness of the proposed MagLev mathematical model. The results presented here
could thus be regarded as highly beneficial for formulating more complex MagLev designs exploitable
in the field of model predictive control of the position of a levitating object.

1. Introduction
Magnetic levitation (MagLev), or sometimes referred to

as a magnetic suspension, is a physical state when an object
floats in a medium with a magnetic field compensating
the effect of the gravity and/or other acceleration-causing
forces [1, 2]. The MagLev phenomenon emerges when two
essential conditions are met: (i) the presence of the lifting
magnetic forces acting against the gravitational force in a
precisely opposite direction and equal magnitude and (ii) the
existence of energetically-favorable stability which encour-
ages a stable and firm configuration of a levitating object
in a space. These conditions prevent sliding or dropping
from the magnetic-field-induced floating region [1, 2]. The
MagLev concept dates back to the 1960s when a friction-
free suspension was, for the first time, demonstrated for
a graphite disk levitating in a vacuum [3]. Since then, a
huge effort has been devoted to theoretically describe and
experimentally design and optimize MagLev systems for
applications in various fields, from both the microscopic and
macroscopic perspective.

The devices based on the MagLev phenomenon use
magnets, which are suitably arranged in a space to generate
a proper magnetic field with lifting action forces. In general,
all types of magnets can be exploited including permanent
magnets, electromagnets, ferromagnets, diamagnets, super-
conductors, and magnetic fields originating from induced
electric currents in the conductors [2]. However, considering
the Earnshaw’s theorem [4], it can be shown that it is not
possible for a static system consisting of only paramagnetic
and ferromagnetic materials to float in the gravitational field
in a stable configuration. This is due to repulsion magnetic
forces generally promoting instability, where one of the two
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magnets always tends to slip away or physically reverse.
Thus, in order to reach stability, several strategies have been
proposed involving applications of servo-mechanisms [5],
diamagnetic materials [6], superconductors [2, 7] or eddy
currents [8, 9]. More specifically, materials with a solely
diamagnetic response (for which the relative permeability
is less than 1) are of eminent interest as they show a static
stability along at least one axis (e.g., z-axis). Thus, in the
case of the diamagnetic levitation, the equilibrium condition
reads as 𝐵 d𝐵

d𝑧 = 𝜇0𝜌𝑔
𝜒 [10] where 𝜇0 is the permeability

of the vacuum, 𝜌 represents the density of the diamagnetic
material, 𝑔 denotes the gravitational acceleration, 𝜒 stands
for the material’s magnetic susceptibility, 𝐵 is the induction
of the magnetic field generated by a magnet at a given point
of the space, and d𝐵

d𝑧 stands for the rate of change of the
magnetic field along the z-axis. As superconductors com-
pletely expel the external magnetic fields if their values lie
well below the characteristic superconductor’s critical field,
they are regarded as perfect diamagnetic materials (for which
𝜒=-1) and thus ideal candidates in the MagLev systems [2].
Especially, type-II superconductors (i.e., low-temperature
superconductors – LTSs) have been found appealing due to
their inherent property of flux pinning, further stabilizing the
levitation [2]. Recently, high-temperature superconductors
(HTSs) based on bismuth strontium calcium copper oxide
(BSCCO) and rare-earth barium copper oxide (ReBCO)
have been applied. These materials provide higher magnetic
fields and sufficiently high operating temperatures [11] and
[12]. However, the MagLev technology using both LTSs
and HTSs suffers several problems. Temperatures below the
liquid nitrogen temperature (77𝐾) are required for HTSs
to enter and preserve the superconducting state, thus caus-
ing high demands for cooling mechanisms. In the case of
HTSs and their coils, the technological challenges include
suppression of the screening current-induced magnetic field,
degradation in the coil performance as a result of extensive
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mechanical stresses, and construction of protective systems
minimizing the consequences of the abrupt thermal runaway
[11].

Nowadays, the portfolio of MagLev applications is very
broad and diverse, covering areas of both fundamental and
applied research. Due to elimination of wear and mainte-
nance problems, traditional MagLev examples include fric-
tionless rotors [13], magnetic bearings [14, 15], flywheels
[16, 17], pressure gauges [3], and accelerometers [18]. In
the field of transportation, MagLev technology have been
heavily exploited for construction of high-speed levitating
trains (especially in Japan, China, and Germany) [19, 20],
design of high-grade transport devices in clean rooms (in
semiconductor or bioengineering industry) [21], or devel-
opment of spaceship propulsion systems [22]. As a part of
miniaturization efforts, MagLev principles have been found
effective for micro-manipulation [8] and micro-positioning
[23, 24] of the 3D objects in space. Moreover, MagLev plays
an eminent role in density-based chemical analysis [25–27],
separation processes [28], and contact-less manipulation and
trapping of organic diamagnetic substances [29–31]. In the
field of analytical chemistry, biochemistry, and biotechnol-
ogy [32, 33], MagLev technology has been recently pro-
posed for competitive protein-ligand binding assays [34, 35],
tissue engineering [36], cell manipulation and culturing [37–
39], and biochemical diagnosis [40]. In materials science,
MagLev strategies have been identified as promising for
crystal growth [10], self-assembly [41, 42], separation of
crystal polymorphs in their mixture [43], and defect analysis
[44], to name a few. Very recently, MagLev architectures
have been designed and used for electromagnetic energy
harvesting, providing low-cost and customizable electric
power [45–49].

In terms of orientation of magnetic forces in the Ma-
gLev configurations, those of either repulsive or attractive
nature can be employed [50, 51]. In the case of the re-
pulsive MagLev alternative, sometimes referred to as an
electrodynamic suspension, levitation forces are generated
by superconductors or permanent magnets. Electrodynamic
suspension is partially stable, providing a large clearance.
On the other hand, the attractive MagLev case, also known
as an electromagnetic suspension, suffers from an inherent
instability resulting in difficult control with feedback sys-
tems. In a general perspective, it is necessary to control
all the six axes of motion in space, i.e., three translational
and three rotational degrees of freedom [52]. In essence,
MagLev shows highly nonlinear dynamics, described with
nonlinear differential equations [53]. Moreover, a signifi-
cant open-loop instability often occurs, further complicat-
ing the formulation of the MagLev mathematical model.
Thus, several parameters must be monitored in real time to
maintain stability conditions. These include measurements
of the position and velocity of the levitated object, electric
currents in the electromagnetic coils, parasitic resistance
and inductance due to coil heating, etc. These parameters
are required as input variables for construction of the high-
performance feedback controller. To do so, two different

approaches are generally followed [54–63]. In most cases,
a linearized MagLev model is constructed; however, it is
applicable only around a nominal operating point and does
not consider any eventual variations of the parameters. If
nonlinearities appear, they are frequently accounted for in
the mathematical models with the help of 𝜇-synthesis, back-
stepping, gain scheduling, proportional–integral-derivative
(PID) controllers with notch filters, fuzzy neural network-
based controllers, and/or fractional order controllers [62, 64–
67]. The other possibility is to directly solve the MagLev
nonlinear differential equations at a given point and time. So
far, the effort has been limited only to simulations, as real-
time solving is computationally very demanding.

Motivated by the immense significance of MagLev tech-
nology, we address the issue of description and modelling of
the MagLev technique from the first-principle perspective.
More specifically, in the present study, we focused on find-
ing the relation expressing the mutual interaction between
the magnetic fields from a solenoid and a passive object.
Magnetization of the object is generated only by the applied
magnetic field. As a result, a force equation is derived,
describing the effect of the magnetic field along the solenoid
axis on a small object (i.e., a ball) of ferromagnetic nature.
In addition, the introduced approach yields a relationship
for a dependence of the inductance on a distance from the
solenoid. In order to experimentally validate the derived
equations, a laboratory device (i.e., “Magnetic Levitation
CE152” module) was employed. We constructed a simpli-
fied nonlinear dynamic model when all its parameters have
physical meaning and are represented by proper physical
quantities. The values of the inductance parameters based on
the distance from the solenoid were evaluated from the mea-
sured courses of the control voltage of the current amplifier
of the solenoid and the voltage of the ball position sensor.
Based on the comparison of the values of the calculated
parameters with those expected, and the error of the model
depending on the distance of the object from the coil, we
then discussed the validity and correctness of the relations
for describing the magnetic field strength of the solenoid
acting on the small ball object.

2. The magnetic field of a coil
The force of the magnetic field acting on an object

depends on the magnetic field intensity and the object prop-
erties. In this work, it is considered that the object is a sphere
made of a ferromagnetic material with a diameter 𝑑 and able
to move only in the axis of solenoid with a radius 𝑟𝑐 and a
length 𝑙𝑐 . Furthermore, derived relationships are based on
the assumption that 𝑙𝑐 ≫ 2𝑟𝑐 ≫ 𝑑.

2.1. The intensity of the magnetic field
The magnetic field intensity at the point on the axis of

the closed current loop with a constant current 𝑖 is described
by the Biot-Savart-Laplace law (1), i.e.,

d𝐻 = 𝑖
d𝑙 × 𝑝0

4𝜋𝑝2
. (1)
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Figure 1 shows a contribution 𝑑𝐻 to the overall intensity
𝐻 of the magnetic field at a point in a distance 𝑦 on the axis
of the current loop with a radius 𝑟 which is invoked by an
element of a length 𝑑𝑙. Due to the symmetry, the resulting
intensity is the sum of all the elements contributions, i.e.,
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Figure 1: The intensity in the circle loop axis.

𝐻 = ∮ cos(𝛼)d𝐻 = ∮
𝑖cos(𝛼)
4𝜋𝑝2

|d𝑙 × 𝑝0|. (2)

Because the intensity d𝐻 is constant for all the elements,
and is perpendicular to the vector 𝑝, then |d𝑙× 𝑝0| = d𝑙. The
angle 𝛼 is constant during the integration; thus, Eg. (2) can
be written as

𝐻 =
𝑖cos(𝛼)
4𝜋𝑝2 ∮ d𝑙 = 𝑖cos(𝛼)

4𝜋𝑝2
2𝜋𝑟 = 𝑟

2𝑝2
cos(𝛼) 𝑖. (3)

Considering relations that 𝑝2 = 𝑟2 + 𝑦2 and cos(𝛼) = 𝑟
𝑝 ,

deduced from the geometric arrangement of the problem, it
is possible to derive Eg. (4), describing the intensity of the
magnetic field at a point in a distance 𝑦 on the axis of the
current loop, i.e.,

𝐻 = 𝑟2

2𝑝3
𝑖 = 𝑟2

2
(

𝑟2 + 𝑦2
)
3
2

𝑖. (4)

In the case of a cylinder (see Figure 2) with a length 𝐿
and a radius 𝑟, it is assumed that the magnetic field is induced
by a surface current flowing on the surface of the cylinder. If
the total surface current is 𝑗, then a surface current d𝑗 = 𝑗d𝜖
flows through the ring with a width d𝜖. Then the contribution
d𝐻 of this surface current to the total intensity 𝐻 in the
solenoid axis and distance 𝑦 is

d𝐻 =
𝑟2𝑗

2
(

𝑟2 + 𝑦2
)
3
2

d𝜖 (5)

and the total intensity 𝐻 is

L/2 L/2

yε 
dε 

x

2
r

Figure 2: The intensity in the solenoid axis.

𝐻 = ∫

𝐿

𝜖=0
d𝐻 = ∫

𝐿

𝜖=0

𝑟2𝑗

2
(

𝑟2 + 𝑦2
)
3
2

d𝜖. (6)

After substituting 𝑦 = 𝐿
2 + 𝑥 − 𝜖 and d𝑦 = −d𝜖 and

evaluating the integral, the equation, describing the solenoid
magnetic field intensity in the solenoid axis and distance 𝑥
from the solenoid centre, is given as

𝐻 = 𝑟2

2
𝑗 ∫

𝑥−𝐿
2

𝑥+𝐿
2

−d𝑦
(

𝑟2 + 𝑦2
)
3
2

=
𝑗
2
𝑓𝐿,𝑟(𝑥) [𝐴.𝑚−1], (7a)

𝑓L,r(𝑥) =

⎡

⎢

⎢

⎢

⎢

⎣

𝑥 + 𝐿
2

√

(

𝑥 + 𝐿
2

)2
+ 𝑟2

−
𝑥 − 𝐿

2
√

(

𝑥 − 𝐿
2

)2
+ 𝑟2

⎤

⎥

⎥

⎥

⎥

⎦

|𝑥| ≥ 𝐿
2
.

(7b)

2.2. The magnetic field intensity of a coil with
a core

If a solenoid with 𝑍 loops and constant current 𝑖 is con-
sidered instead of the cylinder, the magnetic field intensity
𝐻 in the solenoid axis can be expressed, depending on the
coil geometry and the distance 𝑥 from the centre of the
solenoid, as

𝐻(𝑥) = 1
2
𝑍𝑖
𝐿

𝑓L,r(𝑥). (8)

If a solenoid with the core is considered, assuming
that the core is made of a magnetically soft material with
magnetization 𝑀 , Eq. (8) can be rewritten to

𝐻(𝑥) = 1
2

(𝑍𝑖
𝐿

+𝑀
)

𝑓L,r(𝑥). (9)

Now, let us assume that the magnetization/demagnetization
of the coil core 𝑀 do not show any hysteresis, and up to the
saturation magnetization 𝑀max, it linearly depends on the
magnetic field intensity 𝐻 inside the coil. In this case, we
can write that

𝑖 ≥ 𝑖max → 𝑀 = 𝑀max, (10a)
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0 < 𝑖 < 𝑖max → 𝑀 =
𝑀max
𝑖max

𝑖. (10b)

Finally, under the above mentioned assumptions and
restrictions, the magnetic field intensity 𝐻 in the coil axis
can be expressed as

𝐻(𝑥) = 1
2

(

𝑍
𝐿

+
𝑀max
𝑖max

)

𝑖𝑓L,r(𝑥), 0 < 𝑖 < 𝑖max, (11)

Here, 𝑓L,r(𝑥) describes a dependence of the magnetic
field intensity inside the solenoid on a distance 𝑥 from the
coil centre, with a radius 𝑟 and a length 𝐿.

2.3. The magnetic force acting on the ball
Furthermore, it is considered that the object is a ball with

a diameter 𝑑 made of a ferromagnetic material with a relative
permeability 𝜇r ≫ 1. The assumptions for determining
magnetization 𝑀𝑘 are as follows:

1. a magnetization/demagnetization does not show any
hysteresis (a magnetically soft feature);

2. a magnetization 𝑀 is up to the saturation induced by
the surrounding magnetic field intensity 𝐻 ;

3. the ball is sufficiently small; thus, it is possible to
assume that the magnetization 𝑀 distribution is con-
stant in the whole ball volume and solely depends on
the magnetic field intensity 𝐻 in the ball centre.

For example, let us start from the mathematical expres-
sion for a space magnetization with known susceptibility.
The magnetization 𝑀 of a linear magnet with a magnetic
susceptibility 𝜒𝑚, exposed to an external magnetic field of
an intensity 𝐻 , can be written as

𝑀 = 𝜒𝑚𝐻. (12)

The intensity 𝐻𝑘 of the magnetic field inside the ball
made of the material with the magnetic susceptibility 𝜒𝑚,
located in the external magnetic field with the intensity 𝐻 ,
is then

𝐻𝑘 = 1
1 + 𝜒𝑚

3

𝐻. (13)

The magnetic susceptibility 𝜒𝑚 can be replaced by the
relative permeability 𝜇𝑟, i.e.,

𝜇r = 1 + 𝜒𝑚 = 𝜇𝑘. (14)

Thus, it is possible to express the dependence of the ball
magnetization 𝑀𝑘 with the relative permeability 𝜇𝑘 on the
intensity 𝐻 of the surrounding magnetic field [68, (8.86)],
i.e.,

𝑀𝑘 =
𝜒𝑚

1 + 𝜒𝑚
3

𝐻 =
3(𝜇𝑘 − 1)
2 + 𝜇𝑘

𝐻. (15)

If it is assumed that the movement of the object occurs
only in the axis of a solenoid, then the field intensity changes
only in one axis. The force 𝐹 (𝑥), which arises due to the
magnetic field with the intensity 𝐻 acting on an object with
volume 𝑉 and magnetization 𝑀 , can be expressed consider-
ing the relation for the magnetic energy accumulated within
this object [68, (10.24a)], [69, (36.24)], i.e.,

𝐸 = 1
2
𝜇0𝐻 ∫𝑉

𝑀d𝑉 = 1
2
𝜇0𝑉𝑘

3(𝜇𝑘 − 1)
2 + 𝜇𝑘

𝐻2(𝑥), (16a)

𝐹 (𝑥) = 𝜕𝐸
𝜕𝑥

= 𝑘𝑘𝑖
2𝑓𝐿,𝑟(𝑥)

d𝑓L,r(𝑥)
d𝑥

(16b)

where 𝜇0 [𝐻 ⋅𝑚−1 = 𝑘𝑔 ⋅𝑚⋅𝑠−2 ⋅𝐴−2] is the permeability
of vacuum, 𝜇𝑘 stands for the relative permeability of an ob-

ject material, and 𝑘𝑘 = 4
3𝜋

(

𝑑
2

)3 3(𝜇𝑘−1)
2+𝜇𝑘

𝜇0
[

1
2

(

𝑍
𝐿 + 𝑀𝑚𝑎𝑥

𝑖𝑚𝑎𝑥

)]2
.

2.4. The inductance in the coil axis as a distance
function

As shown later when constructing the MagLev mathe-
matical model, it is preferable to consider the inductance 𝐿
instead of the magnetic field intensity 𝐻 . If the force of the
magnetic field acting on an object is known, i.e., given by
Eq. (16b), it is possible to express the inductance 𝐿 from
the definition of the magnetic field energy [70, (12.5)], i.e.,
𝐸 = 1

2𝐿𝑖
2 𝐹 (𝑖, 𝑥) = 𝜕

𝜕𝑥𝐸(𝑖, 𝑥) = 𝑖2 d
d𝑥𝐿(𝑥), as

𝐿(𝑥) = ∫
𝐹 (𝑖, 𝑥)
𝑖2

d𝑥 = 𝐿1 + 𝐿0𝑓
2
L,r(𝑥), (17)

where 𝐿1 = 𝐿∞ = 𝜇𝑍2

𝐿 𝑆 𝑆 = 𝜋𝑟2 is the inductance
of a solenoid (coil) with a cross-sectional area 𝑆. Here, it is
assumed that 𝐿 ≫ 𝑟 [68, (8.39)].

3. Mathematical model of the magnetic
levitation device
The mathematical model (i.e., a system of the differen-

tial and algebraic equations) describes the simplified ideal
behaviour of a real MagLev device - laboratory Magnetic
Levitation System (MLS) (see Figure 3) [71]. The model
features the dependence of a voltage 𝑦(𝑡) of the sensor
measuring ball distance (from the bottom) on the control
input voltage 𝑢(𝑡) of the current amplifier. The ball distance
from the coil 𝑥(𝑡) is one of the model state variables.

3.1. The device description and the default
relationships

The basic device scheme with marked variables and
geometric parameters is shown in Figure 4. The current 𝑖(𝑡)
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Figure 3: Laboratory plant CE152.
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Figure 4: The device scheme.

flows through the coil, which has a radius 𝑟𝑐 and a length
𝑙𝑐 , and is generated by a current amplifier with a gain 𝑘𝐴
controlled by the input control voltage 𝑢(𝑡). It is assumed
that a small ball with a mass 𝑚 and a diameter 𝑑 is moving
only in the coil axis inside the area between the coil front
and a pad (distance 𝐷). Furthermore, it is considered that the
ball and the coil core are made of a magnetically soft mate-
rial, whose magnetization/demagnetization behaves linearly
without any hysteresis. The ball position 𝑥(𝑡) – measured
from the coil front, i.e., −(𝐷 − 𝑑) < 𝑥 < 0 – is measured
by the induction position sensor located in the pad, which
converts the ball distance from the sensor to the voltage

Table 1
The calibration of the position sensor.

Sensor voltage Ball position Parameters

𝑦 [V] 𝑥 [m] 𝑎 [V.m-1] 𝑏 [V]
4.830 0 842.4561 4.830
0.028 −(𝑑 −𝐷) =-0.0057

𝑦(𝑡) linearly. The device can be divided into three separate
subsystems.

3.1.1. The position sensor subsystem
The position sensor subsystem is described by a depen-

dence of the output voltage of the sensor on the ball position
𝑥(𝑡). According to the manufacturer details, this relationship
is linear inside a part of the measured distance range, i.e.,

𝑦(𝑡) = 𝑎𝑥(𝑡) + 𝑏 [𝑉 ], (18a)

𝑥min < |𝑥| < 𝑥max [𝑚]. (18b)

The parameters 𝑎, 𝑏 are determined by a separate ex-
periment when a sensor voltage 𝑦1 was measured at a ball
position 𝑥1 = 0 (the ball near the coil) and a voltage 𝑦2 at
a ball position 𝑥2 (the ball near the sensor). The position 𝑥2
is selected as a negative distance of the coil bottom from
the sensor minus the ball diameter. The parameters from Eq.
(18) – 𝑎 = 842.4561, 𝑏 = 4.830 – are determined from the
measurement in the limit positions as shown in Table 1.

3.1.2. The current amplifier and coil subsystem

ka

kS

i(t)

u
s(
t)

R

Rs

L

u
(t
)

+
-

Figure 5: The current amplifier scheme.

The second subsystem is formed by a coil with a current
amplifier. Equation (19) is based on the energy balance of
the coil and describes a dependence between voltage 𝑢(𝑡) and
the current 𝑖(𝑡) which flows through the coil with a winding
resistance 𝑅. Thus,

𝑢 =
d𝜙
d𝑡

+ 𝑅𝑖(𝑡) [𝑉 ], (19)

where 𝜙 is the magnetic flow, i.e., 𝜙 = 𝐿(𝑥)𝑖(𝑡), and
𝐿(𝑥) represents the inductance of the coil in the coil axis,
dependent on the distance 𝑥(𝑡) from its centre.
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Table 2
Nominal values of current amplifier.

Symbol Value Units Description

𝑘𝑎 100 [-] Amp. gain
𝑘𝑠 13.33 [-] Close loop gain
𝑅𝑠 0.25 [Ω] Close loop resistance
𝑅 3.5 [Ω] Coil resistance
𝐿 0.03 [H] Static coil inductance (also 𝐿∞)
𝑘𝐴 = 𝑘𝑎

𝑅𝐿
0.297 [Ω−1]

Equation (19) needs to be modified to include a current
amplifier used for the device. The coil current amplifier
block diagram is shown in Figure 5 with the relevant param-
eters listed (and determined by nominal values) in Table 2.

The dependence between the control voltage 𝑢 and the
current 𝑖 flowing through the coil is then expressed as

𝑘𝑎(𝑢 − 𝑢𝑠) = (𝑅 + 𝑅𝑠)𝑖 +
d𝜙(𝑥, 𝑖)

d𝑡
, (20a)

𝑢𝑠 = 𝑘𝑠𝑅𝑠𝑖. (20b)

The coil with the current amplifier can be then mathe-
matically described as

𝑘𝑎𝑢 =
d𝜙(𝑥, 𝑖)

d𝑡
+ 𝑅𝐿𝑖(𝑡), (21a)

𝑅𝐿 = 𝑅 + 𝑅𝑠(1 + 𝑘𝑎𝑘𝑠), (21b)

with a DC (static) gain 𝑖 = 𝑘𝐴𝑢 and 𝑘𝐴 = 𝑘𝑎
𝑅𝐿

= 0.297.

3.1.3. The ball and coil subsystem
The third subsystem consists of a ball in the Earth’s

gravity and the magnetic field of the coil. In the equilibrium
state, forces acting on the ball must be balanced as expressed
by the general vector equation in the form of

𝐹𝑠 + 𝐹𝑔 + 𝐹𝑚 + 𝐹𝑥 = 0, (22)

where 𝐹𝑠 is the inertial force, 𝐹𝑔 represents the weight
force, 𝐹𝑚 stands for the magnetic field force and 𝐹𝑥 denotes
the drag force. The magnitude of forces, features in Eq. (22),
are given as

𝐹𝑠(𝑥) = 𝑚d2𝑥
d𝑡2

, (23a)

𝐹𝑔 = 𝑚𝑔, (23b)

𝐹𝑚(𝑖, 𝑥) =
𝜕𝐸(𝑖, 𝑥)

𝜕𝑥
=

𝜕𝜙(𝑖, 𝑥)𝑖
𝜕𝑥

, (23c)

𝐹𝑥(𝑥) = 𝑘𝑥
(d𝑥

d𝑡

)2
, (23d)

where 𝑚 is ball mass, 𝑔 represents the free-fall accelera-
tion, 𝐸 denotes the energy of the coil magnetic field, and 𝑘𝑥
stands for the drag coefficient.

When considering the orientation of the forces according
to Figure 4 and their dependence on the inductance𝐿(𝑥), Eq.
(22) can be modified to a set of Eqs. (24), which describe the
ideal behaviour of the studied MagLev device, i.e.,

𝑚d2𝑥
d𝑡

+ 𝑘𝑥
d𝑥
d𝑡

|

|

|

|

d𝑥
d𝑡

|

|

|

|

= 1
2
𝜕𝐿(𝑥)
𝜕𝑥

𝑖2 − 𝑚𝑔, (24a)

𝜕𝐿(𝑥)
𝜕𝑥

d𝑥
d𝑡

𝑖 + 𝐿(𝑥)d𝑖
d𝑡

= 𝑘𝑎𝑢(𝑡) − 𝑅𝐿𝑖, (24b)

𝑦(𝑡) = 𝑎𝑥 + 𝑏. (24c)

3.2. Mathematical model of the MagLev device
Finally, the function 𝑓L,r(𝑥) from Eq. (7b) is modified

to express the dependence on a position 𝑥 ≤ 0, measured
from the from lower bound of the coil (see Figure 2), i.e.,
𝑥 = 𝑥𝑐 −

𝑙𝑐
2 , where 𝑥𝑐 is distance measured from the coil

centre. Thus

𝑓 (𝑥) = 𝑥
√

𝑥2 + 𝑟2𝑐
−

𝑥 − 𝑙𝑐
√

(𝑥 − 𝑙𝑐)2 + 𝑟2𝑐
for 𝑥 ≤ 0. (25)

An ideal non-linear dynamic mathematical device model,
expressed by a set of Eqs. (26), describes the dependence of
the output sensor voltage 𝑦(𝑡) on the control input voltage
𝑢(𝑡) of the coil. The dimensionless function 𝑓 (𝑥) is given by
Eq. (25). The model is based on a set of Eqs. (24), where the
dependence of inductance, given by Eq. (17), on the position
𝑥 ≤ 0 from the coil bottom edge is involved. Then

d𝑥
d𝑡

= 𝑣, (26a)

d𝑣
d𝑡

=
𝐿0
𝑚

𝑓 (𝑥)
𝜕𝑓 (𝑥)
𝜕𝑥

𝑖2 − 𝑔 −
𝑘𝑥
𝑚
𝑣|𝑣|, (26b)

[𝐿1+𝐿0𝑓
2(𝑥)]d𝑖

d𝑡
= 𝑘𝑎𝑢−(𝑅𝐿+2𝐿0𝑓 (𝑥)

𝜕𝑓 (𝑥)
𝜕𝑥

𝑣)𝑖, (26c)

𝑦 = 𝑎𝑥 + 𝑏, (26d)

where 𝑣 [𝑚 ⋅ 𝑠−1] is the velocity of the ball in the coil
axis.
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4. Experiments and results
Experiments on the real MagLev device were carried out

to verify the validity of the derived Eq. (16b) of the force
acting on an object depending on the distance from the coil.
If the current 𝑖 and the distance from the coil 𝑥 are known at
particular stable ball positions, then it is possible to calculate
the values of a static model parameters, given by a set of Eqs.
(27), thus fulfilling a criterion that the calculated magnetic
force approaches the gravity force as much as possible (i.e.,
a balance condition). Since all the parameters are of physical
importance, it is possible to deduce the credibility of the
model from the calculated values of the parameters and from
the force differences.

4.1. Static model
In the case when the ball is stabilized in a constant posi-

tion (levitation), the magnetic force is equal to the weight
and the dynamic model, given by a set of Eqs. (26), is
transformed into the static model, expressed by a set of Eqs.
(27) (here, the position and the current is constant). The
values of the parameters are listed in Table 3. Hence,

𝑔 =
𝐿0
𝑚

𝑓 (𝑥𝑛)
𝜕𝑓 (𝑥)
𝜕𝑥

|

|

|

|𝑥=𝑥𝑛
𝑖2𝑛, (27a)

𝑦𝑛 = 𝑎𝑥𝑛 + 𝑏, (27b)

𝑖𝑛 = 𝑘𝑎𝑢𝑛, (27c)

The steady-states positions were measured both in the
gradual closing of the ball to the coil and during delay-
ing. Thus, the magnetization of the coil core and the ball
increased when the ball was closing and decreased when
the ball was delaying. This arrangement allowed to deter-
mine whether magnetization/demagnetization is accompa-
nied with the hysteresis phenomena.

4.2. Determination of the static model parameters
The parameters 𝐿0, 𝑙𝑐 , and 𝑟𝑐 of the static model, given

by a set of Eqs. (27), were determined from the control and
measured voltages in 24 steady-states (balanced) measured
positions in the range of 10% and 90% of a distance between
the sensor and the coil bottom edge.

4.2.1. The steady-states measurements
A measurement of the sensor voltage and the control

voltage generation were performed using the MF634 acqui-
sition card [72] in the MATLAB environment. The used
computer allowed to use a 1 ms sampling. Since the steady-
state positions are unstable, it was necessary to maintain
them by the feedback control. To achieve and maintain the
specified sensor voltage, a discrete PSD controller with a fil-
tration of the desired value for a smoother change transition
of the desired voltage was used. To compensate the con-
trolled system non-linearity, the system was supplemented

Table 3
Determination of the static model values.

Symbol Value Units Description

𝑔 9.81 [𝑚 ⋅ 𝑠−2] free-fall acceleration
𝑚 0.00828 [𝑘𝑔] mass of the ball
𝑘𝐴 0.287 [𝐴 ⋅ 𝑉 −1] gain of the current amplifier (21)
𝑎 842.4561 [𝑉 ⋅ 𝑚−1] conv. par. position to voltage (18)
𝑏 4.830 [𝑉 ] conv. par. position to voltage (18)
𝐿1 0.03 [𝐻 ] static coil inductance
𝐿0 0.0 [𝐻 ] dynamic coil ind. (optimized par.)
𝑙𝑐 0.100 [𝑚] coil length (optimized parameter)
𝑟𝑐 0.025 [𝑚] coil radius (optimized parameter)
𝑢𝑛 meas. [𝑉 ] control volt. in n-th steady state
𝑦𝑛 meas. [𝑉 ] output volt. in n-th steady state
𝑖𝑛 calc. [𝐴] coil current in n-th steady state
𝑥𝑛 calc. [𝑚] ball position in n-th steady state

by the calculation of the steady-state control voltage to the
required voltage. For this calculation, a simplified non-linear
static model, described by Eq. (28a), originating from the
simpler inductance dependence on a distance, given by Eq.
(28b), was adopted. The parameters 𝐿0, 𝑥0 of the simplified
model were determined from the two measured steady states
(the ball near the coil and the ball near the sensor). Thus

𝑔 = 1
2𝑚𝑥0

𝐿0
(

1 + 𝑥
𝑥0

)2
𝑘2𝐴𝑢

2, (28a)

𝐿(𝑥) = 𝐿1 +
𝐿0

1 + 𝑥
𝑥0

. (28b)

The actual measurement for 12 voltage values evenly dis-
tributed between 10 % and 90 % of the possible range of
the ball position was provided by an automatic experiment.
After stabilizing to the lowest voltage level (the ball being
closest to the sensor), 2 seconds were left to switch to a
higher level until the highest level (the ball being closest
to the coil) was reached, and then the levels gradually de-
creased. In this way, 12 measurements were obtained when
magnetizations of the coil core and the ball were increasing,
and another 12 measurements when the magnetizations were
decreasing.

24 sensor voltage values 𝑦(𝑥) and the corresponding con-
trol voltage values 𝑢(𝑥) were acquired from the regulation of
the ball position (see Figure 6). The values of both voltages
were evaluated as the arithmetic average of 1000 measured
values from a 1-sec interval before the next change. The
measurement was repeated 4-times with 10 minutes delays
between each experiment to verify repeatability and ensure
that the temperature of the coil would not affect the experi-
ment.

4.2.2. The evaluation of the measured steady-states
positions

The standard deviation (STD) error of the difference
between the acceleration caused by the magnetic field and
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Figure 6: Measurement and evaluation of steady states -
experiment 4

free-fall acceleration was minimized from the 24 steady-
states voltages by a choice of 3 parameters, given in a set of
Eq. (29). The accelerations were used for evaluation instead
of the forces because acceleration differences give a better
illustration of the physical meaning of the difference.

STD =

√

√

√

√

√

1
23

24
∑

𝑗=1

(

𝑔 − 1
2𝑚

𝑖2𝑗
𝜕
𝜕𝑥

𝐿(𝑥𝑗 ;𝒑)
)2

, (29a)

𝒑𝑜𝑝𝑡 = argmin
𝒑

STD(𝒑), (29b)

𝑖𝑗 = 𝑘𝐴𝑢𝑗 , (29c)

𝑥𝑗 =
𝑦𝑗 − 𝑏
𝑎

, (29d)

𝐿(𝑥;𝒑) = 𝐿1 + 𝐿0𝑓
2(𝑥), (29e)

𝒑 =
⎡

⎢

⎢

⎣

𝐿0
𝑙𝑐
𝑟𝑐

⎤

⎥

⎥

⎦

. (29f)

Values of the parameters obtained by an minimization in
a set of Eqs. (29) for each dataset are summarized in Table 4.

5. Discussion
In Section 2, we derived Eq. (16b) for the force acting in a

solenoid axis on a small sphere made of a ferromagnetic soft
material. From this equation, we then derived Eq. (17) for the

Table 4
Identified parameters and the model error.

Measurement 𝐿0 [H] 𝑙𝑐 [mm] 𝑟𝑐 [mm] STD [m.s-2]

MerStat00 3.300e-03 79.21 5.973 0.949
MerStat01 3.315e-03 65.16 5.966 0.948
MerStat02 3.327e-03 48.05 5.977 0.952
MerStat03 3.319e-03 54.50 5.969 0.957

inductance of a coil with a core as a function of the distance
from the coil. These expressions were applied in Section 3
for a construction of the particular mathematical model of
the studied real MagLev device. In Section 4, we described
the measurements of steady states. The measured values
were used for determining the parameters of a function
describing force (inductance) dependence on the distance
from the coil.

From Table 4, it is evident that the calculated values
of the coil dynamic inductance 𝐿0 and radius 𝑟𝑐 do not
dramatically depend on the used dataset. More significant
fluctuations occurred in the coil length 𝑙𝑐 . However, none of
the parameters showed unexpected values. The calculated
parameters depend on the convention of the ball distance
from the coil. The values of the parameters 𝑎, 𝑏 are used for
a position sensor voltage conversion to distance.

If we study the dependence of the parameter values and
standard deviation of a relative error on the experiment order
(the effect of the increase of the coil winding temperature
caused by experiments by approximately 10 ◦𝐶), then it
seems that the temperature change up to 10 ◦𝐶 does not
significantly affect the device behaviour.

In Figure 7, we show the calculated values of inductances
and the ball accelerations caused by the magnetic field of the
coil in steady states. The static model with identified param-
eters was used. For each experiment, and for the changing
distance from the coil, the inductance dependence on the
position is in the upper graph and the relative deviation of the
calculated acceleration from the gravitational acceleration is
in the lower graph.

The graphs confirm that although inductance changes
and optimization has ensured zero mean value, the progress
of the relative deviation exhibits a systematic error. Ideally,
the course of the deviation should be zero, i.e., in each
steady-state position, the calculated acceleration induced
by the magnetic field of the coil should be equal to the
gravitational acceleration. If the disagreement was caused
only by random effects such as measurement uncertainty,
etc., deviations would also have a random character. The
measurement uncertainties are suppressed by a significant
number of measured samples in a given steady-state posi-
tion.

From a relative error in opposite directions of movement,
it is clear that the model does not include hysteresis of the
magnetization of the coil core and the ball. However, if the
deviation was caused only by neglecting of hysteresis, then
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Figure 7: Error of static model part.

the deviation process would be symmetrical with respect to
the 𝑥-axis during the magnetization and demagnetization.

Obviously, the model approximates the behaviour of the
monitored device with a relatively large error. However, it
is not possible to clearly decide that the error is caused only
by simplification during deriving the equations for the force
acting on the object with the ball shape in the magnetic
field of the solenoid. Due to the indirect measurement of the
position of the ball and the coil current, the deviation can be
caused by non-linearity of the position sensor or the current
amplifier gain’s temperature dependence.

The disadvantage of the device which is used to verify
the dependence of the magnetic force on the distance, given
by Eq. (16b), is the relatively small range of the ball position.
It is likely that the non-linearity caused by small change in
a position is not significant due to others factors. Thus, by
changing the parameter of the distance function, i.e. Eq. (25),

it is not feasible to compensate the model error induced by
not included non-linearities.

6. Conclusions
In the present work, we studied the MagLev phenomenon

from the first-principle perspective. In order to do so, an
interaction between the magnetic field from a solenoid and
a magnetic response from a ferromagnetic object was con-
sidered. Within this MagLev geometry, relations describing
both the magnetic force acting on a small ferromagnetic
ball, and the spatial behavior of the inductance were de-
rived. More importantly, the proposed force equation was
experimentally found to be valid in the entire range of the
considered distances. This is in contrast to the commonly
adopted relation assuming the magnetic force is inversely
proportional to the square of the distance. The force and
inductance equations were then used in a construction of
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the MagLev mathematical model. Such a sophisticated
approach provided solution to the MagLev problem within
the framework of the optimal model-based control design.

The presented MagLev concept is regarded beneficial
for a construction of more complex mathematical models
exploitable in the field of predictive control of the position
of a levitating object. In general, if we adopt the model
predictive control strategy, it is possible to optimize the sub-
sequent control actions which minimize the chosen criterion
on a given time horizon. Within this approach, a dynamical
model of the controlled system is needed not only for the
calculation of the control action, but also for the state esti-
mation. Thus, the control effects are significantly influenced
by the quality of the model. This is crucial especially in cases
when we need a fast fulfilment of our requirements (i.e., for
tight control). Here, it should be stressed that the system
type must be considered when assessing the model quality.
For certain systems, the model quality is not so critical
- e.g. for single-input single-output (SISO), linear, lower
order dynamic systems. On the contrary, model quality will
play an eminent role for multi-input multi-output (MIMO),
non-linear, higher order dynamic systems, and systems with
time delays. Nevertheless, if these conditions and applica-
tion prerequisites are met, we believe that the modelling
methodology, presented here would offer reliable and precise
MagLev models for simulations, predictions, and control.
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