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ABSTRACT 

DOCTORAL THESIS 

 

PROBABILISTIC NONLINEAR COMPUTER SIMULATIONS FOR REALISTIC 

PREDICTION OF STRUCTURAL RESPONSE 

 

Özgür YURDAKUL 

 

University of Pardubice 

Faculty of Transport Engineering 

Department of Transport Structures 

 

 Supervisor: Ing. Ladislav ŘOUTIL, Ph.D.  

  2019, 198 Pages  

The effect of inherent uncertainties in material properties on the global response of 

substandard reinforced concrete (RC) structural members was investigated by the 

stochastic study. An experimentally validated finite element model (FEM) was, therefore, 

combined with a suitable stochastic sampling technique (Latin Hypercube Sampling 

(LHS)). Then, the effect of inherent uncertainties on the material mechanical properties 

was studied by uncertainty analysis, while the uneven distribution of concrete mechanical 

properties over the specimen was accurately characterized by random fields theory. The 

partial correlation coefficient between material parameters and response variables was also 

evaluated to outline the parameters which mainly contribute to the global response (i.e., 

sensitivity analysis). Such an advanced modelling strategy was implemented on three 

different testing programs comprising RC members designed with structural details and 

material properties non-conforming to current codes and guidelines. The first testing 

program deals with experimental performance of an over-reinforced and shear critical 

beams together with stochastic assessments of beam members via computational stochastic 

mechanics. The effect of uncertainties on the response of shear critical and carbon fiber 

reinforced polymer (CFRP) retrofitted beam-column joints, which were selected from 

available testing programs in the literature, was also discussed. The stochastic-based 

numerical prediction of beam-type RILEM bond specimens characterized variability in the 

identical tests satisfactorily. Owing to the more realistic assessment capability of the 

stochastic-based nonlinear finite element (FE) analysis, the global response of the 

substandard RC members (over-reinforced and shear critical beams; shear critical and 

CFRP retrofitted beam-column joints; beam-type RILEM bond specimens) was accurately 

reproduced.  

 

Keywords: Reinforced Concrete, Substandard, Sensitivity; Stochastic Assessment; Finite 

Element Method, Nonlinear Analysis, Uncertainty, Random Fields  
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ANOTACE 

DIZERTAČNÍ PRÁCE 

 

PRAVDĚPODOBNOSTNÍ NELINEÁRNÍ VÝPOČTOVÁ MECHANIKA 

PRO PREDIKCI MECHANICKÉ ODEZVY KONSTRUKCÍ 

 

Özgür YURDAKUL 

 

Univerzita Pardubice 

Dopravní fakulta Jana Pernera 

Katedra Dopravního stavitelství 

 

 Školitel: Ing. Ladislav ŘOUTIL, Ph.D.  

  2019, 198 stran  

Práce studuje vliv nejistot materiálových vlastností na mechanickou odezvu 

(poddimenzovaných) prvků železobetonových konstrukcí, který je vyšetřovaný pomocí 

stochastického přístupu s využitím experimentálně validovaných MKP modelů a vhodné 

simulační metody (LHS). Ve vybraných případech byl také aplikován koncept náhodných 

polí pro simulaci rozložení mechanických vlastností betonu ve studovaných konstrukčních 

prvcích. Součástí jednotlivých studií je také citlivostní analýza. Nastíněný přístup je 

aplikován na tři vybrané konstrukční železobetonové prvky, které nesplňují aktuální 

normové předpisy (nedostatečné vyztužení či nízké hodnoty materiálových vlastností 

užitých betonů), ovšem jejichž výskyt byl v hojné míře prokázán v mnoha zemích. Prvním 

příkladem je nosník s nedostatečnou smykovou výztuží. Zaznamenané chování/poškození 

nosníku je také porovnáno s dostatečně vyztuženým, resp. předimenzovaným nosníkem. 

Druhý případ představuje poddimenzovaný styk sloupu a průvlaku namáhaný cyklickým 

zatížením, přičemž jsou zkoumány i možnosti sanace pomocí externích polymerních lamel 

na bázi uhlíkových vláken. Třetí vyšetřovaný případ představuje soubor experimentů a 

numerických modelů zaměřených na stanovení soudržnosti výztuže a betonu dle postupu 

RILEM. Ve všech popsaných případech je výsledná odezva studována experimentálně i 

numericky, přičemž stochastický přístup dobře postihuje reálné chování vyšetřovaných 

prvků. 

 

Klíčová slova: Železobeton, Poddimenzování, Citlivost; Stochastické posouzení; Metoda 

konečných prvků, Nelineární analýza, Nejistota, Náhodná pole  
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a : Moment arm in moment couple 

Ag : Cross sectional area 
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cm,m2,m3 : Parameters in failure surface 

co : Cohesion 

cr1,r2,r3 : Variables in shear retention factor 

CRd,c : Coefficient derived from tests 

db : Bar diameter 

df : Depth of CFRP layer 

di : Difference between two ranks 

dwb : Width of beam 

e : Eccentricity parameter of yield surface 

Eas : Elastic modulus of epoxy resin 

Ec : Elastic modulus of concrete 

Ef : Elastic modulus of CFRP sheets 

Es : Elastic modulus of reinforcing steel 

F : Force 

F(x) : Distribution function 

Fc : Compressive force 

fc : Compressive strength of concrete 

fcas : Compressive strength of epoxy resin 

fco : Compressive strength at start of inelastic response 

fcore : Equivalent cylinder compressive strength of core 

Fcore : Core compressive strength 

fcr : Reduced compressive strength in the cracked concrete 

fct : Tensile strength of concrete 

fctas : Tensile strength of epoxy resin 

Fd : Damage correction factor during drilling 

Fdia : Core diameter correction factor 
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Fmc : Core moisture content correction factor 
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fu  : Ultimate strength of reinforcing steel 
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Rd : Design value of resistance 
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αac : Factor in core strength correction 
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1 INTRODUCTION 

This study mainly deals with the assessment of different failure modes in 

reinforced concrete (RC) members by using stochastic approaches. Thus, an advanced 

modeling technique, which combines the nonlinear finite element method (FEM) with the 

stochastic sampling technique, is conceptionally proposed. The numerical models were 

validated against experimental performance. The implemented stochastic models are used 

for realistic prediction of the structural response of substandard RC members, which 

provides a broad perspective in assessing the results.  

1.1 Motivation 

According to the capacity design principles specified in most modern codes and 

guidelines, structural members should exhibit a ductile response. The requirements to meet 

the ductile behavior and design principles are carefully described in the relevant 

documents. However, a significant portion of RC buildings in the existing building 

inventory of both developed and developing countries have specific deficiencies at the 

local level, which usually cause premature failure of structural members. Severe damage at 

the member remarkably violates the integrity of the structural system. The obvious 

outcomes are poor energy dissipation and sudden degradation of strength and stiffness. As 

local damages also actuate the global failure mechanism, investigating the behavior of 

substandard members is essential. Based on field observations and laboratory tests, 
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capacity design principles have earmarked deficient RC members as critical components in 

the moment-resisting frames. It is, therefore, important to pay enough attention to the 

assessment of RC members with local deficiencies.  

Several attempts have been made to investigate the response of substandard RC 

members by using experimental and numerical methods. However, further developments 

are urgently needed due to the randomness in either material properties or strength 

distribution over specimen geometry. Therefore, a more advanced method, which 

combines the nonlinear FEM with the stochastic sampling technique, is required. Owing to 

the more realistic assessment capability of the stochastic-based nonlinear finite element 

(FE) analysis, which is available in user-friendly computer tools, reproducing the structural 

response of substandard members using computational stochastic mechanics could yield 

more accurate results for assessment purposes. Therefore, a focus on the probabilistic 

nonlinear computer simulations should be given. 

In this study, different kinds of failure modes in substandard RC members were 

assessed by using stochastic approaches. For this reason, the nonlinear FEM was combined 

with a suitable stochastic sampling technique for the realistic prediction of the structural 

response in substandard RC members. Overall, the effect of inherent uncertainties on the 

material mechanical properties was studied by using uncertainty analysis, which leads to 

obtaining the basic statistics of response variables. The sensitivity of material properties on 

the global response was also measured by evaluating the partial correlation coefficient 

between material parameters (i.e., input variables) and strength parameters (i.e., response 

variables). Moreover, the uneven distribution of concrete mechanical properties over the 

specimen was accurately characterized by random fields theory, which establishes weaker 

and stronger spots over the specimen. All of these provided a broad perspective in 

assessing the results.  

The stochastic approach was implemented in three different testing programs. The 

first testing program deals with over-reinforced and shear critical beams. The experimental 

performance of two substandard beam specimens was first obtained and then accurately 

reproduced in the FE environment. The effect of inherent uncertainties at a material level 

for an over-reinforced and shear critical beam, and the uneven distribution of concrete 

mechanical properties over the shear critical beam were handled by an uncertainty analysis 

and random fields approach, respectively. The stochastic assessment of shear critical and 

carbon fiber reinforced polymer (CFRP) retrofitted beam-column joints, which were 
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selected from available testing programs in the literature, was also investigated. The 

experimental performance of shear failed joints, and CFRP fracture was closely estimated 

by using the stochastic approach. The relative impact of each material properties on the 

shear critical and CFRP retrofitted joints was then provided, which remarks the most 

critical material parameters affecting the global response. The third testing program 

focused on the stochastic-based numerical prediction of beam-type RILEM bond 

specimens. The proposed bond stress-slip relations, which were evaluated from the 

experimental data, were first implemented in the FE models. Thus, the deterministic 

numerical models accurately reproduced the experimental performance of confined and 

unconfined specimens under cyclic and monotonic loading. The variability in the identical 

tests was satisfactorily characterized by the stochastic assessment. To conclude, the 

stochastic approach described in this study was implemented on three different testing 

programs. The performance of the advanced assessment method on different failure modes, 

which combines the nonlinear finite element method with the stochastic sampling 

technique, was evaluated. 

1.2 Substandard RC Structures: Overview 

The substandard RC structures constitute a significant portion of the building 

stock in both developed and developing countries. The resulting deficiencies arise from 

poor material properties and issues in design and manufacturing levels. The deficiencies at 

the material level are usually pronounced as poor-quality concrete and the presence of 

plain round bars. Those related to construction practices are an insufficient consideration 

of any natural and environmental effects at the design level, and issues during 

manufacturing (i.e., inadequate or no transverse reinforcement in the members and poor 

member detailing).  

The field observations have vitally earmarked the use of low strength concrete as 

the main deficiency in moment-resisting frame structures [1]. Masi and Vona [2] worked 

on 824 cores in more than 200 RC buildings in Italy and found the average compressive 

strength of 12–16 MPa in 93 of 824 tests. Del Vecchio et al. [3] report the average 

compressive strength of concrete as 11.92 MPa in a building demolished after the L’Aquila 

Earthquake, Italy. In Japan, Shimizu et al. [4] found the average compressive strength to be 

less than 13.50 MPa in some of the inspected buildings, which comprise 3.3% of the total. 

The frequency of buildings with an average compressive strength of 16.00 MPa is above 



Chapter 1 - Introduction 27 
 

 

5%. Bal et al. [5] found that the mean compressive strength is 16.73 MPa in Istanbul and 

surrounding cities in Turkey (Fig. 1.1). Mazılıgüney et al. [6] analyzed the compressive 

strength of 4647 core specimens taken from 693 buildings in Istanbul, Turkey. The 

resulting value was 10.64 MPa, which also supports the other findings. Another dramatic 

concrete compressive strength of 10.35 MPa was also reported from a collapsed building in 

Ceyhan, Turkey by Çağatay [7]. To conclude, those reported compressive strengths are 

well below the standard and universal values accepted as a minimum structural concrete 

strength. 

 

Fig. 1.1. Average compressive strength distribution of the building from Istanbul and surrounding cities [5] 

The use of plain round bars could exhibit a poor bond performance as the other 

types of failures are usually preceded by bond-slip failure. Therefore, structures with plain 

round bars are usually considered to be substandard with respect to today’s construction 

practices. In these structures, the required level of interaction between concrete and a 

reinforcing bar could not be ensured, which results in bond-slip failure together with 

anchorage push-out failure [8,9].  

The failures related to insufficient confinement at RC members should attract 

attention since they remarkably compromise the structural redundancy. The large stirrup 

space at member ends could not restrain the reinforcement bucking for axially loaded 

members (Fig. 1.2a) [1]. The opening of stirrups with 90⁰ hooks at both ends or issues with 

detailing the hooks for longitudinal reinforcement are common deficiencies among 

substandard structures. Fig. 1.2b and c depict the severe damage in the column with 

opened stirrups and anchorage push-out failure in the beam-column joint due to 

insufficient confinement and hook detail, respectively. 
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(a) (b) (c) 

Fig. 1.2. (a) Reinforcement buckling in column [1] (b) opening of stirrup ends [10] (c) anchorage push-out 

failure due to insufficient confinement and hook detail after L’Aquila Earthquake, Italy  

The inadequate or no shear reinforcement at member end or beam-column joints 

usually lead to shear failure with distinct strength deterioration and stiffness degradation 

(Fig. 1.3a). Similarly, the lack of transverse reinforcement in the beam could result in a 

shear failure as well (Fig. 1.3b). Such individual elements in the deficient structures 

significantly influence the overall performance, resulting in severe damage or even total 

collapse of the building.  

  

(a) (b) 

Fig. 1.3. (a) Shear failure (a) beam-column joint [1] (b) beam [11] 

In addition to the above-mentioned deficiencies, soft story, short column, strong 

beam and weak column, large and heavy overhangs, and so on are the main issues at the 

design and manufacturing levels of substandard RC structures [12]. The secondary effects 

of non-structural components on global behavior are also critical for these structures. 

Photo Credit: Çelebi et al. 2013 [10] Photo Credit: Yılmaz and Avşar [1] 

Photo Credit: Özgür AVŞAR 

Photo Credit: Yılmaz and Avşar [1] Photo Credit: Li et al. 2008 [11] 
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1.3 Need for Research 

Substandard RC structures, which do not refer to today’s design codes and 

construction practices, are vulnerable to both static and dynamic actions. This poses a 

severe risk for society. Therefore, the necessary precautions should be taken immediately 

to avoid further loss. Particularly, evaluating the response of substandard members under 

any natural or environmental effects becomes a key point. However, performing tests and 

reproducing the behavior of the substandard RC members in the FE environment in 

combination with the stochastic approach still remains as one of the most challenging 

tasks. Difficulties arise even more so in capturing the structural response accurately under 

complex failure mechanisms, which are, in many cases, combined failure modes. An 

efficient and viable solution is, therefore, required for the realistic prediction of the 

structural response. There are several studies that take advantage of computer-aided 

nonlinear analysis in satisfactorily reproducing the experimental response. However, 

studies that combine the nonlinear FEM with stochastic approaches for substandard RC 

members have attracted less attention from researchers. Therefore, a study constituting 

advanced modeling techniques has paramount importance. This study proposes a method 

to reproduce the nonlinear behavior of substandard RC members by using the stochastic 

approach. Thus, different failure types were represented by an advanced modeling 

technique when considering the contributions of different nonlinear mechanisms and their 

mutual effects on the global response.  

1.4 Research Objective and Scope 

This current study was supported by the University of Pardubice, SGS Projects, 

under Grant no: SGS-2016-008, which aims to predict the structural response of 

substandard members by using a probabilistic nonlinear computer simulation. The results 

of the research led to predicting the behavior of substandard members by using an 

advanced modeling technique. Within the content of this study, the response of over-

reinforced and shear critical beams, shear critical and CFRP retrofitted beam-column 

joints, and beam-type bond specimens was investigated. This was achieved for all 

specimens through laboratory tests and experimentally validated numerical models in 

combination with the stochastic approach.  
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This study mainly aims to investigate the effect of inherent uncertainties in 

material constitutive models to the global response of substandard members. The deficient 

RC members (i.e., over-reinforced and shear critical beams, shear critical and CFRP 

retrofitted beam-column joints, and beam-type bond specimens) were selected to be 

representative of the building inventory in both developed and developing countries. The 

experimentally validated numerical solutions were then combined with the suitable 

stochastic sampling technique (i.e., Latin Hypercube Sampling (LHS)) to obtain the 

response quantities. Moreover, the design capacities of structural members corresponding 

to ultimate and serviceability limit states were obtained by available safety concepts.  

The study also aims to measure the sensitivity of each material property on the 

global response. Thus, the relative impact of material mechanical properties, which 

contribute to the global response of substandard members considerably, was identified 

through a sensitivity analysis. 

The third objective of this study is to characterize the effect of the uneven 

distribution of concrete mechanical properties over the specimen by using random fields 

theory. In the probabilistic models, the concrete mechanical properties were not distributed 

uniformly, but were established as weaker and stronger regions over the specimen.  

The fourth purpose of the current research program, which can be considered as a 

sub-objective in order to reach the main goal of the study, is to generate an experimentally 

validated numerical model of all specimens. Thus, the experimental response of the 

specimens was not only well-characterized by the numerical model but also the 

stress/strain development and cracking patterns were adequately reproduced in the FE 

environment. 

Finally, obtaining the experimental response of the RC members, which are 

considered to be substandard as per current design codes and standards, is also aimed to 

validate the numerical models. While the experimental data of shear critical and CFRP 

retrofitted joints were collected from different experimental programs available in the 

literature, performing tests on over-reinforced and shear critical beams and beam-type 

bond specimens was among the objectives of this study. 

Given the aforementioned information, the basic premises of this study, in the 

order of the conducted methodology, can be summarized as follows: 
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i. Examining the experimental response of over-reinforced and shear critical 

beams imposed by monotonic loading, and beam-type bond specimens 

under monotonic and cyclic loading. Collecting a suitable test program for 

shear failed and CFRP retrofitted beam-column joints. 

ii. Validating the numerical models through the experimental performance of 

the substandard members (i.e. over-reinforced and shear critical beams, 

shear critical and CFRP retrofitted joints, and beam type RILEM bond 

specimens). 

iii. Presenting stochastic models for the realistic assessment of response 

quantities in substandard members. 

iv. Obtaining the set of lateral load-displacement curves resulting from inherent 

uncertainties in prominent material parameters or spatial variability of 

concrete mechanical properties over a specific region. 

v. Finding the basic statistical characteristics of response variables. 

vi. Measuring the level of impact of each material property on response 

quantities under a complex failure mechanism. 

1.5 Manuscript Organization 

This research context is organized into seven main chapters. The output of the 

study and its context are presented in this chapter, while the next chapters are introduced as 

follows: 

Chapter 2 presents the current state of information on material constitutive 

parameters. A general view of numerical modeling techniques is also included in this 

chapter. Summary of available material models for the compressive/tensile behavior of 

concrete, yield/failure functions for concrete material, and reinforcing material models are 

presented as well. 

Chapter 3 deals with the available techniques for the stochastic study. An 

extensive literature survey on the advanced modeling techniques (i.e., computational 

stochastic mechanics) is first presented. Then, the methods for stochastic analysis (i.e., 

random fields theory, reliability analysis, and sensitivity analysis) are investigated in this 

chapter.  
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Chapter 4 describes data found on the experimental performance of the over-

reinforced and shear critical beams. The details of the experimental program, such as the 

design of specimens, test setup, instrumentation, and loading procedure, are comprised as 

well. Two different approaches, which are random fields theory at the member level and 

uncertainty analysis at the global level, are also discussed in this chapter. A sensitivity 

analysis on the over-reinforced and shear critical beams is included as well. 

Chapter 5 summarizes the stochastic assessment of shear critical and CFRP 

retrofitted substandard RC beam-column joints. The sensitivity of input variables on the 

response variables is measured as well.  

Chapter 6 presents the exhibited bond-slip performance of beam-type RILEM 

bond specimens together with a stochastic assessment. An extensive literature survey on 

the available bond stress-slip relations is comprised. An experimental program, including 

beam-type bond specimen details, test setup, procedure, and instrumentation, is also 

presented in this chapter. A bond-slip model for confined and unconfined concrete under 

cyclic and monotonic loading is proposed. The effectiveness of both numerical and 

stochastic models is summarized as well.  

Chapter 7 deals with concluding remarks drawn from this study together with the 

summary of the thesis.  
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2 MODELING PARAMETERS 

As the computer-aided nonlinear analysis is now available for RC members, 

refined numerical models allow for reproducing the response of substandard members with 

satisfactory accuracy. This chapter briefly presents the numerical modeling strategies in a 

user-friendly computer tool ATENA software [13], used for different RC members that 

have experienced different failure types. As reproducing the premature failure of 

substandard members in the FE environment is often a challenging process, the knowledge 

on the current state of modeling strategies was included in this chapter. Moreover, the 

modeling strategies, theory, and material constitutive laws were discussed in depth. Note 

that the modeling approach and its parameters, such as material and section properties, 

were generated in accordance with the tested specimens in order to simulate the actual 

response. All numerical models were then verified by the experimentally obtained 

responses. 

2.1 Element Library 

The concrete geometry was modeled using the hexahedral element CCIsoBrick. 

The constitutive models of tensile and compressive behaviors were combined in 

CC3DNonLinCementitious2 (a fracture-plastic concrete model) in the software. Moreover, 

the Reinforced Concrete material model provides an opportunity to model the 

reinforcement in a smeared manner. In the fracture-plastic model 
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CC3DNonLinCementitious2, the surface sharpness in the evolution of the failure, which is 

controlled by the Menetrey and Willam [14] failure criterion, is governed by the parameter 

e ‹0.5, 1.0›. The fracture model combines the smeared crack concept with the crack band 

theory [15]. A fixed crack model by Cervenka [16] is adopted in the software, which 

assumes a fixed crack direction after first crack initiation. As the orthotropic and principal 

strain axes do not overlap, a shear crack develops on the crack face. A second model using 

the rotated crack model on the base of the modified compression field theory (MCFT) by 

Vecchio and Collins [5] is also available in the software. In this model, the crack direction 

is computed step-by-step as a function of the stress field. The Rankine failure 

criterion  [18] is used for detecting concrete cracking. 

The longitudinal reinforcing bars were defined as truss elements with a bilinear 

elastoplastic model, considering the hardening behavior. It was modeled as a discrete 

reinforcement embedded in the concrete geometry. If the buckling of reinforcing steel is 

critical, the compressive behavior of the truss element can be activated with the available 

option in the software. The reinforcing bar was fully connected to the surrounding concrete 

geometry with the limited bond strength, which is defined by a CCBarWithBond type 

element. First, the software derivates the normal stress in the reinforcing bar. Then, if the 

cohesion stress between the reinforcing bar and the surrounding concrete becomes too 

high, the bar will slip to reduce the stress [13]. 

The CFPR sheets were modeled using membrane elements with composite 

material properties. Namely, the CFRP net was defined by the smeared reinforcement 

concept by the Reinforced Concrete material model, which combines the brittle material 

with reinforcement [19]. Therefore, the brittle response of epoxy resin was defined as that 

of a fracture/plastic material (i.e., CC3DNonLinCementitious2), while the CFRP was 

modeled as a smeared reinforcement. The bond between the concrete surface and CFRP 

sheet was characterized by inserting a supplementary surface (an interface) between the 

two materials. The interface material is based on Mohr-Coulomb criterion [20]. It has zero 

distance from the surfaces. The defined parameters in the interface material are the tensile 

strength, cohesion value, and stiffness corresponding to normal and tangential behaviors. 

While the tensile strength of the interface was limited to the concrete tensile strength, the 

cohesion was carried out at twice the tensile strength [19]. A starting point for the 

estimation of the stiffness values is suggested by ATENA program documentation Part 4-9 

[19] as follows:  
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 𝐾𝑖𝑛 =
𝐸𝑐

𝐿𝑡
× 10 in MN/m3 Eq. 2.1 

where Ec is the elastic modulus of concrete, and Lt is the finite element size. 

2.2 Compressive Behavior of Concrete 

 Multilinear 

The material base curve is constituted by three-line segments (Fig. 2.1). A linear 

ascending branch is usually followed by constant compressive stress up to a specific value 

of strain. Then, a linear softening is assumed in this model. The model equation can be 

seen in Eq. 2.2.  

 

𝜎𝑐(𝜀) =

{
 
 

 
 

𝜀

𝜀𝑐𝑜
𝑓𝑐              0 ≤ 𝜀 ≤ 𝜀𝑐𝑜

𝑓𝑐                    𝜀𝑐𝑜 < 𝜀 ≤ 𝑛𝜀𝑐𝑜
(𝜀 − 𝜀𝑐𝑢)𝑓𝑐 
𝜀𝑐𝑢 − 𝑛𝜀𝑐𝑜

         𝑛𝜀𝑐𝑜 < 𝜀 ≤ 𝜀𝑐𝑢

 Eq. 2.2 

 

Fig. 2.1. Multilinear behavior for compressive stress-strain relationship 

 Parabola 

The material base curve is represented by a parabola, as suggested by Hognestad 

et al. [21]. The nonlinear ascending branch up to peak compressive strength is followed by 

nonlinear descending up to the ultimate strain. It is worthy to mention that the curve is 

symmetric according to strain, corresponding to ultimate compressive stress. The 

mathematical expression of the stress-strain relationship can be seen in Eq. 2.3, and is 

visually depicted in Fig. 2.2 as well. 
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 𝜎𝑐(𝜀) = 𝑓𝑐 [
2𝜀

𝜀𝑐𝑜
− (

𝜀

𝜀𝑐𝑜
)
2

] Eq. 2.3 

 

Fig. 2.2. Compressive behavior according to Hognestad et al. [21] 

 CEB-FIP Model Code 2010 [22] 

CEB-FIP Model Code 2010 [22] assumes a nonlinear ascending part up to a 

strain, which corresponds to peak compressive stress. Then, it follows a descending 

branch. The equation of the material base curve is presented in Eq. 2.4. The parameter, k, 

in the equation is defined as a plasticity number, which is the ratio between the elastic 

modulus of concrete and the secant modulus. The secant modulus is defined as the slope of 

the line that connects the peak compressive strength to the origin. The schematic 

representation of the uniaxial behavior is depicted in Fig. 2.3. 

 
𝜎𝑐(𝜀) = 𝑓𝑐

𝑘𝜀
𝜀𝑐𝑜

 − (
𝜀
𝜀𝑐𝑜
)
2

1 + (𝑘 − 2)
𝜀
𝜀𝑐𝑜

 Eq. 2.4 

 

Fig. 2.3. Compressive behavior according to CEB-FIP Model Code [22] 
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 Van Mier [23] 

The linear elastic response is followed by an ascending part, considering an 

elliptical hardening. The nonlinear behavior starts when the compressive strength doubles 

the tensile strength of the concrete fco (Fig. 2.4). Moreover, the strain value corresponding 

to the ultimate stress εco is the ratio between the compressive strength and elastic modulus 

of concrete. The equation for the nonlinear ascending part can be seen in Eq. 2.5.  

 
𝜎𝑐(𝜀) = 𝑓𝑐𝑜 + (𝑓𝑐 − 𝑓𝑐𝑜)√1 − (

𝜀𝑐𝑜  − 𝜀

𝜀𝑐𝑜
)
2

 Eq. 2.5 

 

Fig. 2.4. Compressive behavior according to Van Mier [23] 

 Popovics [24] 

The presented model is suitable for the normal strength of concrete. It considers a 

steeper hardening response together with a relatively rapid strength deterioration (Fig. 2.5). 

The deterioration is more recognizable with increasing strength. This behavior is 

conceptually presented by Popovics [24] as follows: 

 𝜎𝑐(𝜀) =
𝜀 

𝜀𝑐𝑜
𝑓𝑐

𝑛𝑝

𝑛𝑝 − 1 + (
𝜀 
𝜀𝑐𝑜
)
𝑛𝑝

 Eq. 2.6 

where np is the curve fitting parameter defined as; 

 𝑛𝑝 = 0.80 +
𝑓𝑐
17

 Eq. 2.7 
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Fig. 2.5. Compressive behavior according to Popovics [24] 

 Karsan and Jirsa [25] 

The equation of the envelope of the hysteric loop, which is similar to the uniaxial 

response of the compressive behavior of concrete, is defined by Karsan and Jirsa [25]. The 

proposed stress-strain relationship increases nonlinearly up to a strain value corresponding 

to the ultimate strain. After reaching the ultimate compressive strength, the model 

gradually diminishes to zero stress. The stress-strain relationship and schematic 

representation of the model are presented in Eq. 2.8 and Fig. 2.6, respectively. 

 𝜎𝑐(𝜀) = 0.85𝑓𝑐
𝜀

𝜀𝑐𝑜
𝑒
1−

𝜀
𝜀𝑐𝑜  Eq. 2.8 

 

Fig. 2.6. Compressive behavior according to Karsan and Jirsa [25] 

 Post-Peak Response 

The pre-peak base curve could be combined with the available compressive 

softening models in the software. Beyond the peak compressive strength, a linear 

compressive strength degradation is assumed. Thus, a linear descending branch was 
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adopted for the post-peak response as per the experimental observations of several 

researchers [23,26,27].  

The software employs the fictitious compression plane model, assuming that the 

compressive displacement is localized in a plane normal to the direction of compressive 

principal stress. A displacement-based linear base curve in combination with crack band 

theory can, thus, be adapted for the compressive softening behavior (Fig. 2.7). Overall, the 

pre-peak response is strain-based, while it is displacement-based in the post-peak response.  

 

Fig. 2.7. Displacement-based compressive softening behavior 

 Reduction in the Compressive Strength 

An equation to reduce the compressive strength of the cracked concrete is 

required to consider the substantial effect of existing cracks and tensile straining. Among 

several models, the most accepted ones for cracked concrete are presented in this section.  

2.2.8.1 Vecchio and Collins [5] 

Vecchio and Collins [5] proposed an equation to reduce the compressive strength 

of cracked concrete. The proposed equation is based on a stress-strain curve proposed by 

Hognestad et al. [21], which is a parabolic curve as mentioned in Section 2.2.2. The 

softening parameter r(ε) is computed as presented in Eq. 2.9. Moreover, Fig. 2.8 depicts 

the compressive softening model.  

 𝑟(𝜀) =
1

0.8 − 0.34
𝜀
𝜀𝑐𝑜

 Eq. 2.9 
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Fig. 2.8. Compressive strength reduction according to Vecchio and Collins [5] 

2.2.8.2 Gauss function [13] 

The compressive strength in the cracked concrete is significantly reduced by a 

relation in a form of Gauss's function as shown in Eq. 2.10 [13], and is depicted in Fig. 2.9. 

The parameters are derived from the experimental data published by Kollegger and 

Mehlhorn [4], which also includes Vecchio and Collins [5] test data [13]. The strength 

reduction factor in the cracked concrete c was proposed as 0.80, according to 

Dyngeland [6]. Kollegger and Mehlhorn [4] defined the reduction factor value as 0.45.  

 r(ε)= 𝑐 + (1 − 𝑐)𝑒−(128𝜀)
2
 Eq. 2.10 

 

Fig. 2.9. Compressive strength reduction in the form of Gauss Function [13] 

2.3 Tensile Behavior of Concrete 

The tensile behavior of the concrete could be analyzed as an uncracked and 

cracked response. In the uncracked response (i.e., elastic region), it is assumed that there 

are no discrete cracks (except microcracks in the fracture process zone). On the other hand, 
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the post-elastic region suffers from severe cracks, which is henceforth referred to as as the 

cracked response.  

 Uncracked Response 

2.3.1.1 Linear 

A linear curve, which combines the ultimate tensile strength to the origin, is 

defined in this model. The concrete cracking strain εcr, which is the strain corresponding to 

the ultimate tensile strength, could be obtained from either Hooke’s law or proposed values 

in the literature. For instance, it was proposed as 0.00015 mm/mm by CEB-FIP Model 

Code 2010 [22] while Wong [30] recommends a concrete cracking strain value of 

0.00008 mm/mm. The schematic representation of the linear uncracked response is 

illustrated in Fig. 2.10.  

 

Fig. 2.10. Linear uncracked response  

2.3.1.2 Bilinear 

The bilinear stress-strain relationship for the uncracked response of the concrete 

subjected to the tension is described in CEB-FIP Model Code 2010 [22]. A steeper linear 

line up to the tensile stress of 90% of its strength is followed by a gradual slope due to the 

initiation of intensive microcracks [22]. The stress-strain relationship is given in Eq. 2.11 

and Fig. 2.11. 

 

𝜎𝑐𝑡(ε) =

{
 
 

 
 𝐸𝑐ε                                 𝜎𝑐𝑡 < 0.9𝑓𝑐𝑡

𝑓𝑐𝑡 [1 − 0.1
0.00015 − ε

0.00015 − 0.9
𝑓𝑐𝑡

𝐸𝑐
⁄

]         otherwise
 Eq. 2.11 
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Fig. 2.11. Bilinear uncracked response [22] 

 Cracked Response 

2.3.2.1 Linear 

The relationship between the stress in the crack σct and crack opening w is defined 

by a linear curve (Fig. 2.12). The equation of the curve is presented in Eq. 2.12. 

 𝜎𝑐𝑡(w) = 𝑓𝑐𝑡 (1 −
𝑤

𝑤𝑐
) Eq. 2.12 

where wc and w are the crack width when the stress releases completely and deformation in 

the fracture process zone, respectively.  

Based on the principles of fracture mechanics, the area under the Stress-Crack 

Opening curve equals to the fracture energy of concrete Gf, which is the required energy to 

generate the unit area of the crack surface. Then, wc can be derived as follows: 

 𝑤𝑐 =
2𝐺𝑓

𝑓𝑐𝑡
 Eq. 2.13 

 

Fig. 2.12. Linear tension softening response   
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The smeared crack concept in combination with the crack band theory by Bazant 

and Oh [15] is used for the fracture model in the software. As generally accepted, the front 

of an advancing crack band (microcrack zone), also called the fracture process zone, has a 

certain characteristic width h [15]. For plain concrete, it can be considered that crack 

bandwidth as a material constant that can be determined by experiment [15]. It is expected 

that h is several times the maximum aggregate size, which is approximately equal to 3g 

(where g is the maximum aggregate size) according to the crack band theory [15]. In the 

software, the elastic part is strain-based, whereas the softening part considers the plastic 

displacement. The relationship between the deformation w (i.e., plastic displacement wd 

under compression and crack opening at full stress release wc) and strain ε is also defined 

in crack band theory [15]. In the software, the width of the characteristic length is assumed 

to be equal to the finite element size Lt. It is the distance in the finite element 

corresponding to the projection of the element perpendicular to the crack direction. 

Therefore, the crack width w is the product of ε and Lt as seen in Eq. 2.14 [13,15].  

 w = 𝐿𝑡𝜀 Eq. 2.14 

2.3.2.2 Bilinear 

For the cracked response of concrete, a widely accepted bilinear approach for the 

Stress-Crack Opening relationship can be evaluated by Eq. 2.15, which is proposed in 

CEB-FIP Model Code 2010 [22] (Fig. 2.13).  

 
𝜎𝑐𝑡(w) = {

𝑓𝑐𝑡 [1 − 0.8 (
𝑤

𝑤1
)]              𝑤 < 𝑤1

𝑓𝑐𝑡 [0.25 − 0.05 (
𝑤

𝑤1
)]          𝑤1 < 𝑤 < 𝑤𝑐

 Eq. 2.15 

where w1 is the crack width when the tensile stress σct reaches 20% of the tensile strength 

fct, and it is computed as 

 𝑤1 =
𝐺𝑓

𝑓𝑐𝑡
 Eq. 2.16 

Here, wc is defined as seen in Eq. 2.17. 

 𝑤𝑐 = 5
𝐺𝑓

𝑓𝑐𝑡
 Eq. 2.17 
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Fig. 2.13. Bilinear tension softening response [22] 

2.3.2.3 Hordijk’s Function [31] 

The exponential softening based relationship between the stress in the crack and 

crack width is defined by Hordijk [31] (Fig. 2.14). The relationship between the parameters 

is presented in Eq. 2.18. 

 
𝜎𝑐𝑡(w) = 𝑓𝑐𝑡 × {[1 + 𝑐1 (

𝑤

𝑤𝑐
)
3

] 𝑒𝑥𝑝 [−𝑐2 (
𝑤

𝑤𝑐
)] −

𝑤

𝑤𝑐
(1 + 𝑐1

3)𝑒𝑥𝑝[−𝑐2]} Eq. 2.18 

where wc is the crack width when the stress releases completely, c1 = 3 and c2 = 6.93 are the 

material constants, and w is the crack width [31].  

wc can also be found by using the Gf -wc  relationship as proposed by Hordijk [31] 

(Eq. 2.19).  

 𝑤𝑐 = 5.14
𝐺𝑓

𝑓𝑐𝑡
 Eq. 2.19 

 

Fig. 2.14. Exponential tension softening response [31] 
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2.3.2.4 Comparison of tension softening models 

The nonlinear behavior in the exponential curve is closely represented by two 

discrete linear curves (i.e., bilinear model). The nonlinearity could, therefore, be neglected 

by the bilinear model, on the other hand, a very smooth transition is valid in the 

exponential curve. In the case of the linear response, the complete stress release value wc is 

significantly reduced under the same fracture energy (Fig. 2.15). This could lead to a less 

ductile response, especially in the RC members in which the tensile behavior of concrete is 

critical.  

 

Fig. 2.15. Comparison of tension softening models 

 Tension Stiffening 

The stress in the crack is not completely released in the heavily reinforced 

members due to the strength and stiffness provided by the reinforcing bar. It is usually 

assumed that there is residual stress in the member. Therefore, the descending branch does 

not diminish to zero, but remains at a constant tensile stress after a specific value of its 

strength is reached. It is specified as 40% of the tensile strength of the concrete fct in CEB-

FIP Model Code 2010 [22]. For this reason, the tensile softening behavior was modified 

accordingly for the heavily reinforced RC members. The model with and without residual 

branches is illustrated in Fig. 2.16 for the exponential softening function.  
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Fig. 2.16. Tension stiffening in exponential response [22] 

2.4 Shear Retention Model 

The amount of crack opening significantly influences the shear behavior of the 

member. With the increasing strain, which is normal to crack in the case of fixed crack 

theory, the shear modulus G should be reduced in the cracked member. This phenomenon 

depends not only on the crack width but also on the transverse reinforcement ratio since 

the reinforcement provides an additional stiffness (Fig. 2.17). In the cracked member, a 

reduction in the shear stiffness, proposed by Kolmar [32], is employed as follows. Eq. 

2.20-Eq. 2.22 present the relationship for the reduced shear modulus Gre [13]. 

 𝐺𝑟𝑒 = 𝑟𝑔(𝜀)G Eq. 2.20 

where G is the shear modulus and rg is the shear retention factor defined as 

 

𝑟𝑔(𝜀) = 𝑐𝑟3

𝑙𝑛 (
1000𝜀
𝑐𝑟1

)

𝑐𝑟2
 

Eq. 2.21 

where ρ is the transverse reinforcement ratio while cr1, cr2, and cr3 are as follows: 

 𝑐𝑟1 = 7 + 333(𝜌 − 0.005) 

𝑐𝑟2 = 10 − 167(𝜌 − 0.005) 

𝑐𝑟3 = 1 

Eq. 2.22 
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Fig. 2.17. Shear retention factor [13] 

2.5 Yield and Failure Functions 

In general, the yield criteria can be implemented to determine whether the 

material fails or undergoes plastic behavior. According to the failure type of the material, 

various yield criteria have been defined in the literature. Yield and failure functions, which 

incorporate in ATENA software [13], are summarized for different materials as follows.  

 Von Misses Yield Criterion [33] 

For modeling the materials with ductile behavior, Von Mises failure criterion [33] 

can be adopted (Fig. 2.18a). The proposed yield criterion is independent of first deviatoric 

stress invariant I1 (Eq. 2.23). The hydrostatic component of the stress tensor has no 

dependence on the onset of yielding.  

 𝑓(𝐽2) = √𝐽2 − 𝜏0 Eq. 2.23 

where τ0 is a material parameter (in case of pure shear, τ0 = σy / √3).  

The alternative version of the formula in terms of principal stresses can be 

obtained under plane stress by the relationship between the stress invariant and principal 

values as follows: 

 𝜎1
2 − 𝜎1𝜎2 + 𝜎2

2 = 𝜎𝑦
2 Eq. 2.24 

Eq. 2.24 leads to an ellipse equation, which is depicted in Fig. 2.18b. 
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(a) (b) 

Fig. 2.18. Von Misses failure criteria (a) tensile and compressive meridians (b) plane stress [33] 

 Drucker-Prager Yield Criterion [34] 

A pressure-dependent model (i.e., Drucker-Prager yield criterion [34]) can be 

implemented to model mainly the plastic deformation of soils. However, it can be applied 

to quasi-brittle materials, such as concrete and rock. The volumetric part of the stress 

tensor appears in the formula, which leads to modeling the behavior of pressure-dependent 

materials (Eq. 2.25).  

 √𝐽2 + 𝐼1ɑ0 + 𝜏0 = 0 Eq. 2.25 

where ɑ0 and τ0 are parameters related to the material properties. The Drucker-Prager yield 

criterion [34] under plane stress is depicted in Fig. 2.19. 

 

Fig. 2.19. Drucker Prager yield surface under plane stress [34] 
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 Mohr-Coulomb Criterion [20] 

The criterion is quite suitable for the materials with compressive strengths that far 

exceed the tensile strength. Therefore, it can be implemented to describe the behavior of 

quasi-brittle materials. In the software, the failure criterion for an interface material is 

defined by the Mohr-Coulomb criterion [20]. Its expression and representative curves are 

presented in Eq. 2.26, and Fig. 2.20a and b, respectively. Note that the formula consists of 

the angle of friction Φ and cohesion co.  

 [1 + 𝑠𝑖𝑛𝛷]𝜎1 − [1 + 𝑠𝑖𝑛𝛷]𝜎2 = 2𝑐𝑜𝑐𝑜𝑠𝛷 Eq. 2.26 

  

(a) (b) 

Fig. 2.20. Mohr-Coulomb Criterion (a) meridians (b) plane stress [20] 

 Rankine Criterion [18] 

The Rankine Criterion [18] assumes that the failure occurs when the material 

reaches its tensile strength, which is implemented to detect the concrete cracking in the 

software. A simplified basis for modeling the behavior of the brittle material is proposed 

regardless of the effect of the other principal stresses. The mathematical expression and its 

representative curve are presented in Eq. 2.27 and Fig. 2.21a and b, respectively. 

 𝜎𝑐𝑡 = 𝜎𝑦  Eq. 2.27 
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(a) (b) 

Fig. 2.21. Rankine Criterion (a) meridians (b) plane stress [18] 

 Menetrey and Willam Failure Criterion [14] 

The model used to characterize the behavior of concrete should incorporate all 

stress variants. Namely, the dependence of the third stress invariant should be considered 

in concrete models. The three-parameter concrete failure criterion proposed by Menetrey 

and Willam [14] is adopted in the software. The parameters were calibrated from 

experimental strength data of uniaxial compression and tension as well as equibiaxial 

compression experiments [14]. The surface sharpness in the evolution of the failure is 

controlled by the eccentricity parameter e ‹0.5, 1.0›. Comparison of biaxial failure 

surfaces, proposed by Kupfer et al. [35] and Menetrey and Willam, and the influence of 

eccentricity are depicted in Fig. 2.22a and b, respectively.  

  

(a) (b) 

Fig. 2.22. (a) Comparison of biaxial response, Kupfer et al. [35] vs. Menetrey and Willam surface [14] 

(b)  effect of eccentricity parameter [14] (data from ATENA [13]) 
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The mathematical expression of the yield criteria is defined in Eq. 2.28. The 

presented equation is in the form of Haigh-Westergaard coordinates. 

 F(ξ,ρ,θ)=[√1.5
𝜌

𝑓𝑐
]
2

+𝑚 [
𝜌

√𝑓𝑐
𝑟(𝜃, 𝑒) +

𝜉

√3𝑓𝑐
] − 𝑐𝑚 = 0 Eq. 2.28 

where m and cm are as follows: 

 cm=1 

Eq. 2.29 

 
𝑚 = 3

𝑓𝑐
2 − 𝑓𝑡

2

𝑓𝑐𝑓𝑡

𝑒

𝑒 + 1
 

r(θ,e), which is a lode angle dependent parameter in Eq. 2.28, is proposed as 

follows: 

 
𝑟(𝜃, 𝑒) =

4(1 − 𝑒2) cos2 𝜃 + (2𝑒 − 1)2

2(1 − 𝑒2) cos 𝜃 + (2𝑒 − 1)[4(1 − 𝑒2) cos2 𝜃 + 5𝑒2 − 4𝑒]
 Eq. 2.30 

The Menetrey and Willam criterion [14] can be expressed in a more general form 

as follows [36]: 

 𝑐𝑚2[√2𝜉 + 𝜌𝑟(𝜃, 𝑒)] + 𝑐𝑚3𝜌
2 − 1 = 0 Eq. 2.31 

where cm2 and cm3 are model adjustable parameters. 

2.6 Reinforcing Bar Model  

A bilinear elastoplastic model with isotropic hardening is adopted for the behavior 

of the longitudinal reinforcing bar, defined as a truss element (Fig. 2.23a). The Menegotto 

and Pinto [37] model for the nonlinear cyclic material behavior of reinforcing steel is also 

employed. The available bond models are discussed in Chapter 6 in depth.  
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(a) (b) 

Fig. 2.23. (a) Bilinear reinforcement model (b) Menegotto and Pinto [37] model (data from ATENA [13]) 

Above all, the summary of the selected material constitutive models for the 

numerical modeling of RC beam, joint and beam type bond-slip specimens are presented in 

Table 2.1. 

Table 2.1. Selected modeling parameters for concrete geometry  

Parameter Numerical Model 

Pre-Peak Response in Compression Van Mier [23] 

Post-Peak Response in Compression Linear [23,26] 

Yield Criterion Menetrey and Willam [7] 

Compressive Strength Reduction in the Cracked 

Concrete 
Function in Gauss Form [13] 

Uncracked Response Linear 

Tension Softening Exponential Function [31] 

Tension Stiffening CEB-FIP Model Code [22] 

Cracking Criterion Rankine Failure Criteria [18] 

Stress on the Crack 
MCFT [5] 

Fixed Crack [16] 

Crack Spacing Crack Band Theory [15] 

Shear Retention Model Kolmar [32] 

Hysteric Response Unloading to Origin 

Aggregate Interlock Maximum Aggregate Size 

2.7 Meshing Procedure 

Meshing can play a vital role in the accuracy and reliability of the model since its 

efficacy is generally seen as a factor strongly correlated to mesh optimization. While the 

course mesh structure could yield numerical errors, more computational time and model 
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size could be required in the FE solutions with relatively fine mesh. Several attempts have 

been made to find the optimum mesh size. Different mesh sizes with the same mesh 

properties in all parts had been tried until the variation in the computed maximum load was 

minimized (Fig. 2.24). Moreover, the damage localization and crack band size are other 

parameters that should be checked in the mesh sensitivity procedure. Note that the crack 

band model, which is adopted in ATENA [13], also reduces the side effect related to the 

mesh size. 

For modeling the concrete geometry, ATENA [13] suggests the use of a 

hexagonal mesh structure. In the case of 2D elements, which are employed to model CFRP 

geometry, the quadrilateral element type is recommended in the software manual [19]. 

Moreover, the mesh size assigned for 2D geometry must be finer than the one for concrete 

geometry. The reason is to define the good connection for the master-slave contact defined 

between CFRP and concrete geometry. 

 

Fig. 2.24. Schematic representation of mesh optimization 
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3 STOCHASTIC STUDY 

This chapter briefly presents methods used for the stochastic analysis. A focus on 

the available methods was also given. The basics of the computational stochastic 

mechanics were summarized first, and followed by the description of the implemented 

methods. The effect of the uneven distribution of concrete mechanical properties on the 

global response was taken into account by a random fields approach at the member level. 

Besides, the inherent uncertainties in material constitutive models were considered at the 

global level by the uncertainty analysis.  

3.1 Stochastic-Based Assessment: Overview 

Reproducing the response of RC members by advanced numerical modeling 

techniques (i.e., stochastic-based nonlinear numerical methods) could provide a broad 

perspective as the contribution of different mechanisms due to the inherent uncertainties of 

materials (and their mutual effects) on the global response is considered. Numerous up-to-

date literature surveys on stochastic-based assessments are discussed in this section. 

Novak et al. [38] focus on the computational stochastic mechanics at the member 

level. The uneven distribution of concrete mechanical properties was considered by 

random fields theory. The effect of random fields on dog-bone-shaped concrete specimens 

was used to capture the statistical size effect (Fig. 3.1). Spatial variability of concrete 

mechanical properties over a specific region was accurately characterized by analyzing the 
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test specimens. Moreover, the combination of stochastic nonlinear fracture mechanics with 

the artificial neural network was also an aim in this study.  

 

Fig. 3.1. Size effect curves [38] 

Cervenka [39] summarizes the safety formats for the nonlinear analysis and 

compares the safety concepts on four different RC members/structures (i.e., the examples 

are selected in a wide range of different failure modes, such as statically 

determinate/indeterminate systems). The study mainly aims to compare the performance of 

various safety formats. The nonlinear FE analysis is combined with a suitable stochastic 

technique. Even though the sets of examples are limited, no big difference was found 

among the available global safety format calculations. Moreover, the author indicates that 

the choice of the safety format depends on the specific situation (design of the new 

structure, assessment of the existing structure, and knowledge of specific material data). 

The summary of the obtained results is presented in Table 3.1. 

Table 3.1. Comparison of various safety formats [39] 

 PSF ECOV EN 1992-2 
Full 

Probabilistic 

Example 1, Bending 1.00 1.00 0.95 0.96 

Example 2, Shear Beam 1.00 1.02 0.98 0.98 

Example 3, Bridge Pier 1.00 1.06 0.98 1.02 

Example 4, Bridge Frame 1.00 0.97 0.93 1.01 

Average 1.00 1.01 0.96 0.99 

Novak et al. [40] focus on the determination of the design value for the resistance 

in pre-stressed concrete roof girders failing in shear. The available safety format was 

compared with a full probabilistic approach. No significant difference was found among 

the safety formats except for analyses with the partial safety factor (PSF). The authors 

performed two analyses with the PSF concept. If material test results are used for the 

estimation of design values of material characteristics, the design resistance Rd is very 
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close to advanced reliability methods. In the case of code recommended values for material 

characteristics, Rd becomes more conservative (Fig. 3.2).  

 

Fig. 3.2. Difference in the safety formats [40] 

Valasik et al. [41] deal with the reliability assessment of slender concrete 

columns. The effect of inherent uncertainties at the material level on the global response 

was investigated. The prominent material properties were randomized by considering the 

correlation among them. The column resistance was then calculated according to various 

concepts (Fig. 3.3). The experiment result was above the design resistance while the mean 

value of the probabilistic assessment overestimated the results.  

 

Fig. 3.3. Comparison of safety formats at slender column [41] 

Pukl et al. [42] combined the nonlinear FE solution with stochastic methods for 

the safety assessment of the bridge structure. The simulated bridge was loaded by trucks 

with known weights. The measured deflection at specific points was compared with the 

stochastic-based numerical assessment. A close correlation between the experiment and 

deterministic value was found. Moreover, the prominent range of probabilistic assessments 

covered both experimental and deterministic values of deflection (Fig. 3.4). Finally, the 

probability of the exceedance of a crack for different load cases was presented.  
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Fig. 3.4. Distribution of deflection at a specific point [42] 

Honfi et al. [43] investigate the reliability for serviceability limit state in flexural 

members with different materials. The reliability index was evaluated by using a second-

order reliability method (SORM). The effect of the material type for the given load 

combinations on the serviceability reliability index was evaluated. They have concluded 

that the reliability of serviceability in Eurocode seems to not always be consistent under 

different load levels of selected materials. An improvement in the reliability index is 

suggested.  

Tecusan and Zilch [44] derive the design resistance from nonlinear finite element 

calculations with a suitable safety concept. This study aimed to employ the various safety 

formats on the selected test objects. A new safety concept was conceptually proposed as 

well. The results presented in this paper appeared to support the idea that, even though the 

ultimate strength of both tested prestressed beams are same, the calculated design 

resistance according to individual safety concepts differs in each beam (Fig. 3.5). The 

findings of this study revealed that the PSF and global resistance factor method provide 

more conservative design values. The full probabilistic approach and ECOV (Estimation of 

Coefficient of Variation) methods yield more accurate results. 

 

Fig. 3.5. Load-deflection curves [44] 

Exp. Det. 
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Kotes et al. [45] focus on the verification and modification of code recommended 

reliability levels and their PSF. The authors indicate that the PSF described in the codes are 

suitable for the design of new bridge structures for a defined period. For the assessment of 

existing bridges, a modification was suggested for the reliability index and PSF. Such 

modification was suggested not only for the capacity but also for the demand. The 

computed reliability indices are remarkably higher than the recommended value. The code 

given load values are far greater than the actual load of the demand. Thus, they propose a 

reduction in the load for a more economical design under the condition that the study 

would be extended for the huge amount of statistical data.  

Miao and Ghosn [46] studied the reliability-based progressive collapse analysis of 

bridges. A methodology for performing probabilistic progressive collapse analyses and 

calibrating incremental analysis criteria were proposed. The analyses were conducted on 

two typical bridge configurations. The reliability-calibration of the incremental progressive 

analysis criteria was illustrated for different damage scenarios, involving the loss in the 

load-carrying capacity of a single member of the truss bridge configuration or the fracture 

of the bottom flange and two webs at the midspan of the box girder bridge. 

Salvatori et al. [47] assessed the seismic performance of historical masonry 

towers by using probabilistic methods. The set of material mechanical properties were first 

randomized by the Monte Carlo simulations and followed by the estimation of the 

probability density function (PDF) of capacity curves. The seismic demand in terms of 

displacement was computed from the response spectra, stored periods, and equivalent 

yielding forces. Finally, the cumulative distribution function (CDF) of the performance 

index for the given ground motion was evaluated, which leads to the fragility curve of the 

structure. One important conclusion drawn from this study was that the major uncertainties 

in the seismic probabilistic assessment were in the evaluation of the ultimate displacement 

for the demand. For the capacity parameters, it was indicated as concrete compressive 

strength.  

Kim and Han [48] investigate the effect of capacity variables, such as the concrete 

compressive strength, yield strength of the steel, and damping ratio on the seismic 

performance of the staggered wall structures. A Tornado diagram and first-order second-

moment method (FOSM) were employed on two types of structures. After performing the 

sensitivity analysis, the authors concluded that both methods showed a similar trend. In the 
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case of a low-intensity earthquake, the role of both concrete compressive strength and steel 

yield strength was relatively high.  

Yu et al. [49] study the influence of inherent uncertainties in the gravity load, 

geometry, and material on the behavior of RC frame structures that experienced column 

loss. The uncertainty and sensitivity analyses were performed for a specific case. The set of 

structural models, considering global uncertainties, were generated by the randomization of 

basic parameters. A correlation-reduced LHS method was used to generate random 

parameters. The obtained results indicated that structural uncertainties have significant 

effects on the behavior of RC frame buildings for mitigating progressive collapse caused 

by the loss of a ground column. Among the studied uncertainty parameters, the gravity 

loads and the properties of reinforcement were the most influential parameters on the 

residual load-resisting capacities of damaged frames. 

Schlune et al. [50] report a new safety concept which takes into account the 

modeling uncertainties explicitly. The authors indicated that modeling uncertainties were 

the main factors governing the safety evaluation. Overall, the histogram of the new safety 

format provides a reliability level closer to the target reliability (Fig. 3.6).  

  

Fig. 3.6. Reliability indices [50] 

Mancini et al. [51] report the model uncertainties on the modeling of RC shear 

walls by using two different software packages. It was defined as the ratio between the 

experiment and the FE solution. The model uncertainty was predicted for both ultimate 

load and displacement (Fig. 3.7). The study indicates that the model uncertainty was 

strongly related to the used software as the performance of two software was different in 

capturing the structural response. Moreover, the model uncertainty evaluated from the 

ultimate load was remarkably lower than the one obtained from maximum displacement.  
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(a) (b) 

Fig. 3.7. Model uncertainties (a) maximum load (b) ultimate displacement [51] 

In addition to the above-mentioned contributions, several researchers have 

conducted studies on the stochastic-based linear/nonlinear assessment of structural 

behavior and response quantities. Orta and Bartlett [52], Novak et al. [53], Allaix et al. 

[54], Tolentino et al. [55], Vořechovský et al. [56], Baji et al. [57], O’Reilly and Sullivan 

[58], Prenninger et al. [59], Mirza and Skrabek [60], Lee and Mosalam [61], Mosleh et al. 

[62], Van Coile et al. [63], Henriques et al. [64], and Babazadeh et al. [65] are among 

these studies.  

3.2 Statistical Analysis 

The computational stochastic mechanics mainly combines the nonlinear finite 

element analysis with the stochastic sampling technique to propose an advanced tool for a 

realistic assessment of the RC members. For this purpose, the deterministic numerical 

models are evolved to the stochastic level. Since the solution in the FE environment is 

computationally time demanding, a suitable sampling technique should be selected to 

optimize the number of samples (and thereby the number of simulations since the samples 

from statistical analyses are the input parameters of the nonlinear FE solutions). The 

random samples from the given distribution functions of the material parameters presented 

in Table 3.2 are generated by the LHS, which is a Monte Carlo type of stratified sampling 

technique. The LHS could be adapted to remove the drawback of the high number of 

simulations in the sampling process. Thus, considerable computational time and effort 

could be saved [66]. The LHS also circumvents a major drawback of Monte Carlo 

simulations, namely, the irregular distribution of random samples in the interval (0;1) in 

output functions with many input parameters [66]. 
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The LHS creates the values of the distribution function F(x) not by generating 

random numbers dispersed in the interval (0;1) but by assigning them certain fixed values 

(Fig. 3.8) [66]. The interval (0;1) is divided into several layers of the same width and the 

distribution function of random quantity x values are calculated via the inverse 

transformation of F-1(x) for F(x) values, corresponding to the center of each layer [66]. 

More detailed information about the LHS can be found in Mencik [66] and Novak et al. 

[38].  

 

Fig. 3.8. Procedure of sampling in LHS 

The software FReET [67], which is a tool for statistical and sensitivity analyses, is 

used to generate random samples. There is a strong correlation among random variables. 

Therefore, the statistical association among the generated random variables should be 

fulfilled. It is defined by a stochastic optimization technique in FReET software [67], 

which is the simulated annealing method [42,67]. In this method, the statistical correlation 

among random variables is first prescribed and, then, the table of random permutations of 

generated parameters is rearranged in such way that it fulfills two requirements: (i) to 

diminish undesired random correlation; (ii) to introduce a correlation closer to the 

prescribed correlation [67]. 
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3.3 Random Fields Theory 

The response of the structural member is influenced by the uneven distribution of 

the concrete mechanical properties, such as compressive strength fc, tensile strength fct, 

elastic modulus Ec, and fracture energy Gf. For this purpose, the uncertainties in the 

distribution of the concrete mechanical properties over the specimen were described as 

random variables. This randomness was considered via the random fields approach [68]. 

The samples from the statistical analyses were the input parameters (listed in Table 3.2) for 

the nonlinear FE solutions. In the refined numerical models, these input parameters were 

not distributed evenly, but were established as weaker and stronger regions over the 

specimen. In other words, the concrete mechanical properties changed with the geometric 

coordinates, causing variability over the specimen. The underlying assumption in the 

random fields analysis is that the distribution is Gaussian and there is no correlation among 

the prominent material properties. The random fields theory incorporates the simple 

weakest-link model in a Weibull chain, where each chain in the Weibull model represents 

an equivalent structure under uniaxial tension (forming a chain of independent members 

with an identical statistical stress distribution) [68]. Thus, the model is only as strong as the 

weakest link. Moreover, the probability of obtaining weak points increases with the size of 

the specimen. This trend characterizes the random fields theory. Both failure mode and 

capacity depend on the weakest spot in the member. As the classical Weibull model cannot 

describe the spatial correlations between the local material strengths [68], all parameters 

were assumed to be independent. The random fields approach also assumes homogenous 

and isotropic fields [68]. The random fields for each prominent material parameter were 

generated in FReET [67]. The deterministic model was then modified in SARA Studio 

[69], which interfaces the statistical analysis (i.e., FReET results) to FE software, enabling 

probabilistic nonlinear analyses. 

The summary of the aforementioned methodology is depicted in Fig. 3.9. 
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Fig. 3.9. Flow-chart of random fields analysis 

3.4 Uncertainty Analysis 

Unlike the random fields approach, a uniform distribution of concrete mechanical 

properties over the specimen is assumed in the uncertainty analysis. However, the effect of 

inherent uncertainties in material constitutive models is investigated at the global level. 

Namely, the variation in n likely specimens tested nth times under the same conditions was 

characterized by the uncertainty analysis. Note that the variation is due to the inherent 

uncertainties in the material parameters. In this approach, the prominent material 

parameters are defined as random variables. Those are obtained either from material test 

results or code recommended values. The randomized values and their distribution are 

presented in Table 3.2, and the correlations among the material parameters are presented in 

Table 3.3. Those are based on experimental results, Pukl et al. [42], fib Bulletin No.22 

[70], Gulbrandsen [71], Atadero and Karbhari [72], Baji et al. [57], and Joint Committee 

on Structural Safety (JCSS) [73]. A total of 30 simulations, which are the input parameters 
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of the nonlinear FE solutions, are conducted in FReET software [67]. The number of 

simulations was determined in such a way that it is increased until there is no significant 

change in the computed parameters (e.g. mean values, correlation coefficients). The 

constituent outcomes of the probabilistic assessment are not only provided as the set of 

lateral load-displacement curves but also as basic statistics for the response variable (i.e., 

mean value, standard deviation, PDF) (Fig. 3.10). Moreover, such predictions could lead to 

the reliability assessment of the structural response and sensitivity analysis by identifying 

the relative effect of material mechanical properties that are more considerably 

contributing to the global response.  

 

Fig. 3.10. Schematic representation of a set of load-displacement curves together with the PDF of the 

response variables 
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Table 3.2. Material properties as random parameters and their statistical distributions 

Parameter Mean Value, µ COV* Distribution* 

Concrete 

Elastic Modulus, Ec (MPa) 4700√fc [74] 0.10 
Lognormal  

(2 Parameter) 

Tensile Strength, fct (MPa) 0.30fc
2/3 [22] 0.30  

Lognormal  

(2 Parameter) 

Compressive Strength, fc (MPa) Material Test Results 0.15 
Lognormal  

(2 Parameter) 

Fracture Energy, Gf (N/m)  
73fc

0.18 [22] 

25fct [75] 
0.25 

Weibull  

(2 Parameter) 

Compressive Strain, εco (mm/mm) fc/E [23] 0.15 
Lognormal  

(2 Parameter) 

Plastic Displacement, wd (m) Linear [26] 0.10 
Lognormal  

(2 Parameter) 

Reinforcing Steel 

Elastic Modulus, Es (GPa) 

Material Test Results  

0.07 
Lognormal  

(2 Parameter) 

Yield Strength, fy (MPa) 0.07 
Lognormal  

(2 Parameter) 

Ultimate Strength, fu (MPa) 0.07 
Lognormal  

(2 Parameter) 

Ultimate Strain, εu (mm/mm) 0.07 Normal 

CFRP 

Elastic Modulus, Ef (GPa) 230 0.08 
Lognormal  

(2 Parameter) 

Tensile Strength, ff (MPa) 4900 0.08 
Lognormal  

(2 Parameter) 

Effective thickness, tf (mm) 0.111 - Deterministic 

MBT-MBrace® 

Adesivo Saturant 

Elastic Modulus, Eas (MPa) 1800 0.10 
Lognormal  

(2 Parameter) 

Compressive Strength, fcas (MPa) 80 0.15 
Lognormal  

(2 Parameter) 

Tensile strength, fctas (MPa) 12 0.30  
Lognormal  

(2 Parameter) 

Fracture Energy, Gfas (N/m) 100 [76] 0.25 
Weibull  

(2 Parameter) 

Compressive Strain, εcos (mm/mm) fc/E [23] 0.15 
Lognormal  

(2 Parameter) 

Plastic Displacement, wd (m) Linear [23] 0.10 
Lognormal  

(2 Parameter) 

Bond Strength 

Bond Strength for Unconfined Concrete, τu 0.63fc
1/4 

See  

Chapter 6 

0.14 
Lognormal  

(3 Parameter) 

Bond Strength for Confined Concrete, τc 0.69fc
1/4 0.14 

Lognormal  

(3 Parameter) 
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Table 3.3. Correlation coefficients among the random parameters 

Concrete & Adesivo (Saturant)* 
 

Ec & Eas fc & fcas fct & fctas Gf & Gfas εco & εcos 

Ec & Eas 1 0.70 0.60 0.40 0.90 

fc & fcas  1 0.70 0.50 0.90 

fct & fctas 
SYM 

1 0.80 0.60 

Gf & Gfas  1 0.50 

εco & εcos     1 

      

Reinforcing Steel*  

 Es fy fu εu 
 

Es 1 0 0 0  

fy  1 0.75 0.45  

fu SYM 1 0.60  

εu    1  

      

CFRP*    

 Ef ff 
   

Ef 1 0.31    

ff SYM 1    

      

Bond Stress*    

 fc τc & τu 
   

fc 1 0.05    

τc & τu SYM 1    

*Distribution, COV values, and correlation coefficients are obtained from experimental results, Pukl et al. 

[42], fib Bulletin No.22 [70], Gulbrandsen [71], Atadero and Karbhari [72], Baji et al. [57], and Joint 

Committee on Structural Safety (JCSS) [73] 
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 Reliability Analysis 

3.4.1.1 Full Probabilistic Approach 

The load-resistance interface method can be used to obtain the safety or reliability 

margin Gr, which can be computed by subtracting capacity (i.e., resistance Rr) from 

demand (i.e., design load Sr) (Eq. 3.1). 

 𝐺𝑟 = 𝑅𝑟 − 𝑆𝑟  Eq. 3.1 

When the resistance of the structure is lower than the demand (Gr‹0), failure 

occurs. This is because the distribution of the resistance and demand overlaps with each 

other (Fig. 3.11a). On the other hand, it is not economical to have two discrete curves in 

many cases. Therefore, an allowable probability of failure pf within reasonable ranges can 

be admitted. Then, the load corresponding to the probability of failure when the safety 

margin equals to 0 is called design resistance Rd, which is the critical load of the structural 

member (Eq. 3.2).  

 𝑝𝑓 = 𝑅𝑑(𝐺𝑟 = 0) Eq. 3.2 

The reliability index β, which is usually denoted as a unitless and equivalent term 

to failure probability, is the ratio between the mean value of the safety margin and its 

standard deviation (Eq. 3.3). Thus, the distance from the mean value of the safety margin 

to the origin can be expressed by the reliability index as a product of the standard deviation 

(Fig. 3.11b). EN 1990-2002 [77] refers to the reliability index, which is the inverse of the 

probability of failure in the standard normal distribution (Eq. 3.4). In this case, the distance 

from the origin to the mean safety margin equals β because standard deviation σGr is 

considered as a unit.  

 𝛽 =
𝜇𝐺𝑟
𝜎𝐺𝑟

=
𝜇𝑅𝑟 − 𝜇𝑆𝑟

√𝜎𝑅𝑟
2 − 𝜎𝑆𝑟

2
 Eq. 3.3 

 𝛽 = −𝑓−1(𝑝𝑓) Eq. 3.4 

The distribution of the safety margin is not always normal. However, it is not 

practical to have different reliability indexes for different structural systems for 

comparative purposes. Thus, regardless of the distribution type of the safety margin, the 
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design resistance Rd, corresponding to the failure probability of the reliability index β, was 

found.  

  

(a) (b) 

Fig. 3.11. (a) Description of safety margin (b) close up view of safety margin 

EN 1990-2002 [77] describes two criteria for corresponding reliability indexes, 

which are ultimate and serviceability limit states for the assessment and design purposes. 

While the ultimate limit state associates with internal failure or excessive (unrecoverable) 

deformation of the structure or structural member, the deformations to be taken into 

account in relation to serviceability requirements cannot exceed the code specified 

deformation limit under load action [77].  

The irreversible serviceability failure occurs when the deflection due to the design 

load (demand) exceeds allowable deflection value (capacity) of the RC member. The PDF 

of the load-displacement curve, which corresponds to the critical deflection is first 

obtained from the stochastic bundle (Fig. 3.10). Then, the concept of the reliability index is 

used to estimate the safety of residential buildings where a medium consequence is 

expected (i.e., RC2 type according to EN 1990-2002 [77]). The reliability index β and 

corresponding failure probability pf related to the irreversible serviceability limit state for a 

period of 50 years in RC2 types are 1.5 and 6.68E-02, respectively [77]. The load, which 

corresponds to the probability of exceeding the serviceability deflection limit, can then 

computed. The deflection limit for serviceability is described as L/250 in EN 1992-1-1 [78] 

for the beam members. Turkish Earthquake Code 2007 (TEC 2007) [79] limits 

deformation to a 1% drift level for laterally loaded structures.  

In the case of the ultimate limit state, the peak load values of each analysis are 

firstly obtained from the set of load-displacement curves. Then, the PDF of the ultimate 

load values are found. Note that the ultimate limit state is associated with peak load in this 

study. The aforementioned procedure (i.e., obtaining design resistance) is repeated with 

only one difference. The reliability index β and corresponding failure probability pf related 
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to the ultimate limit state for the period of 50 years in RC2 types are 3.8 and 7.23E-05, 

respectively [77].  

3.4.1.2 ECOV Method [39] 

The ECOV (Estimation of Coefficient of Variation (COV)) method proposed by 

Cervenka [39] is used to estimate the design resistance, corresponding to the ultimate limit 

state in a simple way. It evaluates the COV by using the mean value of resistance Rm and 

the characteristic value of resistance Rk (Eq. 3.5). A two-parameter lognormal distribution 

for design capacity, which could be approximated for most of the structures, is the main 

assumption of this method. Note that EN 1990 [77] also recommends a two-parameter 

lognormal distribution for the distribution of design capacity. 

 𝐶𝑂𝑉 =
1

1.65
𝑙𝑛 ⌊

𝑅𝑚
𝑅𝑘
⌋ Eq. 3.5 

In general, the design value of resistance Rd can be evaluated by Eq. 3.6 (see 

CEB-FIP Model Code [22]).  

 𝑅𝑑 =
𝑅𝑚
𝛾𝑟

 Eq. 3.6 

In the case of a two-parameter lognormal distribution, the global safety factor γr 

can be computed by Eq. 3.7 (see EN 1990 [77]).  

 𝛾𝑟 = 𝑒
ɑ𝑟𝛽𝐶𝑂𝑉  Eq. 3.7 

where the sensitivity factor ɑr is 0.8 and the reliability index β is 3.8, as mentioned before. 

To obtain the COV, two analyses are required. These analyses are performed with mean 

and characteristic values of basic material parameters. This clearly results in less 

computing time and effort, which could be the main advantage of this method. It should 

also be noted that characteristic values are taken as the probability falling 5% of the 

deterministic value. The mean values are obtained from either material tests or 

characteristic values as per CEB-FIP Model Code 2010 [22]. 

The global safety factor γr cooperates with the random uncertainties of the 

modeling parameters like material properties. On the other hand, the uncertainty in the 

modeling formulation (i.e., model uncertainty) can be considered with the parameter γRd, 

which is a safety factor for model uncertainty. This value was proposed as 1.00, 1.06, and 
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1.10 for no, low, and high uncertainty, respectively [22]. Then, Eq. 3.6 can be rearranged 

to the following form to cover the errors due to approximations in the numerical model 

(Eq. 3.8). 

 𝑅𝑑 =
𝑅𝑚
𝛾𝑟𝛾𝑅𝑑

 Eq. 3.8 

3.4.1.3 EN 1992-2 [80] 

The global safety factor of resistance γr was defined as 1.27 in EN 1992-2 [80]. 

Thus, the design resistance can be evaluated by dividing the resistance obtained by the 

analysis with mean values to the global safety factor (Eq. 3.9). Regardless of the failure 

mode, the design resistance can be obtained by nonlinear FE analysis. It should be noted 

that the global safety factor of 1.27 already includes the model uncertainties.  

 𝑅𝑑 =
𝑅𝑚
𝛾𝑟

 Eq. 3.9 

3.4.1.4 Safety Concept by Tecusan and Zilch [44] 

The method is based on a calculation of the global safety factor γr, which was 

defined as a function of the coefficient of variation [44]. Since the proposed method 

cooperates with COV value, it can be evaluated from the PDF of the resistance. Thus, the 

distribution of the resistance should be expressed, which leads, yet again, to several 

numbers of simulations. The safety factor as a function of COV is defined as follows: 

 𝛾𝑟 =
1

𝑒[−ɑ𝑟𝛽𝐶𝑂𝑉−0.5𝐶𝑂𝑉
2]

 Eq. 3.10 

where the sensitivity factor ɑr is 0.8 and the reliability index β is 3.8, as mentioned before.  

Then, the design resistance Rd is computed as follows: 

 𝑅𝑑 =
𝑅𝑚
𝛾𝑟𝛾𝑅𝑑

 Eq. 3.11 

The values for the safety factor for model uncertainty γRd have already been 

presented in Section 3.4.1.2. 
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3.5 Sensitivity Analysis 

The scatter in the capacity is established due to inherent uncertainties in the 

material mechanical properties. However, the most influential material parameters 

dominating the global response should be provided. The relative effect of each material 

property on the structural response is measured by computing the partial correlation 

coefficient between input variables (i.e., material parameters) and response variables (i.e., 

lateral load capacity and member deformation) [53]. The Spearman rank-order correlation 

coefficient is used to evaluate the most influential parameters. The input variables affecting 

the response variables have a higher correlation coefficient, while the less influential 

parameter has a correlation coefficient close to zero [53]. The nonparametric correlation 

(i.e., Spearman rank-order correlation) could lead to more robust results in nonlinear 

systems as it resists the defects in the data together with an independent distribution [53]. 

Therefore, the linear correlation coefficient was not implemented for nonlinear behavior. A 

definition of Spearman rank-order coefficient is as follows [53]:  

 
𝑟𝑠 = 1 −

6∑ 𝑑𝑖
2𝑁

𝑖=1

𝑁(𝑁2 − 1)
 Eq. 3.12 

where N is sample number and di is the difference of two ranks for each observation, which 

is defined in Eq. 3.13.  

 𝑑𝑖 = 𝑟(𝑋𝑖) − 𝑟(𝑌𝑖) Eq. 3.13 

where Xi and Yi are individual ranks (i.e., input and response variables). 

The summary of the aforementioned methodology is depicted in Fig. 3.12. 
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Fig. 3.12. Flowchart of uncertainty analysis 
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4 CASE I: BEAM TEST 

Two different failure modes of RC beam members, which include concrete 

crushing due to reaching the limit strain of the concrete in compression and excessive shear 

failure, were examined using experimental and stochastic methods. An extensive literature 

survey on the beam members was also included in this chapter. Brief information on the 

experimental program, including material properties, test setup, loading scheme, and 

instrumentation, was presented first and followed by the analysis of both experimental and 

stochastic results. 

4.1 Background 

Numerous up-to-date literature surveys belonging to the response of the beam 

members were included in this section. Many studies have been performed to investigate 

the response of ductile beams. However, RC buildings constructed with inadequate 

consideration of seismic effects, which are commonly referred to as gravity-load-designed 

buildings, constitute a significant portion of the building inventory in many countries and 

pose a significant risk for society [81]. Therefore, the current state of knowledge on the 

experimental response was discussed in depth. Among the severe number of recent studies 

on beam members, the papers described in this section are the most extensive.  
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 Performance of Over-Reinforced Beam 

Priastiwi et al. [82] reported the assessment of the performance of RC concrete 

beams with and without confinement in the compression zone. Four specimens (two 

specimens with additional confinement in the compression zone, two specimens with as-

built configuration) were tested under monotonic loading by a three-point bending test. A 

brittle response was, of course, expected in the specimen without confinement, but the role 

of confinement in the compression zone was expected for the ductility. Depending on the 

tensile reinforcement ratio, both capacity and the compressive strain of the concrete under 

compression were significantly increased (Fig. 4.1).  

 

Fig. 4.1. Vertical force-compressive strain relationship in confined and unconfined specimens [82]  

Whitehead and Ibell [83] conducted tests on seven RC beam members. Two 

specimens were configurated as control specimens (beams 1 and 3), which have no 

transverse reinforcement in the intermediate section of the beam. One specimen was 

constructed with regular rectangular stirrups (beam 4). Finally, four specimens contained 

circular helices formed from steel wire in the compression zone, which provides 

remarkable confinement (beams 2, 5, 6 and 7). The effect of the unique reinforcing scheme 

on the ductility was very certain (Fig. 4.2). The crack initiation in the bent beam and 

resulting failure mode changed as well. The serviceability limit states of deflection, 

corresponding to a certain level of cracking, also increased.  
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Fig. 4.2. Load-deflection curves of tested specimens [83] 

Belgin and Şener [84] investigated a size effect in over-reinforced RC beams (Fig. 

4.3). The test program consisted of four series with one, two, and three different size 

combinations. Four-point bending tests results revealed that the size effect has a stronger 

effect on the level of response quantities such as capacity and initial stiffness. The finding 

of this study was approximated to the available size effect relationships presented 

previously. Moreover, two-dimensional similarity tests exhibited a stronger size effect and 

higher brittleness than one and three-dimensional similarity tests.  

 

Fig. 4.3. Concrete crushing at failure [84] 

Kesegic et al. [85] dealt with an analytical model to estimate the capacity of a 

reinforced beam, considering the size effect. The presented study allowed for the 

estimation of the load corresponding to a certain level of deflection. This prediction was 

based on EN 1992-1 [78]. A close relationship was found for peak load (Fig. 4.4). 
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Fig. 4.4. Comparison of analytical model for B1 and B3 specimens [85] 

 Behavior of Shear Critical Beam 

Abed et al. [86] dealt with the experimental performance of the deep beams 

designed with low carbon reinforcing steel bars and glass fiber reinforced polymer (GFRP) 

bars. A total of 13 specimens (nine with GRFP and four with steel reinforcing bars) were 

tested under flexure by a four-point bending test. The failure mode in the deep beam with 

steel bars was dominated by the splitting cracks formed diagonally and mostly 

concentrated on one side of the specimen. The resulting failure modes of the tested 

specimens were presented in Fig. 4.5.  

 

Fig. 4.5. Damage state at failure [86] 
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Ashour [87] proposed a method to estimate the shear capacity of deep beams. A 

rigid perfectly-plastic material property for both steel and concrete was assumed in the 

model. The assemblage of moving rigid blocks separated by the yield lines was the 

idealization in a shear failure mechanism. The proposed model was then compared with the 

collected test data available in the literature. A close correlation between the predicted 

solutions and experimental results was found.  

Yang et al. [88] focused on the evaluation of the specimens’ performance 

constructed with ribbed and plain round bars. The construction practices of the 1960s–

1970s were thus characterized. The study mainly aims to estimate the shear capacity of 

existing concrete bridges. Thus, the geometrical and material parameters of the tested 

specimens were compatible with the existing bridges. No clear difference between 

specimens with plain round bars and reference group specimens was reported. Moreover, 

the capacity estimation according to available standards could be applicable with 

reasonable accuracy.  

4.2 Experimental Program 

A series of tests on the shear critical and over-reinforced beams were conducted in 

cooperation with Structural Mechanics Laboratory, Department of Civil Engineering, 

Eskişehir Technical University, Turkey. The experimental program consists of a four-point 

bending test on the shear deficient and over-reinforced substandard RC beam specimens. 

While the shear critical beam was designed without any transverse reinforcement to 

achieve excessive shear failure by exceeding the tensile strength of the concrete, the over-

reinforced beam was designed with reinforcement detailing, resulting in concrete crushing. 

The details of the specimens are depicted in Fig. 4.6a and b, respectively.  
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(a) 

 

(b) 

Fig. 4.6. Reinforcement scheme and dimension details (a) shear critical specimen, EB_R (b) over-reinforced 

specimen, EB_C 

The specimen was placed horizontally and then loaded monotonically at mid-span 

by a hydraulic jack acting vertically through a rigid steel beam (Fig. 4.7a and b). A 

gradually increasing vertical displacement was applied up to the beam failure. The vertical 

displacement and load were measured at mid-span simultaneously by strain gage-based 

linear variable differential transducers (LVDTs) and a compression load cell, respectively. 

The summary of the test specimens is presented in Table 4.1.  

 

 

(a) (b) 

Fig. 4.7. (a) 3D view of the specimen (b) schematic representation of the specimen 
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Table 4.1. Description of test specimens 

 Specimen 

 EB_R EJ_C 

Description Shear Critical Over-Reinforced 

Reinforcement Scheme Fig. 4.6a Fig. 4.6b 

Concrete Compressive Strength, fc (MPa) 15.0 17.1 

Elastic Modulus, Es (GPa) 200 

Yield Strength, fy (MPa) 460 

Ultimate Strength fu (MPa) 632 

Ultimate Strain, εu (mm/mm) 0.17 

Beam Dimension 150 x 250 x 2500 mm 

Longitudinal Reinforcement 2ɸ16+2ɸ8 4ɸ16+2ɸ8 

Transverse Reinforcement 
ɸ8@50, 680 

1820 and 2450 mm 
ɸ8/70 

Application of Displacement Four-Point Bending 

Loading Protocol Monotonic 

Failure Mode Shear Failure Concrete Crushing 

4.3 Analysis of Over-Reinforced Beam 

 Numerical Model Description 

Generating a simplified FE model by means of the use of advantages of boundary 

conditions (i.e., symmetry) is essential to optimize the numerical solution because it is 

fairly sensitive to convergence, computational time, and accuracy. As the geometry, 

boundary conditions, and resulting failure mode were the same on both sides of the over-

reinforced beam, modeling the symmetric half of the specimen was significantly reduced 

the computational time and effort. The FE model was created by assembling three parts, 

which includes a half portion of the beam with a fracture/plastic material property, and 

loading and support plates with elastic material properties. A full contact between 3D 

geometries was defined. The reinforcement bar was defined as a 1D element. The 

displacement was applied to an elastic plate as loading from the concrete geometry results 

in divergence issues. The standard Newton-Rapson method was used for solving the 

numerical problem. 30 iterations were performed in each loading step. The pre-defined 

error tolerances specified in the software were adopted. Those are 0.01, 0.01, 0.01, and 

0.0001 for displacement, residual, absolute residual, and energy error tolerances, 
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respectively. After a mesh sensitivity analysis, a square mesh with a size of 25 mm was 

found as an optimum. 

 Strength and Failure Mode 

The over-reinforced specimen was tested up to failure under monotonic loading. 

The ultimate capacity reached during the test was 100.37 kN, while it was obtained as 

114.06 kN by the analytical solution (i.e., section analysis) (Fig. 4.8). Since the fibers in 

the compression zone reached their strain limits step-by-step, the deterioration in the 

strength was gradual (Fig. 4.10). Thus, a rapid strength decrement could not be 

experienced as it was in the shear critical beam, EB_R. 

 

Fig. 4.8. Moment-curvature analysis of over-reinforced beam 

As mentioned above, the exhibited performance of the specimen was a brittle type 

of failure as a result of concrete crushing caused by reaching the limit strain of the concrete 

in compression (Fig. 4.9a). The stress distribution along the specimen’s longitudinal axis 

and crack pattern are depicted in Fig. 4.9b. The resulting failure mode was predicted well 

by the numerical assessment. Concrete crushing in the compression zone was in good 

agreement with the compressive stress distribution obtained from FE analysis. The flexural 

hairline cracks in the tension zone were also captured by the numerical solution.  
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(a) 

  
 

(b) 

Fig. 4.9. (a) Concrete crushing in the over-reinforced beam (b) numerical prediction at failure 

The deterministic FE model, which was modeled with the average values of the 

material parameters, matched well with the experimental capacity with an error of 10%. 

The set of load-displacement curves formed a band around the deterministic model, which 

was also covered by the experimental results (Fig. 4.10). The stochastic bundle also 

provided the upper and lower boundaries of the load, corresponding to each displacement 

level. The scatter was higher in the subsequent displacement due to the effect of different 

nonlinear mechanisms. 

Stress in MPa 
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Fig. 4.10. Set of load-displacement curves in over-reinforced beam 

 Reliability Analysis of Over-Reinforced Beam 

The PDF of the load, which corresponds to the critical deflection L/250 described 

in EN 1992-1-1 [78], was obtained from the stochastic bundle. After that, the safety margin 

was obtained by subtracting capacity (i.e., resistance) from demand (i.e., load) (see Section 

3.4 for more detailed information). Finally, the load corresponding failure probability, 

related to the irreversible serviceability limit state, was computed as 73.5 kN (Fig. 4.11). 

Namely, the values smaller than 73.5 kN are safe according to the reliability concept. It 

should also be noted that the probability of failure pf, corresponding to Cornell reliability 

index β, assumes normally-distributed variables. On the other hand, the best fit for ultimate 

capacity was a Rayleigh negative distribution. As mentioned in Section 3.4, regardless of 

the distribution type of the safety margin, the same β was employed in computing design 

resistance. Overall, the design resistance Rd, corresponding to the safety margin with a 

normal distribution, was computed as 73.9 kN, while it was found as 73.5 kN in the 

Rayleigh negatively-distributed case. Thus, the tail sensitivity was not critical for this 

particular case (Table 4.2). 

 

Fig. 4.11. PDF of serviceability limit state of over-reinforced beam 
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Table 4.2. Vertical load corresponding to L/250 (i.e., 9.6 mm) in EB_C 

   Design Resistance Rd 
 

Experimental FEM-Stochastic 
Reliability 

Rayleigh Negative Dist. 

Reliability 

Normal Dist. 

Load (kN) 74.9 82.6 73.5 73.9 

The PDF of the ultimate loads is depicted in Fig. 4.12 for the over-reinforced 

beam. The experimental capacity was well-captured by both analytic and probabilistic 

assessments (Table 4.3). The error between experimentally obtained capacity and section 

analysis was below 15% (Table 4.3). The design resistance Rd, corresponding to the 

reliability index β of 3.8, was also obtained for the best-fit and generally accepted curves 

for probabilistic assessment of structures (i.e., lognormal and normal distributions). Since 

the specimen was designed with construction practices non-confirming the current and 

former code requirements, obtaining design resistance Rd in substandard members could 

lead to misinterpretations. More consistent results for design resistance could be obtained 

for well-designed RC members. Nevertheless, the design capacity is presented in Table 

4.3. 

 

Fig. 4.12. PDF of ultimate limit state of over-reinforced beam 
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Table 4.3. Capacity of over-reinforced beam (EB_C) 

 Ultimate Load (kN) 

Experiment 100.3 

FEM-Deterministic 99.2 

Section Analysis 114.1 

 Design Resistance Rd (kN) 

Full Probabilistic  
Best fit curve, Beta 

79.2 

Full Probabilistic  
Normal Distribution 

74.0 

Full Probabilistic  
Lognormal Distribution 

76.7 

EN 1992-2 [80] 78.5 

Tecusan and Zilch [44] 75.5 

ECOV [39] 70.1 

 Sensitivity Analysis of Over-Reinforced Beam 

The relative impact of concrete compressive strength fc was the most considerable 

among others as it has the highest correlation (Fig. 4.13). Thus, the experimental and 

numerical responses, which were characterized by concrete crushing due to reaching the 

limit strain of concrete, were also ascertained by the sensitivity analysis. The tensile 

strength of concrete fct influenced the global response remarkably. It is worthy to mention 

that flexural cracks also appeared during the test. Thus, the tensile strength of concrete fct 

became critical up to a certain level of displacement. The sensitivity measures on the 

remaining materials showed a low correlation coefficient. Thus, their relative impact on the 

global response was not significant.  

 

Fig. 4.13. Sensitivity of material properties in EB_C 
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4.4 Analysis of Shear Critical Beam 

 Test Result 

The test results and numerical assessment of the shear critical beam were 

published by author previously [89]. The overall response in the test (i.e., EB_R) was 

dominated by beam yielding until shear response became critical. Therefore, the beam 

could sustain its flexural capacity up to a certain level of displacement before reaching 

shear failure. The ultimate moment and corresponding vertical load capacity of the beam 

for flexural yielding were obtained as 34.1 kN.m and 73.4 kN, respectively (Fig. 4.14); it 

was reached during the experiment. After beam yielding, a sudden strength deterioration 

was observed as the beam reached its shear capacity (Fig. 4.16a). 

 

Fig. 4.14. Moment-curvature analysis of shear critical beam 

 Theoretical Models in Codes and Guidelines 

Several standards and guidelines provide the shear resistance that can be governed 

by the concrete (i.e., shear capacity under which no shear reinforcement is necessary). 

Those were summarized in the following section.  

4.4.2.1 ACI 318M-11 [74] 

The standard developed by the American Concrete Institute (ACI) is used to 

predict the shear capacity of the beam. The shear strength provided by the concrete can be 

evaluated for the members subjecting to shear and flexure only as follows: 

 𝑉𝑐 = 0.17λ√𝑓𝑐𝑏𝑤𝑏𝑑𝑤𝑏 Eq. 4.1 
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where fc is the compressive strength of the concrete and bwb and dwb are the width and 

effective height of the beam, respectively. λ reflects the reduction of tensile strength in 

lightweight concrete. For the normal weight concrete, it can be taken as 1.0.  

4.4.2.2 EN 1992-1 [78] 

The presented provisions of Eurocode refer to the members without any 

transverse reinforcement. The shear resistance of the beam without shear reinforcement is 

expressed as follows: 

 𝑉𝑐 = [𝐶𝑅𝑑,𝑐𝑘𝑠(100𝜌𝑓𝑐)
1/3 + 𝑘1𝜎𝑎]𝑏𝑤𝑏𝑑𝑤𝑏  Eq. 4.2 

where ρ is the tensile reinforcement ratio, which should be lower than 0.02. k1 is the axial 

load constant and σa is the axial load ratio on the beam. bwb and dwb are the width and 

effective height of the beam, respectively.  

ks is the size factor defined as follows: 

 
𝑘𝑠 = 1 + √

200

𝑑𝑏
≤ 2 Eq. 4.3 

where db is the reinforcement diameter.  

CRd,c is the coefficient derived from tests and given by 

 𝐶𝑅𝑑,𝑐 =
0.18

𝛾𝑐
 Eq. 4.4 

γc is a partial safety factor for concrete (usually taken as 1.5). 

4.4.2.3 TS 500 [90] 

TS 500 [90] is the most recent version of the standard proposed by the Turkish 

Standards Institution. It refers to the design of concrete structures. The shear provisions are 

addressed by the concrete tensile strength as follows: 

 𝑉𝑐 = 0.65𝑓𝑐𝑡𝑏𝑤𝑏𝑑𝑤𝑏 Eq. 4.5 

where fct is the concrete tensile strength, and bwb and dwb are the width and effective depth 

of the beam as presented before.  

In a certain case, the obtained shear capacity could be reduced by 80%.  
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4.4.2.4 CEB-FIP Model Code 2010 [22] 

CEB-FIP Model Code 2010 [22] classifies the shear resistance of the members 

into three levels. While Level I approximation is less complex, the effort and relevant 

details increase remarkably in Level III. The difference in the calculations appears in 

computing the variables in shear capacity formula and angle of shear cracking. The 

capacity was obtained as follows: 

 𝑉𝑐 = 𝑘𝑣√𝑓𝑐𝑏𝑤𝑏𝑑𝑤𝑏  Eq. 4.6 

where kv is for Level I, which was employed in this study, and expressed as 

 

𝑘𝑣 =

{
 
 

 
 

200

100 + 1.3𝑑𝑤𝑏
         𝜌 = 0

0.15                𝜌 ≥
0.08√𝑓𝑐
𝑓𝑦

 Eq. 4.7 

where ρ is the transverse reinforcement ratio and fy and fc are the yield strength of the steel 

and the compressive strength of the concrete, respectively. 

4.4.2.5 NZS 3101:2006 [91] 

The New Zealand standard, incorporating with the design of concrete structures, 

defines the shear resistance governed by the concrete as follows: 

 𝑉𝑐 = 𝑘𝑎𝑘𝑑𝑣𝑏𝑏𝑤𝑏𝑑𝑤𝑏 Eq. 4.8 

where ka is a factor related to the maximum aggregate size, which is 0.85 and 1.0 for a 

maximum aggregate size lower than 10 mm and greater than 20 mm, respectively. It 

should be interpolated for intermediate values. kd is a factor allowing for the size effect, 

which can be taken as 1.0 for beams with transverse reinforcement equal to or greater than 

the minimum transverse reinforcement.  

vb is expressed as follows: 

 0.08√𝑓𝑐 ≤ 𝑣𝑏 = (0.07 + 10𝜌)√𝑓𝑐 ≤ 0.2√𝑓𝑐 Eq. 4.9 

where ρ is the tensile reinforcement ratio and fc is the compressive strength of the concrete. 
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 Numerical Model Description 

The deterministic numerical model consisted of a concrete body and four elastic 

plates, which were modeled with loading plates and supports. Since the damage localized 

on one side of the beam, the use of symmetry was not possible. Full contact between 3D 

geometries was defined. The reinforcement was modeled by a 1D beam element. The 

similar boundary conditions in the experiments were implemented in the numerical 

solution. The mesh sensitivity results show that a square mesh with a size of 15 mm was 

the optimum for the concrete body. The displacement acting vertically was applied up to 

failure. The solution type was selected as the Standard Newton-Rapson method. 30 

iterations were performed in each loading step. The error tolerances that are prescribed in 

the software was employed for the solution. Those were specified as 0.01, 0.01, 0.01, and 

0.0001 for displacement, residual, absolute residual, and energy error tolerance, 

respectively. 

 Effect of Random Fields 

The spatial variability in the concrete mechanical properties over a specific region 

usually results in uneven damage localization. The damage can be concentrated 

unsymmetrically in a symmetrically constructed specimen. Meanwhile, the crack pattern in 

the deterministic model can be distributed evenly on symmetrical portions. This 

inconsistency in the uneven crack localization can be attributed to the random distribution 

of concrete mechanical properties. This randomness can be considered via the random 

fields approach [68]. In the stochastic models, the concrete mechanical properties changed 

with the geometric coordinates, causing variability over the specimen. Particularly, in 30 

FE analyses of 30 generated samples (N1–N30), stronger and weaker sections were 

established on the specimen. These analyses well captured the effect of random fields and 

their mutual impacts on the global response. The random distributions in the compressive 

strength, tensile strength, elastic modulus, and fracture energy over the specimen are 

visually presented in APPENDIX I.  

The shear failure caused severe damage on the left side of the beam (Fig. 4.15a). 

On the other hand, the crack pattern in the deterministic FE analysis was distributed almost 

evenly on both sides of the specimen (Fig. 4.15b). The random fields theory accounts for 

variability in the concrete mechanical properties. The possible crack patterns are depicted 

in Fig. 4.15c. As depicted in the figures, the crack pattern obtained in each analysis 
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considerably depended on the randomness. The crack pattern was also strongly related to 

the correlation length. The correlation length, which is suggested in the software user 

manual, was employed for the shear critical beam [69]. It was defined as 0.5 m in the 

horizontal and 0.1 m in the vertical direction. It means that the material properties in the 

vertical direction are five times faster than the horizontal direction. The longer correlation 

results in the slower change in the material properties. Thus, the probability of weak spots 

in the members increases.  

The failure types and crack locations should also be validated. However, in some 

stochastic models, the random fields theory considered not only the patterns typically 

encountered in the shear-deficient beam but also the crack patterns with very low 

probability (Fig. 4.15c). The resulting failure mode not only depends on the correlation 

length but is also influenced by the dispersion (i.e., scatter) in the material, which was 

approximately 2.5σr, where σr is the standard deviation. 
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 Step 40, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;9.714E-02>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;6.891E-03>[m], Sigma_n: <-3.178E+00;2.062E+00>[MPa], Sigma_T : <0.000E+00;2.180E+00>[MPa]
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 Step 69, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;1.461E-01>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;5.419E-03>[m], Sigma_n: <-9.399E+00;2.455E+00>[MPa], Sigma_T : <0.000E+00;2.402E+00>[MPa]
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Fig. 4.15. Damage state at failure (a) experiment (b) deterministic model (c) random fields 

The proposed deterministic numerical model was validated through the 

experimental response of the substandard beam, which exhibited shear failure. The 

deterministic FE model, which neglects the uneven distribution of the concrete mechanical 

properties over the specimen, reasonably reproduced the experimental capacity with an 

error below 10% (Fig. 4.16a and b). However, the initial stiffness was steeper in the 

 Step 36, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;3.590E-02>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;2.032E-03>[m], Sigma_n: <-1.931E+00;2.318E+00>[MPa], Sigma_T : <0.000E+00;1.582E+00>[MPa]
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 Step 28, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;4.669E-02>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;2.840E-03>[m], Sigma_n: <-4.159E+00;2.207E+00>[MPa], Sigma_T : <0.000E+00;1.491E+00>[MPa]
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 Step 60, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;1.090E-01>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;4.898E-03>[m], Sigma_n: <-7.340E+00;2.006E+00>[MPa], Sigma_T : <0.000E+00;1.944E+00>[MPa]
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 Step 65, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;2.018E-01>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;1.456E-02>[m], Sigma_n: <-6.995E+00;1.703E+00>[MPa], Sigma_T : <3.633E-20;2.014E+00>[MPa]
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 Step 53, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;1.635E-01>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;7.387E-03>[m], Sigma_n: <-1.048E+01;2.720E+00>[MPa], Sigma_T : <0.000E+00;1.838E+00>[MPa]
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 Step 63, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;6.233E-02>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;2.481E-03>[m], Sigma_n: <-9.939E+00;2.222E+00>[MPa], Sigma_T : <1.627E-17;2.378E+00>[MPa]

X

Y

0.000E+00

5.500E-03

1.100E-02

1.650E-02

2.200E-02

2.750E-02

3.300E-02

3.850E-02

4.400E-02

4.950E-02

5.500E-02

6.050E-02

6.233E-02

 Step 59, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;7.318E-02>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;4.027E-03>[m], Sigma_n: <-6.400E+00;2.082E+00>[MPa], Sigma_T : <1.002E-18;2.287E+00>[MPa]
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 Step 56, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;4.797E-02>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;2.512E-03>[m], Sigma_n: <-1.083E+01;2.420E+00>[MPa], Sigma_T : <1.422E-18;2.580E+00>[MPa]
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 Step 42, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;1.061E-01>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;6.221E-03>[m], Sigma_n: <-1.776E+00;1.566E+00>[MPa], Sigma_T : <0.000E+00;1.480E+00>[MPa]
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 Step 56, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;5.780E-02>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;2.327E-03>[m], Sigma_n: <-7.015E+00;2.671E+00>[MPa], Sigma_T : <0.000E+00;2.488E+00>[MPa]
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 Step 49, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;1.104E-01>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;6.803E-03>[m], Sigma_n: <-1.432E+01;2.346E+00>[MPa], Sigma_T : <0.000E+00;2.196E+00>[MPa]
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 Step 53, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;1.920E-01>[None]
 Cracks: in elements, <1.000E-03; ...), openning: <0.000E+00;8.700E-03>[m], Sigma_n: <-2.069E+01;2.374E+00>[MPa], Sigma_T : <0.000E+00;2.421E+00>[MPa]
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 Step 53, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;6.304E-02>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;3.523E-03>[m], Sigma_n: <-5.719E+00;2.240E+00>[MPa], Sigma_T : <0.000E+00;2.402E+00>[MPa]
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 Step 100, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;5.586E-02>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;1.587E-03>[m], Sigma_n: <-8.211E+00;2.417E+00>[MPa], Sigma_T : <3.577E-17;2.128E+00>[MPa]
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 Step 61, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;2.977E-01>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;2.111E-02>[m], Sigma_n: <-1.464E+02;2.763E+00>[MPa], Sigma_T : <0.000E+00;2.338E+00>[MPa]
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 Step 53, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;3.447E-01>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;2.098E-02>[m], Sigma_n: <-1.013E+02;2.335E+00>[MPa], Sigma_T : <0.000E+00;2.170E+00>[MPa]
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 Step 55, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;4.422E-02>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;2.408E-03>[m], Sigma_n: <-5.860E+00;2.683E+00>[MPa], Sigma_T : <0.000E+00;2.480E+00>[MPa]

X

Y

0.000E+00

4.000E-03

8.000E-03

1.200E-02

1.600E-02

2.000E-02

2.400E-02

2.800E-02

3.200E-02

3.600E-02

4.000E-02

4.422E-02

 Step 51, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;1.382E-01>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;5.838E-03>[m], Sigma_n: <-6.138E+00;1.667E+00>[MPa], Sigma_T : <0.000E+00;1.445E+00>[MPa]
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 Step 55, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;9.352E-02>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;4.747E-03>[m], Sigma_n: <-6.065E+00;1.897E+00>[MPa], Sigma_T : <1.525E-19;1.708E+00>[MPa]
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 Step 100, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;3.125E-02>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;4.411E-04>[m], Sigma_n: <-9.628E+00;1.899E+00>[MPa], Sigma_T : <7.267E-18;1.835E+00>[MPa]
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 Step 61, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;1.771E-01>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;1.932E-02>[m], Sigma_n: <-2.551E+01;1.959E+00>[MPa], Sigma_T : <0.000E+00;2.276E+00>[MPa]
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 Step 57, 
 Skaláry: izoplochy, Basic material, in nodes, Principal Strain, Max., <0.000E+00;1.319E-01>[None]
 Cracks: in elements, <1.000E-04; ...), openning: <0.000E+00;7.279E-03>[m], Sigma_n: <-7.724E+00;2.340E+00>[MPa], Sigma_T : <0.000E+00;2.139E+00>[MPa]

X

Y

0.000E+00

1.000E-02

2.000E-02

3.000E-02

4.000E-02

5.000E-02

6.000E-02

7.000E-02

8.000E-02

9.000E-02

1.000E-01

1.100E-01

1.200E-01

1.300E-01

1.319E-01



Chapter 4 - Case I: Beam Test 91  
 

deterministic model than in the experimental result, increasing the capacity in preceding 

displacements. The gap between the experimental and numerical results narrowed after a 

certain displacement, and the numerical model satisfactorily captured the load-carrying 

capacity. 

The spatial variability of the concrete mechanical properties over the specimen 

vitally affects the capacity, initial stiffness, and ultimate displacement of the specimen. 

These behaviors were clearly identified in the presented stochastic bundle of load-

displacement curves. The randomized concrete strength did not influence the linear 

response of the specimen, but remarkably affected the nonlinear response of the concrete. 

Moreover, although the elastic modulus of the concrete was randomized, the variability in 

the linear response was relatively low. The effect of concrete strength on the nonlinear 

response was more recognizable than the effect of elastic modulus on the linear response. 

This finding reflects the different scatter values of elastic modulus and concrete strength 

(the coefficient of variation is 0.10 for the elastic modulus of concrete, and 0.30 for the 

tensile strength of concrete; see Table 3.2). It should also be noted that increasing the 

number of random samples, and hence the number of numerical models, would improve 

the match between the numerical and experimental results. Nevertheless, 30 generated 

samples (N1–N30) and their analysis results (set of load-displacement curves and crack 

patterns) covered the experimental result and characterized the crack pattern accurately. 

Fig. 4.16a and b show the range of load-displacement curves for beams with different 

material properties. The stochastic approach provided the possible ranges of load-

displacement curves and potential crack patterns. As the geometrical position of the 

weakest spot defines the failure mode and capacity, the load-displacement curves in the 

stochastic analysis did not form a band around the deterministic model. The important 

point in such predictions is that the experimental results to be used for the assessment of 

the member (i.e., the observed initial stiffness, peak load, failure mode, and crack pattern) 

could be covered by the stochastic model. The PDF corresponding to the ultimate loads 

(i.e., ultimate limit state) together with the mean and standard deviation was determined 

from the stochastic bundle. It was normally distributed with a mean and standard deviation 

of 59.4 kN and 7.8 kN, respectively. The COV was computed as 0.13. The maximum and 

minimum ultimate loads monitored during analyses are within the range of 2.5σr, where σr 

is the standard deviation. The 2.5σr-band around the mean value also covered the 

experimental results. 
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The premature failure of the beam with large diagonal cracks concentrated on one 

side of the specimen was well-represented by the set of numerical analyses. In particular, 

some of the analyses accurately captured the experimentally observed crack pattern and 

capacity. As an example, the experimental and numerical capacities and crack patterns in 

the N30 analysis were in good agreement (Fig. 4.15c and Fig. 4.16). The damage 

localization in the numerical model was almost diagonal and a severe shear crack 

developed between the support and first stirrup, as observed in the experiments. Moreover, 

in both the numerical and experimental observations, the bottom of the beam was split near 

the support. 

 

(a) 

 

(b) 

Fig. 4.16 (a) Set of load-displacement curves (b) normalized load for the generated numerical samples 
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 Reliability Analysis of Shear Critical Beam 

The random fields theory considers the variety of concrete mechanical properties 

over the specimen (effect of uneven distribution on the response). However, inherent 

uncertainties in material constitutive models should be taken at the global level by a 

reliability analysis. Therefore, an even distribution of material properties over the 

specimen was assumed. Then, the effect of inherent uncertainties in material constitutive 

models to the response was investigated at the global level by an uncertainty analysis so 

that PDF and design resistance can be obtained. A total of 30 statistical samples, which 

were the input parameters of the nonlinear FE solutions, were generated in the FReET 

software. Those were the input parameters of each analysis, which leads to different 

capacities as shown Fig. 4.17. 

 

Fig. 4.17. Set of load-displacement curves in shear critical beam 

For the serviceability limit state, the PDF of the load corresponding to 

deformation limit, L/250, was first found and then followed by obtaining the design 

resistance Rd corresponding to reliability index, 1.5 (Fig. 4.18). Note that the procedure of 

obtaining the PDF was discussed in Section 3.4. Rd corresponding to the serviceability 

limit was found as 54.0 kN from a reliability analysis of the Gumbel Minimum type 

distribution. To incorporate with the Cornell reliability index β, the design resistance 

corresponding to the safety margin with a normal distribution was found to be 54.8 kN. 

The mean ultimate capacity was evaluated as 64.4 kN, while the experimental capacity at 

L/250 displacement level was obtained as 55.1 kN (Table 4.4). 
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Fig. 4.18. PDF of serviceability limit state of shear critical beam 

Table 4.4. Vertical load corresponding to L/250 (i.e., 9.6 mm) in EB_R 
 

  Design Resistance Rd 

 
Experimental FEM-Stochastic 

Reliability  

Best Fit Curve 

Reliability  

Normal Dist. 

Load (kN) 55.1 68.1 54.0 54.8 

For the ultimate limit state, the PDF of the ultimate load values was found after 

obtaining the set of load-displacement curves (Fig. 4.19). The load-resistance interface 

method was yet again used to obtain the safety or reliability margin, which can be 

computed by subtracting capacity (i.e., resistance) from demand (i.e., design load). As the 

target reliability index is known (i.e., 3.8), the design load can be obtained by the reverse 

calculation (Table 4.5).  

 

Fig. 4.19. PDF of ultimate limit state of shear critical beam 

The tail sensitivity is a significant parameter for the estimation of the design 

capacity as the corresponding probability for the ultimate limit state takes place in the tail 

of the PDF. Therefore, an accessible best-fit distribution for the PDF should be selected for 

the more robust design. When the best-fit curve was employed for the distribution of safety 

margin (i.e., Gumbel Minimum), the obtained design resistance was 14.5 kN. In the case of 

generally accepted distributions, such as lognormal as suggested by EN 1990 [77] or 
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normal for the design capacity, a dramatic difference was found, which clearly shows the 

effect of the PDF type to the design load. Moreover, the capacity for an unreinforced 

member in shear was also computed according to the corresponding European Standard, 

EN 1992-1-1 [78], Turkish Standard, TS 500 [90] and US Standard, ACI 318M-11 [74], 

CEB-FIP Model Code 2010 [22] and New Zealand Standard, NZS 3101:2006 [91]. Those 

were summarized in Table 4.5. The results of the theoretical considerations were well 

below the experimental response, except for the shear capacity prediction according to 

TS 500 [90], which was very close to the peak strength observed in the experiment. The 

full probabilistic method with the best-fit curve underestimated the design capacity when it 

was compared with the other available methods. The most likely reason seems to be the tail 

sensitivity due to very low failure probability. EN 1992-2 [80] leads to higher design 

capacity, while the method proposed by Tecusan and Zilch [44] predicts a closer value to 

the two-parameter lognormal distribution. The ECOV method also predicted the design 

capacity to be closer to other safety formats. With a smaller number of analyses, a good 

match can be found.  

Table 4.5. Capacity of shear critical beam (EB_R) 

 Ultimate Load (kN) 

Experiment 71.3 

FEM-Deterministic 74.7 

Section Analysis 73.4 

 Code Specified Capacity (kN) 

TS 500 [90] 71.2 

EN 1992-1-1 [78] 43.0 

ACI 318M-11 [74] 49.4 

CEB FIP Model Code 2010 [22] 43.6 

NZS 3101:2006 [91] 51.5 

 Design Resistance Rd (kN) 

Full Probabilistic 

Best fit curve, Gumbel Min 
14.5 

Full Probabilistic 

Normal Distribution 
40.0 

Full Probabilistic 

Lognormal Distribution 
45.5 

EN 1992-2 [80] 58.9 

Tecusan and Zilch [44] 45.9 

ECOV [39] 39.7 
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 Sensitivity Analysis of Shear Critical Beam 

The sensitivity of each material properties on the global response of the tested 

specimen was evaluated through the partial correlation coefficient between the 

corresponding material property (i.e., input variable) and the lateral load capacity (i.e., 

response variable). Thus, the most influential parameters characterizing the response of the 

shear critical beam was provided. The concrete tensile strength fct has the highest 

correlation coefficient among the others (Fig. 4.20). It is known that the shear response of 

RC members is usually characterized by the tensile strength of concrete, which was also 

ascertained by this study. The compressive strength of concrete fc, which has a 

considerable impact on the global response, was also dominant. This phenomenon could be 

attributed to the development of the diagonal compression strut mechanism, which is 

perpendicular to the tension tie. The relative impact of the rest of the material parameters 

was relatively low (in some cases very close to zero). 

 

Fig. 4.20. Sensitivity of material properties in EB_R 

4.5 Conclusions 

This section sets out an investigation of the response of the shear critical and over-

reinforced beam by using experimental and numerical methods in combination with 

stochastic approaches. The effect of the uneven distribution of concrete mechanical 

properties on the response was examined by using random fields theory at the member 

level on the shear-critical member, which exhibited an unsymmetrical crack pattern. Then, 

a set of load-displacement curves with possible crack patterns was found for the shear 

critical specimen. The uncertainty analysis as a result of randomness in the distribution of 

concrete material properties was performed by evolving the deterministic model to the 
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stochastic level. It covers the second part of the stochastic study and leads to obtaining the 

design capacity. Hence, the FE solutions with generated statistical samples were analyzed. 

Then, a set of load-displacement curves was found. Finally, the design capacity 

corresponding to target reliability indexes (i.e., serviceability and ultimate limit state) was 

obtained. The relative effect of each material property on the global response of both 

specimens was also evaluated by sensitivity analysis. 

Based on the results obtained in this chapter, the following conclusions can be 

drawn: 

• The shear critical specimen, which is considered to be a substandard RC 

beam as per current design codes and standards, exhibited poor performance. 

Therefore, a sudden failure was observed due to severe shear damage 

imposed as a result of low strength concrete and lack of stirrups.  

• The imposed severe shear damage was concentrated on one side of the as-

built specimen due to the uneven distribution of the concrete mechanical 

properties. It is clear that spatial variability of concrete mechanical properties 

over a specific region has a distinct effect on the load capacity and failure 

mode, which was characterized accurately by using a random fields approach. 

• The load-resistance interface method was used to obtain the safety or 

reliability margin. The design loads corresponding to the serviceability and 

ultimate limit states were evaluated by the reverse calculation. Note that the 

results should be carefully interpreted for substandard members. Discussing 

the design resistance in the members that are not conforming to the current or 

former code requirements could lead to misinterpretations. 

• The sensitivity measures on the shear critical beam showed a high correlation 

with two parameters, which include the tensile and compressive strength of 

concrete. The shear resistance of members is characterized by the tensile 

strength of concrete. Moreover, the occurrence of a compressive strut 

mechanism also highlighted the effect of concrete compressive strength.  

• The over-reinforced specimen exhibited poor performance as a result of 

concrete crushing. The result of the stochastic approach approximated the 

experimental capacity with an error below 10%.  
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• The design capacity corresponding to the ultimate limit state was also 

evaluated for the over-reinforced beam. Similar to the shear critical beam, 

obtaining the design capacity of a RC member that is not conforming to the 

current or former code requirements could misguide. 

• The most influential parameter characterizing the behavior of the over-

reinforced beam was computed as the concrete compressive strength, as it has 

the highest correlation coefficient among the others. The tensile strength of 

concrete had a medium correlation coefficient, but influenced the global 

response less.  
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5 CASE II: JOINT TEST 

5.1 Introduction 

This chapter deals with the advanced numerical modeling of selected substandard 

reinforced concrete beam-column joints. The effect of inherent uncertainties in material 

constitutive models on the response of substandard as-built and CFRP retrofitted RC beam-

column joints was investigated through a stochastic study. Since the scatter of the capacity 

is inevitably influenced by material properties, the relative impact of each material 

property on the global response was measured by a sensitivity analysis. It was conducted 

by evaluating the partial correlation coefficient between material properties and the 

simulated response. First, the deterministic nonlinear numerical models were developed in 

the FE environment. After that, they were evolved to the stochastic level, which considers 

the randomness in prominent material parameters. The basic statistical characteristics and 

PDFs of response variables were then provided by the probabilistic assessment. Finally, the 

most influential material parameters characterizing the quasi-static cyclic behavior of the 

as-built and retrofitted joints were outlined in accordance with the results of sensitivity 

analyses. In addition, the hysteric response of the as-built and retrofitted specimens was 

not only well-characterized by the numerical model but also local damages, such as large 

diagonal cracks in the as-built specimen and shear cracks after CFRP rupture in the 

retrofitted specimen, were adequately reproduced in the finite element environment. 
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5.2 Experimental Program 

 Selected Experimental Tests 

The experimental tests used to validate the proposed numerical models collected 

from two different testing programs previously conducted by the author: Yurdakul [92], 

Yurdakul and Avşar [93,94], and Yurdakul et al. [95]. The T-shaped specimens were taken 

from the theoretical inflection points of the frame, where flexural moments are zero under 

lateral load. The full-scale test specimens, which represent the exterior beam-column joint, 

were constructed by considering the most common deficiencies. Geometrical parameters 

and material properties were selected in such a way that they would characterize the 

construction practices of the existing deficient beam-column subassemblies. Therefore, the 

tested specimens do not comply with the requirements of current and former earthquake 

codes  [79,96]. The use of low strength concrete and plain round bars, together with the 

absence of shear reinforcement at the joint panel, are among the pre-1990s construction 

practices in developing countries, which were considered in the construction of the test 

specimens. More detailed information about the selected specimens, the testing program, 

and the experimental results can be found in previously conducted studies [92–95]. A 

summary of the material properties, geometry, test setup, and other experimental data are 

reported in Table 5.1 and Table 5.2. Those related to the concrete and reinforcing steel 

properties were obtained from material test results, while those of the CFRP and epoxy 

resin were provided by the manufacturer. 
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Table 5.1. Details of joint tests selected for the model validation [92,94] 

 Specimen 

Parameter EJ-R  EJ-C 

Description Reference Retrofitted 

Retrofit Scheme N/A 
Externally Bonded 

CFRPs  

Construction Condition Laboratory  

Beam Reinforcement 

Top 5ɸ18 

Bottom 5ɸ18 

Intermediate - 

Transverse ɸ10/100 

Column Reinforcement 

Top 4ɸ18 

Intermediate - 

Bottom 4ɸ18 

Transverse ɸ10/150 

Beam Cross-Section 250 x 500 x 1450 mm 

Column Cross-Section 250 x 500 x 3000 mm 

Axial Load Ratio (σa=Na/Agfc) 0.1 

Application of Displacement Column Tip 

Loading Protocol 1 Repetition per Cycle 

Failure Mode Joint shear 
CFRP Rupture/Joint 

Shear 

Table 5.2. Material properties of selected joint specimens [92,94] 

Parameter Mean Value, µ 

Concrete 

Concrete Compressive Strength, fc (MPa) 
8.05 for EJ-R 

9.40 for EJ-C 

Reinforcing Steel 

Type of Longitudinal Reinforcement Plain 

Elastic Modulus, Es (GPa) 190.9 

Yield Strength, fy (MPa) 295.5 

Ultimate Strength, fu (MPa) 437.5 

Ultimate Strain, εu (mm/mm) 0.21 

CFRP 

Elastic Modulus, Ef (GPa) 230 

Tensile Strength, ff (MPa) 4900 

Effective thickness, tf (mm) 0.111 

MBT-MBrace® 

Adesivo Saturant 

Elastic Modulus, Eas (MPa) 1800 

Compressive Strength, fcas (MPa) 80 

Tensile strength, fctas (MPa) 12 
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 Test Setup, Procedure and Instrumentation 

The modeling approach and its parameters, such as material, section properties, 

loading scheme, and test setup details, were generated in accordance with the tested 

specimens in order to simulate the actual response. Therefore, brief information about 

these details was given in the following section. Those were summarized from Yurdakul 

[92]. The T-shaped specimens were loaded from the column tip up to specified drift levels, 

which is the ratio of applied lateral displacement to the column height. The column was 

positioned vertically while the beam was positioned horizontally. The zero-moment joint 

(e.g., pin support) was used at the column base, while the beam-end was free to move in 

the horizontal direction provided by the roller support detail (Fig. 5.1a and b). Moreover, 

the out-of-plane movement of specimens was restricted by supporting the beam and 

column laterally. The joint panel deformation, inter-story, and column tip displacements 

were measured by the linear variable differential transducers (LVDTs). Simultaneously, 

the lateral force (i.e., column shear) along with the constant column axial force were 

recorded (Fig. 5.1c). The detailed information about the test setup, procedure, and 

instrumentation can be found in previously conducted studies [92–95]. 

The intensive level of the seismic damage was simulated by the imposed quasi-

static cyclic displacement with simultaneous application of constant axial load on the 

column. Unlike the guiding document ACI 374.1-05 [97], the cycles were repeated only 

once at each drift level. Moreover, some predefined threshold values (e.g., 1%, 2%, 3%, 

and 4%), which were described in TEC 2007 [79] for design and assessment calculations, 

were included in the displacement history. It should be noted that the drift ratio of 2% is 

the limiting value in designing new structures, whereas the serviceability, damage control, 

and collapse prevention drift ratios are limited by 1%, 3% and 4% in the seismic 

performance assessment of existing structures, respectively, as per TEC 2007 [79]. 



Chapter 5 - Case II: Joint Test 103  
 

 

(a) 

 

 

(b) (c) 

Fig. 5.1. a) 3D view of the selected specimen (b) dimension and reinforcement details of the subassembly 

(c) instrumentation details [92,94] 
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 Structural Retrofit 

The design philosophy in the rehabilitation of specimens is to attain the initial 

capacity, upgrading the performance of structural members, delaying or eliminating brittle 

failure modes, and initiating the formation of flexural plastic hinges in the beam to attain a 

ductile behavior [98]. In dimensioning CFRP sheets, it was assumed that the lateral load 

causing beam yielding without joint failure will be carried only by the corresponding 

CFRP sheets. The contribution of CFRP is evaluated according to Eq. 5.1. 

 𝑉𝑐𝑓𝑟𝑝 = 𝑛𝑓𝑤𝑓𝑡𝑓𝐸𝑓𝜀𝑓 Eq. 5.1 

Here, nf  is the number of CFRP layers, wf is the width of the CFRP layer, tf  is the 

thickness of the CFRP layer, Ef is the elastic modulus of the CFRP layer, and εf is the 

effective strain described as per TEC (2007) [79], (i.e., εf ≤0.004 or εf ≤ 0.50εfu, where εfu is 

the rupture strain of CFRP).  

The rupture strain εfu is reduced to effective strain εf, which leads to a safer design 

as CFRP rupture is particularly prevented. A different approach to ascertain the effect of 

CFRP rupture on the global response was followed in this study. Unlike the code 

recommended value (i.e., effective strain εf), the rupture strain εfu was used in 

dimensioning the CRFP sheets. This approach excited the rupture of CFRP sheets. 

Consequently, two layers of externally-bonded CFRP sheets were found to be sufficient to 

attain the ultimate limit state of the CFRP sheets (Fig. 5.2a and b). More detailed 

information about design philosophy can be found in Yurdakul [92]. 

The EJ-C specimen was retrofitted with CFRP sheets, which were applied to its 

pre-damaged condition before the reversed cyclic test. The CFRP sheets were wrapped in 

an X pattern. Afterward, additional CFRP sheets were externally wrapped around the beam 

and column end sections. These end CFRP sheets were intended to provide additional 

anchorage for the diagonal CFRP sheets and they also improved the shear capacity of the 

member ends. In the application of CFRP, the sharp section corners were firstly rounded to 

prevent the tearing of CFRP because of large stress concentration. The epoxy-based repair 

mortar and primer epoxy coater with a thickness of approximately 0.1-0.2 mm were then 

used to provide good adhesion between the concrete surface and CFRP sheets. Finally, 

CFRP was wrapped around the member with another epoxy resin (i.e., MBT-MBrace® 

Adesivo (Saturant)) for saturating the fiber sheets.  
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(a) (b) 

Fig. 5.2. (a) Schematic representation of retrofit scheme (b) CFRP retrofitted specimen [92] 

5.3 Numerical Model Description 

In order to simulate the actual response of the tested specimens in 3D, the 

modeling approach, the constitutive law of the materials, and its parameters suitable for 

application to substandard beam-column joints were selected. The geometry of RC 

members was defined by the hexahedral element (CCIsoBrick). The reinforcement was 

defined by a 1D beam element. The FE model was created by assembling seven parts 

which include a beam, column, and a joint with fracture/plastic material property and 

loading/support plates with elastic material properties. A full contact between these 3D 

geometries was defined. The similar boundary condition of the experiment was assigned in 

the numerical solution. Generating the optimum FEM model is essential to optimize the FE 

solution because it is fairly sensitive to convergence, computational time, and accuracy. 

After a mesh sensitivity analysis, a square mesh with a size of 50 mm was found as an 

optimum. The displacement was applied to an elastic plate as loading from the concrete 
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geometry results in divergence issues. The standard Newton-Rapson method was used for 

solving the numerical problem. 30 iterations were performed in each loading step. The pre-

defined error tolerances specified in the software were adopted. Those were 0.01, 0.01, 

0.01 and 0.0001 for displacement, residual, absolute residual, and energy error tolerances, 

respectively.  

5.4 Analysis of Joint Specimens 

 Hysteric Response 

The overall response of the reference specimen representing the as-built 

subassembly (EJ-R) was dominated by the joint shear failure, which results in premature 

failure of the RC member. The obvious outcomes were poor energy dissipation, and 

sudden degradation of strength and stiffness with the concentration of shear cracks mostly 

in the joint panel. The hairline cracks initiated in the form of an X pattern during the early 

stage of loading (0.2% drift level) and started to become more remarkable in the joint panel 

at a 1.0% drift ratio. In succeeding drift levels, existing shear cracks in the joint panel 

widened prominently, which ended up with concrete spalling from the joint surface. The 

computed column shear force for the occurrence of the beam plastic hinge was 68.9 kN, 

while the ultimate capacity in the experiment was well below this level. The experimental 

cyclic response was satisfactorily captured by the deterministic numerical model (Fig. 

5.3a). Both peak and post-peak responses, including the pinching effect and the capacity 

reached in each cycle, were accurately reproduced by the deterministic model. On the other 

hand, the initial stiffness was overestimated in both loading directions. It was more 

pronounced in the positive loading direction, while the error was less in the negative 

loading direction. This inconsistency could be due to inevitable gaps in the test setup 

during the first loading steps and local deformations in the places where large bearing 

stresses occur. 

When the deterministic model evolved to the stochastic level (see Table 3.2 for 

randomized parameters), the scatter with the possible range of the load for each drift level 

can be seen in Fig. 5.3a and b. The key point in such predictions is that the experimental 

cyclic response should be covered by the stochastic model. In particular, some of the 

individual analyses may capture the experimental response even better than the 

deterministic model. It is because the global variability of concrete mechanical properties 
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is considered in the stochastic model. It should also be noted that while the scatter was 

narrower in the early stage of loading, it became wider in the subsequent drifts. This 

phenomenon could be attributed to the effect of various nonlinear mechanisms with their 

mutual effects as they become more noticeable with the increased displacement. 

  

(a) (b) 

Fig. 5.3. (a) Hysteric response of reference specimen, EJ-R (b) envelope curve of hysteresis loops 

The resulting large corner-to-corner cracks in the joint panel and propagated 

cracks at the joint back were reasonably reproduced by the deterministic numerical 

assessment of the reference specimen (Fig. 5.4a-c). As the imposed displacement 

increases, new hairline cracks spread over the whole beam (Fig. 5.4a and b). In the 

subsequent drift levels, the existing cracks in the joint panel widened while those 

propagated in the beam almost closed (Fig. 5.4b and c). Therefore, the cracking response in 

the members changed considerably at large drift demand under reversed cyclic excitation. 

This was accurately reproduced by the deterministic model. Moreover, severe damage at 

the joint back due to push-out forces of beam anchor bars was very similar to the predicted 

response (Fig. 5.4c). 
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0.2% Drift Ratio (First crack) 2% Drift Ratio 4% Drift Ratio (Failure) 

(a) (b) (c) 

Fig. 5.4. Comparison of crack pattern obtained by experimental response and deterministic numerical model 

for the reference specimen (EJ-R) (a) first joint cracking (b) 2% drift ratio (c) 4% drift ratio 

The specimen incorporating the retrofit solution via CFRP wrapped in an X 

pattern (EJ-C) was not capable of performing an adequate performance, while the proposed 

technique promoted minimization of the joint panel deformation. The joint panel suffered 

from diagonal cracks after a certain level of displacement corresponding to CFRP 

debonding/rupture. Therefore, the specimen displayed a non-ductile behavior together with 

the distinct strength deterioration and stiffness degradation due to the shear failure of the 

joint after CFRP rupture. The average strength enhancement in the retrofitted specimen 

(EJ-C) with respect to the reference specimen (EJ-R) was 25.0% and 33.0% in the positive 

and negative direction, respectively. However, this improvement was not sufficient to 

attain the beam flexure capacity; the lateral load to be reached for the beam hinging was 

computed as 76.2 kN. The experimental cyclic response of the CFRP retrofitted specimen 

(EJ-C) was accurately reproduced by the deterministic numerical model. The ultimate 

capacity was satisfactorily estimated in the FE environment with an error of 12%. The 

sudden strength degradation also matched well with the experimental response. A less 

accurate initial stiffness was achieved by the deterministic model as the specimen 

Shear Stress 

[MPa] 
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displayed a steeper response compared to the experimental response. However, the 

difference between the peak-to-peak stiffness obtained by the deterministic model and 

experimental response was reduced, especially after the peak response. Moreover, the 

pinching effect in the post-yield hysteric response of the numerical assessment was less 

pronounced compared to the experimental response mostly in large drift demands. A 

possible explanation for this inconsistency might be the large residual displacement in the 

longitudinal steel reinforcements due to the bar slip along the cracked member. 

A set of load-displacement curves along with both the experimental response and 

numerical assessment is depicted in Fig. 5.5a and b for the retrofitted specimen. The 

envelopes of each cycle covered the experimental result. On the other hand, none of the 

analyses could capture the narrower pinching behavior in the experimental response. The 

error remaining from the deterministic model could not be eliminated by the stochastic 

assessments. As mentioned earlier, the pinching behavior in the post-yield hysteric 

response was strongly related to the bond-slip behavior.  

  

(a) (b) 

Fig. 5.5. (a) Hysteric response of retrofitted joint, EJ-C (b) envelope curve of hysteresis loops 

The first beam flexural crack was observed in the early stage of loading (i.e., 0.3% 

drift ratio), which corresponds to 55.12% of the ultimate load of EJ-C (Fig. 5.6a). As the 

imposed displacement increases, new hairline cracks took place in the beam. The 

formation of beam flexural cracks ended soon after debonding of the CFRP (1.0% drift 

ratio). In the following cycles (i.e., 1.5-2% drift level), CFRP rupture occurred at the 

location where debonding appeared first (Fig. 5.6b). Beyond the several cycles of the first 

tearing, CFRP rupture became more critical, which significantly decreased the contribution 

of CFRP. Therefore, in the succeeding drift levels, severe damage in the joint occurred 

(Fig. 5.6c). Contrary to the response experienced in the reference joint during subsequent 
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drifts, the confinement provided by CFRP sheets prevented the vertical splitting cracks at 

joint back. The deterministic numerical assessment well captured the crack pattern together 

with the resulting failure mode. The severe joint shear cracks at failure were also 

monitored in the deterministic model. Moreover, the vertical splitting cracks at the beam-

joint interface were closed partially in the beam, which was accurately reproduced in the 

FE model as well (Fig. 5.6a-c). 

   

   

0.2% Drift Ratio (First beam crack) 2% Drift Ratio 4% Drift Ratio (Failure) 

(a) (b) (c) 

Fig. 5.6. Comparison of crack pattern obtained by experimental response and deterministic numerical model 

for the retrofitted specimen (EJ-C) (a) first joint cracking (b) 2% drift ratio (c) 4% drift ratio 

 Analysis of Results 

The ultimate strength of the specimen is one of the important parameters in the 

cyclic response assessment of specimens. Basic statistical parameters related to the 

ultimate strength were, therefore, provided (Table 5.3). The PDFs of peak strength and 

their statistical parameters (i.e., mean value and standard deviation) were obtained from the 

series of data points (i.e., ultimate capacity of each analysis). For the fitted distributions, 

Chi–square or Kolmogorov–Smirnov tests, which measure the goodness of the fit, are 

Shear Stress 

[MPa] 
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satisfied at the 95% confidence level. Then, the mean value of predicted peak strength was 

compared with the experimentally obtained capacity. A good match between the mean 

value of the stochastic model and experimental result was found in both loading directions 

of the reference specimen. The addition of CFRP in the retrofitted specimen usually makes 

the numerical prediction challenging, which in many cases adversely affects the model 

accuracy. On the other hand, the mean value of the stochastic model well captured the 

experimental response in terms of peak strength with an error less than 10% in the CFRP 

retrofitted specimen (Fig. 5.7a and b and Fig. 5.8a and b). The probabilistic assessment 

provides not only the basic statistical parameters but also the capacity distribution (Table 

5.3). Moreover, the PDFs of the ultimate curves for positive and negative curves are 

depicted in Fig. 5.7a and b. The scatter due to inherent uncertainties in the material 

parameters was characterized by the PDFs of the ultimate load. It should also be noted that 

the best-fit curves to the series of data points (i.e., ultimate capacity of each analysis) were 

used in finding the PDF. Thus, the probability of a random variable that falls within a 

specific range of values can be obtained as well. Since the experimental capacities are 

within the boundaries of the PDF, the efficiency of the methodology was found to be 

acceptable. Indeed, the experimental results of both reference and CFRP retrofitted 

specimens were within the prominent range of the ultimate capacity (i.e., Mean ± 1 The 

standard deviation (σr)) was obtained by the stochastic analyses. The scatter in the results 

can be attributed to the uncertainties in the material parameters and constitutive models, 

which was identified by means of the dispersion in the ultimate load capacity of the 

specimens. 

  

(a) (b) 

Fig. 5.7. PDFs of EJ-R (a) positive loading direction (b) negative loading direction  
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(a) (b) 

Fig. 5.8. PDFs of EJ-C (a) positive loading direction (b) negative loading direction  

Table 5.3. Comparison of stochastic model and experimental results 

Specimen 

Direction of 

Loading 

Ultimate Strength 

(kN) 

Experimental 

(Vmax) 

Stochastic 

Mean 

(Vmean) 

Error 

(%) 

Standard 

Deviation  

(σr) 

Vmean±1σr 

(2σr)  PDF 

EJ-R 

Positive 47.7 45.4 3.40 6.01 39.4-51.4 
Lognormal  

(2 parameter) 

Negative 46.8 43.2 7.69 5.45 37.8-48.7 
Lognormal  

(3 parameter) 

EJ-C 

Positive 59.7 54.7 8.38 7.23 47.5-62.0 
Lognormal  

(2 parameter) 

Negative 62.1 55.9 9.98 6.34 49.6-62.2 
Rayleigh 

negative 

The measure of the joint panel deformation is another response parameter to be 

considered for investigating the effectiveness of the retrofit scheme. The retrofit scheme 

significantly decreased the panel deformation, which was presented in terms of joint shear 

strain values (Fig. 5.9a and b), which were evaluated by using the cosine theorem as shown 

in Eq. 5.2 [99].  

 𝛾 = −
𝜋

2
+ arccos [

𝐿𝑣
2 + 𝐿ℎ

2 − 𝐿𝑑
2

2𝐿𝑣𝐿ℎ
] Eq. 5.2 

Here, Lv, Lh, and Ld denote the summation of the base length and recorded 

displacement from vertical, horizontal, and diagonal LVDTs placed in the joint, 

respectively. 

Since severe shear cracks at the joint panel took place, especially after the 2% 

drift ratio, no data has been recorded by LVDTs. Therefore, experimentally obtained joint 

shear distortion could not be presented after the 2% drift ratio. The comparison of the 
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experimental data and numerical solution was, therefore, conducted up to the 2% drift 

ratio. The joint distortion for a 4% drift level was presented only for FE solution. The mean 

value, together with the prominent range of the stochastic assessment, overestimated the 

experimentally obtained shear strain values. This discrepancy could be attributed to the 

lower accuracy in the numerical assessments before the post-peak response. As mentioned 

earlier, the initial stiffness was overestimated by the deterministic numerical assessment. 

Since the stochastic model was evolved from the deterministic model, the error in the 

initial stiffness remained for the stochastic analyses as well. This was somehow 

compensated by the stochastic model as the ultimate boundaries of the stochastic model 

covered the experimental response. In the subsequent drift levels, the gap between the 

deterministic model and the experimental response was narrowed, which yielded more 

accurate results in joint shear strain. However, the experimental measurements could not 

be obtained after the 2% drift ratio due to severe joint shear cracks. Thus, the comparative 

results in joint shear distortion could not be provided completely. Among the presented 

drift ratios for both experimental and numerical results in Fig. 5.9, the retrofitted specimen 

has a lower joint panel deformation than the reference specimen. The standard deviation of 

the stochastic analysis results increases with the drift ratio, which is an expected result. As 

the drift ratio increases, the damage imposed on the joint panel propagates, which made it 

more challenging to reproduce the actual response with numerical analyses.  

  

(a) (b) 

Fig. 5.9. Joint shear strain (a) reference specimen, EJ-R (b) retrofitted specimen, EJ-C 

 Sensitivity Analysis 

The sensitivity of each material property on the cyclic response of the tested 

specimens was evaluated by the partial correlation coefficient between the corresponding 
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material property (i.e., input variables) and the lateral load capacity in each cycle (i.e., 

response variables). Thus, the most influential parameters characterizing the quasi-static 

cyclic behavior of the joint panel for as-built and retrofitted joints were provided. The 

contribution of the concrete tensile strength fct to the global response was the most 

significant, because it had the highest correlation coefficient for the positive and negative 

loading direction of the reference specimen. (Fig. 5.10a and b). The relative impact of the 

concrete compressive strength fc on the global response was also considerable. This 

phenomenon can be attributed to the development of the diagonal compression strut 

mechanism, which is perpendicular to the tension tie at the joint panel. Moreover, a 

gradual increment was computed in the correlation coefficient of the compressive strength 

fc. The data reported here appear to support the assumption that crushing properties became 

more critical in the subsequent drift levels. On the other hand, concrete cracking took place 

continuously at various locations of the joint panel with the increasing drift ratio. 

Therefore, concrete tensile strength fct always played an important role in the cyclic 

response of the joint panel. This outcome was also supported by achieving a very high 

correlation coefficient for the whole displacement history. As seen in Fig. 5.10a and b, the 

remaining material properties had a weak influence on the global response as the 

correlation coefficients are rather low (in some cases very close to zero). 

  

(a) (b) 

Fig. 5.10. Sensitivity analysis in the reference specimen (a) positive loading direction (b) negative loading 

direction (see the definition of the parameters in Table 3.2) 

The sensitivity measures resulted in high correlation with three input variables of 

the retrofitted specimens, which included the tensile strength of concrete fct, compressive 

strength of concrete fc, and tensile strength of epoxy resin fctas (Fig. 5.11a and b). The 

number of CRFP layers was not sufficient to attain beam flexural capacity. Therefore, 

concrete cracking in the joint dominated the response and became critical for the whole 

displacement history. Even though the joint panel deformation was minimized by the 
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wrapped CFRP sheets, they could not completely prevent concrete cracking. Moreover, all 

measures in each drift level showed high sensitivity to the tensile strength of the epoxy 

resin. It should be noted that CFRP sheets were defined as a composite material (CFRP 

nets smeared over epoxy resin). Therefore, the tensile strength of the epoxy resin 

dominates the overall behavior of the composite material. While the relative effect of 

CFRP increased gradually up to a certain drift level, the contribution of CFRP to the global 

response decreased at several cycles before the drift level that corresponds to CFRP 

rupture. As mentioned earlier, CFRP rupture reduced its contribution on the global 

response in subsequent drift levels. This was also verified by the sensitivity analysis (e.g., 

results with a decreasing trend in the correlation coefficients after CFRP rupture). Similar 

to the reference specimen, a gradual increment was observed in the correlation coefficient 

of the concrete compressive strength. Moreover, a moderate level of correlation was 

computed for the compressive strength of epoxy resin fcas. The remaining modeling 

parameters did not have a remarkable influence on the global response as the correlation 

coefficients were well below the value of 1.0. 

  

(a) (b) 

Fig. 5.11. Sensitivity analysis in the retrofitted specimen (a) positive loading direction (b) negative loading 

direction (see the definition of the parameters in Table 3.2) 

5.5 Conclusions 

This chapter sets out an investigation of the effect of inherent uncertainties in 

material properties on the response of both substandard as-built and retrofitted RC beam-

column joints with externally-bonded CFRPs. The relative impact of each material 

property on the global response was evaluated by sensitivity analysis. For this purpose, the 

partial correlation coefficient between each material property (i.e., input variable) and the 

simulated set of lateral load capacities (i.e., response variable) was evaluated. The 

experimentally-validated deterministic numerical models were evolved to the stochastic 
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level by solutions with randomized material properties, which then led to a set of load-

displacement curves. The distribution of the ultimate lateral load corresponding to each 

cycle was obtained from the simulated set of the hysteresis curve, which set the basis for 

the sensitivity analysis.  

Based on the results obtained in this chapter, the following conclusions can be 

drawn: 

• The as-built specimen, which is considered to be a substandard RC beam-

column joint as per current design codes and standards, exhibited poor 

performance. Therefore, sudden strength deterioration was observed due to 

severe shear damage imposed as a result of low strength concrete and lack of 

stirrups at the joint level. 

• The specimen retrofitted by externally-bonded CFRPs experienced shear 

failure after the rupture of the diagonal CFRP sheets. Even though the 

ultimate strength of the retrofitted specimen was enhanced. As targeted by the 

retrofit design, joint shear deformations were considerably reduced by the 

application of the retrofit scheme, the beam flexural capacity was not 

attained. The failure mode was governed by the joint shear failure after the 

rupture of the diagonal CFRP sheets. 

• The experimental responses of both reference and CFRP retrofitted 

specimens were satisfactorily reproduced by the developed numerical models. 

Moreover, large diagonal cracks in the as-built specimen, and joint shear 

failure after CFRP rupture in the retrofitted specimen were adequately 

simulated in the FE environment.  

• The stochastic model achieved by the randomization of material properties 

highlighted the effect of variability of material mechanical properties on the 

global response of the tested beam-column joints. A relatively high dispersion 

was computed in the analysis results of the stochastic model for both as-built 

and CFRP-retrofitted specimens. However, the difference between the 

experimental peak strength and mean value of the stochastic model for both 

specimens was within the acceptable limits (less than 12%). Although the 

difference between the experimental result and stochastic mean is more for 

the joint shear strains, the experimentally obtained values are within the 

boundaries specified by the PDFs representing the stochastic analyses results. 
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• The sensitivity measures show a high degree of correlation between the 

tensile strength of concrete and the cyclic response of both reference and 

retrofitted specimens. A gradual increment in the correlation coefficient of 

concrete compressive strength appeared to support the idea that the crushing 

properties became more critical in the subsequent drift levels in tested 

specimens. The tensile strength of epoxy resin, which was modeled as a 

composite material (i.e., CFRP nets smeared over epoxy resin), had a 

considerable effect on the global response of the retrofitted specimen. 

However, the contribution of CFRP decreased just after the CFRP rupture 

which was also verified by the sensitivity analysis. 
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6 CASE III: BOND TEST 

This chapter deals with the exhibited performance of beam-type RILEM bond 

specimens and their stochastic assessment by computational stochastic mechanics. Brief 

information on current bond-slip models was presented first and followed by describing the 

experimental program (i.e., specimen details, test setup, procedure, and instrumentation). 

The material characterization tests were also included in this chapter. The performance of 

confined and unconfined specimens under monotonic and cyclic loading was discussed in 

depth. A bond-slip model for RC members with poor concrete quality and plain round bars 

was proposed for two different loading cases. The comparison of current experimental 

results with the FE solution and its effectiveness were summarized as well. Refined 

numerical models were investigated in detail to identify the factors affecting the overall 

response. Moreover, the effect of inherent uncertainties in the material models was 

included by the stochastic approach. 

6.1 Failure Mechanism  

The bond of the reinforcing steel can be stated as a shear transfer capacity 

between a reinforcing bar and the surrounding concrete. The bond characteristic depends 

on many factors under complex stress/strain mechanism. In general, the cohesion between 

reinforcing steel and concrete is governed by three phenomena; which are (i) friction 

(physical interaction); (ii) adhesion (chemical interaction); and (iii) mechanical interlock 
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[100]. Those can be easily influenced by the global factors, which are concrete mechanical 

properties, reinforcing steel, and structural properties [101]. While the concrete mechanical 

properties can be associated with the tensile and compressive strength, the effect of bar 

geometry, surface condition, and mechanical properties are among reinforcing steel 

properties [101]. Those related to the structural properties are the level of confinement, 

clear cover, casting position, and geometric details, such as bar size and spacing [101,102]. 

Moreover, bond degradation is more pronounced in the case of seismic action. The 

influence of loading scheme on the bond response is essential as the deformation capacity 

of them differs under cyclic and monotonic loading. Çağatay [7] presents a failure due to 

lack of bond strength after İzmit 1999, Turkey Earthquake (Fig. 6.1).  

 

Fig. 6.1. Bond failure after an earthquake [7] 

Even though the friction and adhesion are the main components characterizing the 

failure, the significance of mechanical interlock reveals itself in the deformed bars. The 

ribs can resist a significant level of slip after almost complete loss of adhesion. Failure 

occurs initially crushing the concrete in front of the ribs and lugs; additionally, with an 

increasing level of slip, wedging action (splitting of concrete away from the bar) occurs in 

the rib face angles greater than 40o [100]. Lutz et al. [100] also indicate that initially 

observed concrete crushing is not formed for rib face angles smaller than 30o. The splitting 

Photo Credit: Çağatay 2005 [7] 
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failure depends not only on lugs and ribs but also concrete cover thickness, the spacing 

between adjacent bars, and confinement level.  

The friction and adhesion are the primary components which characterize the 

failure mechanism of the reinforcing bars with smooth geometry. The direct pull-out (i.e., 

without splitting of concrete after the cohesion between rebar and surrounding concrete 

surface is almost lost) is the most common failure mode. The mechanical interlock has less 

impact on the bond response of plain round bars even though the surface roughness still 

assists the interlock mechanism [103]. Mo and Chan [104] conclude that the interaction 

characteristics are the main parameters governing the bond response for plain round bars, 

which can be improved with concrete compressive strength. On the other hand, ACI 408-

R03 [101] does not limit the influence of concrete mechanical properties, only the 

compressive strength. The increase in the slump due to a high water-cement ratio or 

admixture adversely affects the bond response. It is because of bleeding and the longer 

settling time of concrete. Moreover, the bond strength of the top cast bars is more sensitive 

than the bottom cast bars [101]. The most likely reason is the accumulation of bleed water 

on top. The author believes that the negative effect of casting position, uneven settling, and 

bleeding due to concrete mixture could be more pronounced in RC members constructed 

from low strength concrete and plain round bars. Generally, the high water-cement ratio, 

the segregation during concrete placing, and inadequate consolidation and vibration cause 

uneven setting and bleeding in substandard RC members. This, of course, results in voids 

around the rigidly held reinforcing bar and, thereby, a decrement in the adhesion and 

friction. To conclude, the bond strength depends on several factors resulting from 

mechanical properties of materials and construction practices. The poor material quality 

and workmanship clearly violate the design provisions. Due to a limited number of studies 

on the bond response of RC members constructed from low strength concrete and plain 

round bars, the effect of the aforementioned phenomenon could not be fully revealed.  

The bond stress τb is usually proportioned to √fc by the researchers and codes 

[22,105]. However, recent studies showed that normalizing to √fc could yield a lower 

estimation of bond stress. ACI 408-R03 [101] concludes that √fc does not represent the 

effect of concrete strength, especially in the high strength concrete. ACI 408-R03 [101] 

suggests normalizing the bond strength to fc
1/4. The change in the test prediction ratio with 

increasing bond stress is almost constant for fc
1/4 while, by the increasing strength, 

normalizing the bond stress to √fc lowers strength estimates [101]. Overall, the concrete 
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contribution could be better revealed by normalizing the bond stress to fc
1/4 since the 

contribution increases approximately with fc
1/4. In this study, the bond stress was 

normalized to fc
1/4. ACI 408-R03 [101] also indicates for deformed bars that as concrete 

compressive strength increases, bond strength increases at a progressively slower rate 

while the failure mode becomes more brittle.  

6.2 Experimental Methods in Bond-Slip Relationship 

Different methods are available in the literature for determining the experimental 

bond-slip response. EN 10080 [106] describes two different experimental approaches, 

which are direct pull-out and beam tests. Those are, indeed, based on RILEM test 

recommendations [107,108].  

 Direct Pull-out Test 

RILEM recommendation [108], which also sets the basis of EN 10080 [106], 

describes the test methodology for direct pull-out. In this type of test, the reinforcing bar is 

loaded from the free end while the concrete cube is fixed. The normal force in the 

reinforcing steel F is transferred to the surrounding concrete surface Asur through shear 

force, which is henceforth referred to as the shear transfer mechanism. The test continues 

up to either bond or reinforcement failure. The specimen may also exhibit wedge cone 

failure, which is an undesired mode since it does not characterize the actual bond behavior. 

A sleeve is, therefore, placed in front of the bonded area to disconnect the contact between 

reinforcing steel and surrounding concrete at top of concrete cube. This may eliminate the 

wedge cone type failure. The reinforcing bar is in contact with 5db distance, where db is the 

diameter of the reinforcing bar (Fig. 6.2). The axial force reinforcement bar is transferred 

to the shear force along the 5db distance.  
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Fig. 6.2. Pull-out test specimen detail [106] 

The bond stress for the pull-out type test is computed as follows:  

  𝜏𝑏 =
𝐹
𝐴𝑠𝑢𝑟
⁄  Eq. 6.1 

 𝐴𝑠𝑢𝑟 = 𝜋𝑑𝑏5𝑑𝑏 Eq. 6.2 

  𝜏𝑏 =
𝐹
5𝜋𝑑𝑏

2⁄  Eq. 6.3 

 Beam Test 

The principle of the test described in this section is based on RILEM 

recommendation [107] and EN 10080 [106]. A beam specimen is tested under flexure by a 

four-point bending test (Fig. 6.3a). The failure criterion is the complete loss of adhesion in 

one half of the beam or failure of reinforcing steel. The axial stress in the reinforcing bar is 

transmitted to the surrounding concrete surface through shear stress (Fig. 6.3b). By using 

the moment couple, the tensile force in the reinforcing bar Ft can be expressed in terms of 

the applied vertical load F. Then, the bond stress τb is the ratio between the axial force in 

the reinforcing bar Ft and surface area Asur (Eq. 6.4-Eq. 6.8). The slip of the reinforcement 

is measured from two ends while the load is computed as a sum of recorded values at 
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loading pins. Two individual reinforced concrete blocks are connected by a steel hinge at 

the top and reinforcing steel at the bottom. Thus, the bond failure could be achieved 

without damaging the concrete in the compression area. The dimensions of the components 

are determined by the diameter of the reinforcing steel.  

 

(a) 

 

(b) 

Fig. 6.3. (a) Beam test specimen detail for db=14 mm (b) load transfer mechanism [106] 
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The bond stress for the beam type test is computed as follows:  

  𝑀𝑚𝑎𝑥 = 𝐹𝑡𝑎 =
𝐹𝐿

2⁄  Eq. 6.4 

 𝐹𝑡 =
𝐹𝐿

2𝑎⁄  Eq. 6.5 

  𝜏𝑏 =
𝐹𝑡
𝐴𝑠𝑢𝑟
⁄  Eq. 6.6 

 𝐴𝑠𝑢𝑟 = 𝜋𝑑𝑏10𝑑𝑏  Eq. 6.7 

  𝜏𝑏 =
𝐹𝐿

20𝑎𝜋𝑑𝑏
2⁄  Eq. 6.8 

6.3 Theoretical Consideration 

The very first studies on the bond-slip response started in early 1900 by Abrams 

[109]. Then, it attracted the researchers for several years [110–116]; however, it is still a 

current topic. In this section, the knowledge on the existing bond-slip relationships for 

deformed and plain round bars was summarized. Therefore, numerous up-to-date literature 

surveys regarding the bond-slip response were included. Among the several numbers of 

recent studies on bond-slip relationships, the models described in the following sections 

are the most extensive.  

 Bond Response of Deformed bars 

6.3.1.1 Bigaj [117] Model  

The Bigaj [117] relationship is one of the available bond-slip models in the 

ATENA software [13]. The nonlinear ascending branch is characterized by a linear curve 

and then followed by a bi-linear descending branch. The proposed equation for 

compressive strength of concrete lower than 60 MPa is as follows: 

 

𝜏𝑏(𝑠) =

{
 
 

 
 0.40√𝑓𝑐      𝑖𝑓 𝑠 < 𝑠1

0.80𝛽𝑎√𝑓𝑐      𝑖𝑓 𝑠1 ≤ 𝑠 ≤ 𝑠2

0.56√𝑓𝑐      𝑖𝑓 𝑠2 < 𝑠 ≤ 𝑠3
0      𝑖𝑓 𝑠3 < 𝑠 ≤ 𝑠4

 Eq. 6.9 

 
𝛽𝑎 = {

3.0      𝑖𝑓 bond condition "𝑒𝑥𝑐𝑒𝑙𝑒𝑛𝑡"
2.0      𝑖𝑓 bond condition "𝑔𝑜𝑜𝑑"

1.0      𝑖𝑓 bond condition "𝑝𝑜𝑜𝑟"
 Eq. 6.10 
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 𝑠1 = 0 and 𝑠4 = 0.48 

𝑠2 = 𝑑𝑏 × {

0.020      𝑖𝑓 bond condition "𝑒𝑥𝑐𝑒𝑙𝑒𝑛𝑡"
0.030      𝑖𝑓 bond condition "𝑔𝑜𝑜𝑑"

0.040      𝑖𝑓 bond condition "𝑝𝑜𝑜𝑟"
 

𝑠3 = 𝑑𝑏 × {

0.044      𝑖𝑓 bond condition "𝑒𝑥𝑐𝑒𝑙𝑒𝑛𝑡"
0.047      𝑖𝑓 bond condition "𝑔𝑜𝑜𝑑"

0.047      𝑖𝑓 bond condition "𝑝𝑜𝑜𝑟"
 

Eq. 6.11 

A representative curve for the excellent bond condition is presented in Fig. 6.4. 

 

Fig. 6.4. Bigaj [117] bond-slip model predefined in the software 

6.3.1.2 Eligehausen et al. [105] Model  

Eligehausen et al. [105] developed a bond-slip model for a ribbed reinforcement 

in confined and unconfined concrete. It considers a nonlinear ascending branch, a constant 

value of the bond up to specific value of a slip, and a linear descending branch. It is then 

followed by a constant bond stress plateau (Fig. 6.5).  

The bond-slip model for confined concrete is presented in Eq. 6.12. 

 

𝜏𝑐(𝑠) =

{
  
 

  
  𝜏𝑐1 (

𝑠

𝑠𝑐1
)
𝛼

    𝑖𝑓 𝑠 < 𝑠1

 𝜏𝑐𝑝      𝑖𝑓 𝑠𝑐1 ≤ 𝑠 ≤ 𝑠𝑐𝑝

 𝜏𝑐𝑝 −
𝑠 − 𝑠𝑐𝑝

𝑠𝑐2 − 𝑠𝑐𝑝
( 𝜏𝑐𝑝 −  𝜏𝑐2)      𝑖𝑓 𝑠𝑐𝑝 < 𝑠 ≤ 𝑠𝑐2

 𝜏𝑐2        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 Eq. 6.12 

where the variables in the formula defined as follows: 

 
 𝜏𝑐1 = (20 −

𝑑𝑏
4
)√

𝑓𝑐
30

 Eq. 6.13 
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  𝜏𝑐1 =  𝜏𝑐𝑝 Eq. 6.14 

 
 𝜏𝑐2 = (5.5 − 0.07

𝑆

𝐻
)√

𝑓𝑐
27.6

 Eq. 6.15 

 𝛼 = 0.4 Eq. 6.16 

 
 𝑠𝑐1 = √

𝑓𝑐
30
, 𝑠𝑐𝑝 = 3.0 𝑚𝑚,  𝑠𝑐2 = 𝑆  

Eq. 6.17 

The bond model for unconfined concrete is presented in Eq. 6.18. 

 

𝜏𝑢(𝑠) =

{
  
 

  
  𝜏𝑢1 (

𝑠

𝑠𝑢1
)
𝛼

    𝑖𝑓 𝑠 < 𝑠1

 𝜏𝑢𝑝      𝑖𝑓 𝑠𝑢1 ≤ 𝑠 ≤ 𝑠𝑢𝑝

 𝜏𝑢𝑝 −
𝑠 − 𝑠𝑢𝑝

𝑠𝑢2 − 𝑠𝑢𝑝
( 𝜏𝑢𝑝 −  𝜏𝑢2)      𝑖𝑓 𝑠𝑢𝑝 < 𝑠 ≤ 𝑠𝑢2

 𝜏𝑢2        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 Eq. 6.18 

where the variables in the formula defined as follows: 

 
 𝜏𝑢1 = 0.748√

𝑓𝑐 × 𝑐

𝑑𝑏
≤  𝜏𝑐1 Eq. 6.19 

  𝜏𝑢1 =  𝜏𝑢𝑝 Eq. 6.20 

 
 𝜏𝑢2 = 0.234√

𝑓𝑐 × 𝑐

𝑑𝑏
≤  𝜏𝑐2 Eq. 6.21 

 𝛼 = 0.4 Eq. 6.22 

 
 𝑠𝑢1 = √

𝑓𝑐
30
𝑒
1
𝛼
𝑙𝑛(

 𝜏𝑢1
 𝜏𝑐1

)
, 𝑠𝑢𝑝 = 3.0 𝑚𝑚,  𝑠𝑢2 = 𝑆  Eq. 6.23 

Here, c, db, S, and H are a concrete cover, bar diameter, lug spacing, and lug 

height, respectively.  
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(a) (b) 

Fig. 6.5. Eligehausen et al. [105] bond-slip model for (a) confined concrete (b) unconfined concrete 

6.3.1.3 Gan Model [103] 

The proposed model is a modified version of the model developed by Eligehausen 

et al. [105]. The local bond stress and slip relationships are the same as those of 

Eligehausen et al. [105] for pull-out failure, and some modifications are made for splitting 

failure [103]. 

The bond model for unconfined concrete is presented in Eq. 6.24.  

 

𝜏𝑢(𝑠) =

{
 
 

 
  𝜏𝑢1 (

𝑠

𝑠𝑢1
)
𝛼

    𝑖𝑓 𝑠 < 𝑠𝑢1

 𝜏𝑢1 −
𝑠 − 𝑠𝑢1
𝑠𝑢2 − 𝑠𝑢1

( 𝜏𝑢1 −  𝜏𝑢2)      𝑖𝑓 𝑠𝑢1 ≤ 𝑠 ≤ 𝑠𝑢2

 𝜏𝑢2        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 Eq. 6.24 

where the variables in the formula defined as follows: 

 
 𝜏𝑢1 = 0.748√

𝑓𝑐 × 𝑐

𝑑𝑏
≤  𝜏𝑐1 Eq. 6.25 

 𝜏𝑢2 = 0.15 𝜏𝑢1 Eq. 6.26 

 𝛼 = 0.4 Eq. 6.27 

 
 𝑠𝑢1 = √

𝑓𝑐
30
𝑒
1
𝛼
𝑙𝑛(

 𝜏𝑢1
 𝜏𝑐1

)
, 𝑠𝑢2 = 2.0 𝑚𝑚  

Eq. 6.28 
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Here, c, db, S, and H are a concrete cover, bar diameter, lug spacing, and lug 

height respectively.  

For the given confinement pressure βc, the following equations can be adopted,  

 

𝜏𝑐(𝑠) =

{
  
 

  
  𝜏𝑐1 (

𝑠

𝑠𝑐1
)
𝛼

    𝑖𝑓 𝑠 < 𝑠𝑐1

 𝜏𝑐𝑝     𝑖𝑓 𝑠𝑐1 ≤ 𝑠 ≤ 𝑠𝑐𝑝

 𝜏𝑐𝑝 −
𝑠 − 𝑠𝑐𝑝

𝑠𝑐2 − 𝑠𝑐𝑝
( 𝜏𝑐𝑝 −  𝜏𝑐𝑝)      𝑖𝑓 𝑠𝑐𝑝 ≤ 𝑠 ≤ 𝑠𝑐2

 𝜏𝑐2        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 Eq. 6.29 

where the variables at formula as follows: 

  𝜏𝑐1 =  𝜏𝑢1 +  𝛽𝑐( 𝜏𝑐1 −  𝜏𝑢1) Eq. 6.30 

  𝜏𝑐𝑝 =  𝜏𝑢𝑝 +  𝛽𝑐( 𝜏𝑐𝑝 −  𝜏𝑢𝑝) Eq. 6.31 

  𝜏𝑐2 =  𝜏𝑢2 +  𝛽𝑐( 𝜏𝑐2 −  𝜏𝑢2) Eq. 6.32 

  𝑠𝑐1 =  𝑠𝑢1+ 𝛽𝑐( 𝑠𝑐1 − 𝑠𝑢1) Eq. 6.33 

 
𝑠𝑐𝑝 = {

3.0    𝑖𝑓  𝛽𝑐 = 0
  𝑠𝑐𝑝    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 Eq. 6.34 

 
𝑠𝑐2 = {

3.0    𝑖𝑓  𝛽𝑐 = 0
  𝑠𝑐2    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 Eq. 6.35 

Here, τu1, τc1, τcp, τc2, su1, sc1, scp, and sc2 are obtained from an unconfined bond 

model of Eligehausen et al. [105] (see Eq. 6.13-Eq. 6.23). The schematic representations of 

the curves are illustrated in Fig. 6.6a and b. 

   

(a) (b) 

Fig. 6.6. Gan [103] bond-slip model for (a) confined concrete (b) unconfined concrete 
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6.3.1.4 CEB-FIP Model Code 2010 [22] 

The bond stress as a function of the slip is explicitly expressed in the CEB-FIP 

Model Code 2010 [22]. Those were not summarized in this study but basic equations of 

representative curves for pull-out and splitting failure and schematic representations of the 

curves are presented in Eq. 6.36 and Fig. 6.7, respectively. 

 

𝜏𝑏(𝑠) =

{
  
 

  
  𝜏1 (

𝑠

𝑠1
)
𝛼

    𝑖𝑓 𝑠 < 𝑠1

 𝜏𝑝      𝑖𝑓 𝑠1 ≤ 𝑠 ≤ 𝑠𝑝

 𝜏2 −
𝑠 − 𝑠2
𝑠3 − 𝑠2

( 𝜏2 −  𝜏3)      𝑖𝑓 𝑠2 < 𝑠 ≤ 𝑠3

 𝜏3        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 Eq. 6.36 

  

(a) (b) 

Fig. 6.7. CEB-FIP Model Code 2010 [22] bond-slip model for (a) pull-out (b) splitting failure 

6.3.1.5 Comparison of existing models for deformed bars 

The available bond-slip models are compared with each other for a better 

interpretation of the results. For the unconfined case, the bond stress and slip relationship 

proposed by Bigaj [117] estimates a higher bond strength for excellent and good bond 

conditions while it lies well below the others in the poor bond condition. Moreover, after 

reaching a certain level of the slip value, the model diminishes zero stress. The residual 

bond stress is not considered in this model. The Gan [103] model and both good and poor 

conditions proposed in the CEB-FIP Model Code 2010 [22] describe a bond-slip 

relationship with three segments. The nonlinear ascending part is followed by a linear 

descending part; the residual bond stress is assumed in these models (Fig. 6.8a). For 

splitting failure, the presence of a constant plateau at maximum bond stress is the main 

difference in the bond-slip relationship of Eligehausen et al. [105].  
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For pull-out failure, the Gan [103] local bond-slip relationship is identical with the 

previously mentioned model of Eligehausen et al. [105]. Thus, the curves overlapped with 

each other (Fig. 6.8b). Except for the Bigaj [117] model, a constant plateau after reaching 

the maximum bond stress is assumed in the remaining models. This plateau is then 

followed by a linear descending branch. Moreover, Bigaj [117] model diminishes zero 

stress while other models assume residual stress after a certain level of slip. Even though 

the shape of the curves are identical, the slip value corresponding to the starting point of 

residual stress differs in the CEB-FIP Model Code 2010 [22] and Eligehausen et al. [105] 

models.  

 

(a) 

 

(b) 

Fig. 6.8. Comparison of bond models for a deformed bar (a) unconfined (b) confined   
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 Bond Response of Plain Round Bars 

Several researchers have performed experimental and numerical studies on the 

bond-slip response of plain round bars. Mo and Chan [104], Feldman and Barlett [118], 

Ahmad et al. [116], Ahmad et al.[119], and Fabbrocino et al.[120] are among these 

studies. In addition to them, constitutive equations of some models are summarized in this 

section. 

6.3.2.1 Verderame et al. [121] Model  

The nonlinear ascending part continues up to ultimate bond stress value. Then, a 

linear descending part is followed by a residual bond stress value. To simplify the 

calculation in this study, the nonlinear ascending part is treated as a linear curve in the 

numerical calculations (Fig. 6.9).  

 

𝜏𝑏(𝑠) =

{
 
 
 

 
 
 0.31√𝑓𝑐

𝑠1
× 𝑠    𝑖𝑓 𝑠 < 𝑠1

0.31√𝑓𝑐      𝑖𝑓 𝑠 = 𝑠1

𝑝
0.31√𝑓𝑐
𝑠1

     𝑖𝑓 𝑠1 < 𝑠 ≤ 𝑠2

0.13√𝑓𝑐      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 Eq. 6.37 

where s1 equals to 0.23, s2 is slip corresponding to maximum bond strength, and p is the 

slope of the descending curve.  

 

Fig. 6.9. Verderame et al. [121] bond-slip model used in the numerical calculation  

6.3.2.2 Xu et al. [122] Model  

The constitutive bond-slip model of plain bars under lateral pressure is proposed 

by Xu et al. [122] (Fig. 6.10). The model consists of two nonlinear branches. A nonlinear 
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ascending part is followed by a nonlinear descending part with a residual. The model also 

considers the effect of lateral pressure on the bond-slip response. In Eq. 6.38, the 

parameters αi and βc, which are dependent on lateral pressure, are characterizing the shape 

of the nonlinear curves. 

 

𝜏𝑏(𝑠) =

{
 
 

 
  𝜏1 (

𝑠

𝑠1
)
𝛼𝑖

    𝑖𝑓 𝑠 < 𝑠1

 𝜏1 [𝑘𝑟 + (1 + 𝑘𝑟)𝑒
𝛽𝑐√

𝑠
𝑠1
−1
]   𝑖𝑓 𝑠 ≥ 𝑠1

 Eq. 6.38 

where kr, s1, and τ1 are equal to 0.42, 0.13, and 0.12√fc, respectively. αi and βc are defined 

as follows: 

 

𝛼𝑖 =

{
 
 

 
 0.20    𝑖𝑓 

𝑓𝑒
𝑓𝑐
= 0

1.0    𝑖𝑓 0.05 ≤
𝑓𝑒
𝑓𝑐
≤ 0.8

 Eq. 6.39 

 

𝛽𝑐 =

{
 
 

 
 −0.40    𝑖𝑓 

𝑓𝑒
𝑓𝑐
= 0

−0.215 − 0.35
𝑓𝑒
𝑓𝑐
    𝑖𝑓 0.05 ≤

𝑓𝑒
𝑓𝑐
≤ 0.8

 Eq. 6.40 

where fe is the lateral confinement pressure.  

 

Fig. 6.10. Xu et al. [122] bond-slip model  

6.3.2.3 CEB-FIP Model Code 2010 [22] 

Unlike the other available models, the proposed bond-slip model for plain round 

bars does not consider bond degradation at the post-peak response. The residual bond 

stress value does not change with the increasing slip in the post-peak region. The 

mathematical expression of the model is as follows: 
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𝜏𝑏(𝑠) =

{
 
 

 
  𝜏1 (

𝑠

𝑠1
)
𝛼

    𝑖𝑓 𝑠 < 𝑠1

 𝜏2      𝑖𝑓 𝑠1 ≤ 𝑠 ≤ 𝑠2

 𝜏2 −
𝑠 − 𝑠2
𝑠3 − 𝑠2

( 𝜏2 −  𝜏3)      𝑖𝑓 𝑠2 ≤ 𝑠 ≤ 𝑠3

 𝜏3        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 Eq. 6.41 

 𝑠1 = 𝑠2 = 𝑠3 =0.1 

α=0.5 

 𝜏1 =  𝜏2 =  𝜏3 = {
0.3√𝑓𝑐    𝑖𝑓 𝑏𝑜𝑛𝑑 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 "𝑔𝑜𝑜𝑑"

0.15√𝑓𝑐    𝑖𝑓 𝑏𝑜𝑛𝑑 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 "𝑏𝑎𝑑"
 

Eq. 6.42 

A representative curve for a good bond condition is illustrated in Fig. 6.11. 

 

Fig. 6.11. Bond-slip model for a plain round bar in CEB-FIP Model Code 2010 [22] 

6.3.2.4 Comparison of existing models for plain round bars 

Verderame et al. [121] and the good bond condition in CEB-FIP Model Code 

2010 [22] yield almost the same bond strength. A very smooth transition is valid in the Xu 

et al. [122] model. The computed maximum bond stress is also close to the poor bond 

condition described in the CEB-FIP Model Code 2010 [22]. As clearly seen in Fig. 6.12, 

the ultimate bond stress values lower than the concrete tensile strength (i.e., fct = 0.56√fc 

according to ACI 318M-11 [74]). Except for the microcracks in the cohesive surface, the 

surrounding concrete does not reach tensile strength. The findings reported here also 

support the idea that one of the main parameters characterizing the bond-slip response of 

plain round bars could be the bond condition. It can be influenced by chemical adhesion 

and friction between the surfaces.  
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Fig. 6.12. Comparison of bond models for plain round bar  

6.4 Experimental Program 

A major group of deficiencies resulting from the use of low strength concrete and 

plain round bars were aimed to comprise in the manufactured specimens. Brief information 

about the specimens was presented first, followed by the description of the test setup and 

procedure. Each step was investigated in-depth to find out the required labor work, 

viability, and application details.  

 Test Specimen Details 

The beam type RILEM bond specimens were designed and constructed according 

to the specification of EN 10080 [106], which was set on the basis of RILEM 

recommendations [107]. The specimens were manufactured and tested at the Educational 

and Research Center in Transport, University of Pardubice, Pardubice, Czech Republic. 

The experimental program consists of two testing groups (Fig. 6.13). The test samples in 

both groups were identical in terms of material properties and dimensions but differ in 

testing methodology. The first test group was exposed to the monotonic loading, while the 

second one was tested under reverse cyclic loading. Each group was then divided into two 

testing series. The first test series was constructed without transverse reinforcement. The 

bond behavior in plain concrete was, therefore, investigated. The second series contains 

test specimens with transverse reinforcement so that the effect of confinement provided by 

the shear reinforcement can be revealed.  
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Fig. 6.13. Summary of test specimens 

The tested specimens constructed from two concrete blocks were connected by a 

single longitudinal reinforcement from the bottom. In order to prevent concrete crushing in 

the top fibers, a hinge was placed in the compressive zone. The reinforcement bar was in 

contact with the concrete blocks at approximately mid-span with a distance of 10db in each 

block, where db is the bar diameter (Fig. 6.3a). Sleeves were placed before and after the 

contact area to disconnect the interaction between reinforcing steel and the surrounding 

concrete surface in the edges. As mentioned in the previous section, the failure criterion is 

the complete loss of adhesion in one half of the beam or failure of reinforcing steel. The 

longitudinal reinforcement bar diameter of 14 mm was selected on purpose so that the 

specimen undergoes bond failure when bent beyond its strength. The dimensions and 

reinforcement scheme of the specimen in accordance with EN 10080 [106] are depicted in 

Fig. 6.14a and b.  

Group

Group 1-Monotonic

Series 1-Unconfined

SM1-E1

SM1-E2

SM1-E3

SM1-E4

SM1-E5

Series 2-Confined

SM2-E1

SM2-E2

SM2-E3

SM2-E4

SM2-E5

Group 2-Cyclic

Series 1-Unconfined

SC1-E1

SC1-E2

SC1-E3

SC1-E4

SC1-E5

Series 2-Confined

SC2-E1

SC2-E2

SC2-E3

SC2-E4

SC2-E5
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(a) 

 

(b) 

Fig. 6.14. Specimen detail (a) unconfined specimen (b) confined specimen (all dimensions in mm) 

 Test Setup 

6.4.2.1 Monotonic Test Setup 

The experimental program consists of a four-point bending test on the beam type 

RILEM bond specimens. For this reason, the four-point bending test setup with a 

symmetrical configuration was designed. The specimens were tested under monotonic 

loading up to failure. The experimental setup was based on the design details described by 

EN 10080 [106]. The specimens were placed horizontally and then loaded vertically. The 

displacement was applied at mid-span by a hydraulic jack acting vertically through rigid 

steel plates. The hydraulic jack was placed to an adjustable steel frame that allows 

movement in both horizontal and vertical directions. The top-end of the actuator was fixed 
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to the steel frame by a steel plate while a cardan joint was attached to the jack from the 

bottom-end. The vertical load was applied to each half of the specimen by a loading roller 

(i.e., loading pin), which was connected to the cardan joint via a steel plate. Since the 

cardan joint is free to move in all directions, the specimen was always loaded in the 

vertical direction. Thus, the specimen was not laterally supported. The bottom-ends of the 

specimens were detailed with supporting rollers such that they became a zero-moment 

joint. The test setup detail is depicted in Fig. 6.15.  

  

 

Fig. 6.15. Detail of monotonic test setup  
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The surface of the concrete specimens was cleaned and smoothed; thus, concrete 

cracking due to uneven surface conditions, which may cause stress concentration, was 

prevented [123]. 

6.4.2.2 Cyclic Test Setup 

The support-clamping mechanism proposed by Soleymani et al. [124] was 

employed in this study for cyclic tests. The detail of the test setup and schematic 

representation is depicted in Fig. 6.16. 

  

 

Fig. 6.16. Detail of cyclic test setup  
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The ordinary arrangement of the supports in the monotonic test setup is a pin and 

roller configuration on each side of the specimen. The loading is provided by two loading 

rollers placed at an equal distance around the middle of the beam. Then, the specimen 

sitting on the supports is imposed to load lowered from the above without clamping. This 

does not bring any indeterminacy in a bent beam since the axial deformations are not 

restricted. On the other hand, such a test setup configuration results in an instability under 

reverse cyclic loading since it is not supported during unloading. Thus, the test setup in 

monotonic cyclic loading is not capable of performing tests under reverse cyclic loading. 

Therefore, the monotonic four-point bending test setup must be modified for the cyclic 

tests. Soleymani et al. [124] adapted a suitable support-clamping mechanism, which allows 

one to load and support the specimen under reverse cyclic loading in a stable manner (Fig. 

6.16). The supports and loading rollers were clamped by a mechanism that holds the 

specimen at these points. Two rollers at the bottom support the beam stably while the 

loading is provided by one roller and one pin configuration. 

 Loading Protocol and Instrumentation 

The intensive level of the seismic damage was simulated by the imposed quasi-

static cyclic displacement, which was carried out up to specified displacement levels. 

FEMA 461 [125] was the guiding document for the displacement protocol, which may be 

implemented for drift sensitive structural and nonstructural components. Two cycles were 

imposed in each loading amplitude (Fig. 6.17). It should be emphasized that the notified 

drift ratio represents the ratio of measured vertical displacement to the half of the beam 

length. The displacement lowered from above represents the positive loading direction 

(i.e., the reinforcement bar was under tension), while the negative loading direction is 

achieved when pulling the specimen.  

 

Fig. 6.17. Displacement history 
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A gradually increasing vertical displacement was applied up to bond failure under 

monotonic loading. The vertical displacement and load were measured at mid-span 

simultaneously with a strain gage-based linear variable differential transducer (LVDT) and 

compression load cell, respectively. Simultaneously, the slip of the reinforcing bar was 

recorded from the bar ends by laser displacement transducers (Fig. 6.18). The 

instrumentation was identical for the cyclic and monotonic test setup.  

 

  

Fig. 6.18. Instrumentations  

 

Load Cell 
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 Material Characterization Tests 

6.4.4.1 Destructive and Nondestructive Tests on Reinforcing Steel 

The samples for destructive and non-destructive tests were taken from the 

reinforcing bar of the RC specimen. Four tensile test samples, after they were machined to 

a dog-bone shape, were tested. The tensile tests were in accordance with ASTM E8/E8M-

13a [126]. The speed of the tests was selected as 0.5 mm/mm/min, which is in the given 

range of ASTM E8/E8M-13a [126]. The measured stress-strain diagram and idealized 

bilinear curve are illustrated in Fig. 6.19a and b.  

  

(a) (b) 

Fig. 6.19. (a) Stress-strain diagram (b) idealized bilinear curve 

Metallographic analysis of the tested steel was performed on pieces which have a 

4 mm thickness and were cut from the cross-section of bars. Pieces for metallography were 

prepared by standard metallographic techniques, such as molding, grinding, polishing, and 

etching (5% Nital). After revealing the microstructure of each sample, the hardness tests 

were performed on the same samples. The hardness test was conducted according to the 

Vickers Hardness test method [127]. The Vickers indenter has pyramidal geometry. This 

indenter was applied to the surface of 49 N (HV5) for 10 s. After the completion of 

loading, the HV number was determined by the ratio of F/Asur, where F is the force applied 

to the indenter and Asur is the surface area of the resulting indentation in square 

millimeters. 

Pavlina and Tyne [128] propose the following empirical formulas for the 

estimation of the yield and tensile strength. The mechanical properties were estimated by 

using Vickers hardness values. 
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 𝑓u= (
H

2.9
) (

n

0.217
)

n

 Eq. 6.43 

 fy= (
H

3
) (0.1)n Eq. 6.44 

Here, fu is the ultimate tensile strength, fy is the yield strength, H is the Vickers 

Hardness, and n is the strain hardening exponent which varies from 0.19 to 0.26 for 

structural low carbon steels [129]. In this particular case, n was chosen as 0.23.  

When the converted strength parameters obtained from hardness tests were 

closely compared with destructive testing, a good agreement, especially in the ultimate 

strength, was found. Those related to yield strength were underestimated, which makes the 

prediction of the results challenging (Table 6.1). Nevertheless, estimating the strength 

parameters with an acceptable error and without destroying the samples provides great 

benefits, such as the minimization of time, labor work, and cost.  

Table 6.1. Summary of tensile and hardness tests on S275 plain round bar 

Specimen 

Tensile Test Hardness 

 Strength Strain 

HV5 

(kgf/mm2) 

Converted 

Strength 

Es  

(MPa) 

fy 

(MPa) 

fu 

(MPa) 

εu 

(%) 

εo 

(%) 

fy 

(MPa) 

fu 

(MPa) 

S1 202934 350 466 40.9 19.2 142.4 274 488 

S2 200732 348 465 40.9 19.5 134.5 259 461 

S3 203791 347 467 40.6 20.5 139.3 268 478 

S4 199895 342 465 34.8 19.5 134.5 259 461 

Average 201838 347 466 39.3 19.7 137.7 265 472 

Standard  

Deviation 
1827 3.40 0.95 3.00 0.58 3.88 7.47 13.3 

Macro photos of fracture surfaces in all tested samples were also taken for both 

top and side views. All of the tested specimens displayed a ductile response which 

positively affected the fracture characteristics. The captured images of the representative 

cracked surface are depicted in Fig. 6.20a and b. The surface of the damaged sample had a 

moderate amount of necking and it was almost represented by cup and cone fracture 

characteristics. The plastic deformation was clearly apparent in the central region, which 

has an irregular and fibrous appearance. In the outer side of the fracture surface, shear lips 

with an angle of 45° can be seen in Fig. 6.20b. This angle represents the direction of 

maximum shear stress that causes shear lip in the final stage.  
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(a) (b) 

Fig. 6.20. Fracture surface (a) top view (legend 1 mm) (b) side view (legend 2 mm) 

The microstructures of each tested steels were captured as well. Fig. 6.21 depicts 

the representative microstructure of S275 steel at room temperature. As it can be visually 

seen in the corresponding figure, it consists of typical ferrite and pearlite microstructure.  

 

Fig. 6.21. Microstructure at room temperature  

6.4.4.2 Compressive Tests on Concrete Samples 

The beam type RILEM bond specimen was designed with a poor concrete quality, 

which approximates the average concrete compressive strength in substandard RC 

buildings. CEM-I 32.5R Portland cement with a specific gravity of 3150 kg/m3 was used. 

Also, fine aggregate with sizes ranging from 0 to 4 mm and coarse aggregate with sizes 

ranging from 4 to 16 mm was used. Specific gravities of the fine and coarse aggregates 

were 2720 kg/m3 and 2700 kg/m3, respectively. Beam specimens were produced with a 

relatively high water/cement ratio (w/c of 1). The concrete mixture details are given in 

Table 6.2.  
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Table 6.2. Concrete mixture  

   Aggregate  

Water/Cement Ratio 
Cement 

(kg/m3) 

Water 

(kg/m3) 

0-4 

(kg/m3) 

4-8 

(kg/m3) 

8-16 

(kg/m3) 

Sum 

(kg/m3) 

1.00 239 239 884 253 668 2284 

The compressive tests results (accorded with the EN 12390-3 [130]) on two 

samples on the day of the experiment are summarized in Table 6.3. As targeted, the 

resulting average compressive strength represents the existing structures constructed from 

low-quality concrete.  

Table 6.3. Summary of the concrete compressive test at testing day 

Group Series 

Specimen 

Name 

 Compressive Strength  

fc (MPa) Average of  

Sample 1 and 2 

(MPa) 

Mean 

(MPa) 

Standard 

Deviation 

(MPa) Sample 1 Sample 2 

Monotonic 

Unconfined 

SM1-E1 13.11 11.94 12.53 

14.73 2.64 

SM1-E2 14.18 13.69 13.93 

SM1-E3 12.58 11.80 12.19 

SM1-E4 18.19 15.89 17.06 

SM1-E5 18.27 16.72 17.50 

Confined 

SM2-E1 11.99 11.15 11.58 

12.84 2.82 

SM2-E2 13.59 16.13 14.86 

SM2-E3 10.12 8.48 9.09 

SM2-E4 12.83 11.96 12.40 

SM2-E5 16.12 16.46 16.28 

Cyclic 

Unconfined 

SC1-E1 14.73 16.90 15.82 

15.08 2.63 

SC1-E2 16.81 18.18 17.49 

SC1-E3 16.67 17.81 17.24 

SC1-E4 13.49 13.70 13.59 

SC1-E5 11.03 11.50 11.27 

Confined 

SC2-E1 17.61 18.22 17.92 

13.35 2.80 

SC2-E2 11.60 15.43 13.52 

SC2-E3 14.25 14.49 14.37 

SC2-E4 9.20 10.51 9.85 

SC2-E5 10.64 11.56 11.10 

     Summary 14.00 2.77 
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After testing the beam type RILEM bond specimens, six core samples were taken 

at specified locations where there was no significant damage. The core diameter should be 

at least three times the maximum aggregate diameter. Since the maximum aggregate size 

used in this study was 16 mm, cores with a diameter of 50 mm satisfy these requirements. 

Therefore, the drilling bit diameter of 50 mm was selected. The extraction speed was 

assumed to be about 4 cm/min. The guiding document for taking, examining, and testing 

the cores is EN 12504-1 [131]. The corresponding standard describes the effect of 

aggregate size and core diameter on the strength. With a larger core diameter and 

aggregate size, the strength can change considerably [131]. On the other hand, the strength 

correction factors for the length-diameter ratio, core diameter, core moisture content, and 

damage due to drilling are defined in ACI 214.4R-03 [132]. The equivalent in-situ strength 

of that computed, considering secondary effects during drilling, can be simply interpreted 

as per ACI 214.4R-03 [132] (Eq. 6.45-Eq. 6.49).  

 𝑓𝑐𝑜𝑟𝑒=𝐹𝑙/𝑎 × 𝐹𝑑𝑖𝑎 × 𝐹𝑚𝑐 × 𝐹𝑑 × 𝐹𝑐𝑜𝑟𝑒, Eq. 6.45 

where Fl/a is length-diameter ratio defined as follows: 

 

𝐹𝑙/𝑎 =

{
 
 

 
 1 − (0.130 − 𝛼𝑎𝑐 × 𝑓𝑐𝑜𝑟𝑒)(2 −

𝑙
𝑑⁄ )

2

   𝑎𝑠 𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑑

1 − (0.117 − 𝛼𝑎𝑐 × 𝑓𝑐𝑜𝑟𝑒)(2 −
𝑙
𝑑⁄ )

2

   𝑠𝑜𝑎𝑘𝑒𝑑 48 ℎ

1 − (0.144 − 𝛼𝑎𝑐 × 𝑓𝑐𝑜𝑟𝑒)(2 −
𝑙
𝑑⁄ )

2

   𝑎𝑖𝑟 𝑑𝑟𝑖𝑒𝑑

 Eq. 6.46 

where αac is 4.3x10-4x1/MPa.  

The diameter factor is defined as follows: 

 
𝐹𝑑𝑖𝑎 = {

50 𝑚𝑚  1.06
100 𝑚𝑚  1.00
150 𝑚𝑚  0.98

 Eq. 6.47 

The core moisture content factor is suggested as follows: 

 
𝐹𝑚𝑐 = {

1.00   𝑎𝑠 𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑑
1.09   𝑠𝑜𝑎𝑘𝑒𝑑 48 ℎ
0.96   𝑎𝑖𝑟 𝑑𝑟𝑖𝑒𝑑

 Eq. 6.48 

The last parameter is damage factor due to drilling which is determined as 

follows: 
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 𝐹𝑑 = 1.06 Eq. 6.49 

The cores could be taken only from the specimen with no shear reinforcement 

since the existence of the transverse reinforcement limits the coring procedure. The 

location of the cores and drilling procedure can be seen in Fig. 6.22. 

 

 

 

Fig. 6.22. Core sampling procedure 

The summary of the test results is presented in Table 6.4. Note that those were the 

equivalent cylindrical strength results to those computed according to Eq. 6.45-Eq. 6.49. 

The compressive strength of the cylinders was in good correlation with equivalent core 

strength values. The overall average compressive strength of the cylinders was 14.00 MPa 

(see Table 6.3) while the mean converted core strengths at different positions were around 

14.48-16.99 MPa.  
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Table 6.4. Summary of equivalent core compressive strength  

Group Series 

Specimen 

Name 

Core Strength (MPa) 

Right Portion Left Portion 

Exterior Middle Interior Exterior Middle Interior 

Monotonic Unconfined 

SM1-E1 9.56 10.46 12.94 10.54 11.99 13.77 

SM1-E2 17.24 19.42 16.32 14.34 15.97 14.90 

SM1-E3 12.43 15.02 13.54 15.20 14.86 15.35 

SM1-E4 16.94 16.61 17.15 17.93 17.38 16.39 

SM1-E5 17.19 14.44 12.41 17.07 19.15 13.70 

Cyclic Unconfined 

SC1-E1 16.44 16.72 14.49 16.16 20.19 14.47 

SC1-E2 20.70 14.92 15.71 19.95 18.58 17.81 

SC1-E3 16.33 17.26 16.76 16.95 18.25 18.71 

SC1-E4 12.62 17.50 13.06 19.55 17.44 14.90 

SC1-E5 11.74 12.30 12.43 16.07 16.08 16.39 

Summary 

Mean 15.12 15.47 14.48 16.38 16.99 15.64 

Standard 

Deviation 
3.37 2.64 1.86 2.70 2.38 1.67 

6.4.4.3 Unevenness in Core Results  

Table 6.4 shows an uneven distribution of the concrete compressive strength over 

the specimen. The compressive strength of concrete at the same locations (i.e., exterior, 

middle, and interior) varied as well. This effect was handled by a random fields approach. 

For this purpose, the uncertainties in the distribution of the compressive strength over the 

specimen were described as random variables. In the probabilistic models, the concrete 

compressive strength was not distributed uniformly, but was established as weaker and 

stronger regions over the specimen. In other words, the concrete compressive strength 

changed with the geometric coordinates. This, of course, caused variability over the 

specimen. Thus, the scatter over the specimen was reflected by the random fields approach. 

Independent of correlation length, the estimated mean value of compressive strength 

should be close to the target value [133]; it is the mean compressive strength (see Table 

6.3). The number of simulations also optimize the estimated mean value. The error 

decreases remarkably with an increasing number of simulations and stabilizes after a 

certain number. In this study, a different number of simulations was selected (in the range 

of 10 to 1000) and 500 simulations were found as the optimum number.  

The deterministic model was generated from the mean value of the compressive 

strength (see Table 6.3). After randomization, the distribution of concrete compressive 

strengths at specified coring places was obtained (Fig. 6.23). The stochastic approach 
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provided the basic statistics of the compressive strength at coring places. Some of the core 

results were within the range of μ±σr (i.e., prominent range), where σr is the standard 

deviation. Except for some outliers, most of them fell within the 3σr range. The established 

stronger and weaker regions for the concrete compressive strength are provided in 

APPENDIX II for 12 of 500 analysis. These samples were chosen for their almost unique 

distribution among the 500 generated samples, providing a representative picture of the 

spatial variability over specific regions. 
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Fig. 6.23. Random distribution of concrete compressive strength over the specimen (a) exterior (b) middle 

(c) interior 

6.5 Results and Discussion 

 Bond-Slip Relation for Monotonic Loading 

6.5.1.1 Proposed Bond Model for Unconfined Concrete 

The methodology to obtain bond stress was described in Section 6.2.2. The bond 

stress was computed as the ratio between axial force in the reinforcing bar and surface area 

(Eq. 6.4-Eq. 6.8). The bond stress for each increment of the vertical displacement was then 

computed with the sampling frequency of 10 Hz. Five identical specimens were tested 

under the same conditions and then the bond strength for each specimen was evaluated. 

These were introduced in terms of the bond stress-slip graph (Fig. 6.24a). As mentioned in 

Section 6.1, the bond stress was normalized to fc
1/4. 
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The tests were made on five likely specimens. The proposed equations for the 

bond-slip response was evaluated from the experimental data. For this reason, the average 

of the experiments was found first. The final shape of the mean experimental curve can be 

seen in Fig. 6.24a while the experimental results are summarized in Table 6.5. The 

analytical relationship was proposed by fitting a curve (i.e., the method of least squares) to 

the mean experimental data. The proposed equation contains three segments, which 

include the nonlinear ascending and descending portions, and residual part. The first 

segment of the curve with nonlinear ascending behavior was very similar to the model 

proposed by Eligehausen et al. [105]. After reaching the ultimate bond strength, the 

descending part was characterized by a parabolic curve. The residual bond stress after a 

specific slip value was also assumed in the model (Eq. 6.50-Eq. 6.54). A representative 

curve of the proposed model for unconfined concrete is depicted in Fig. 6.24b.  

 
𝜏𝑢(𝑠) =

{
 

  𝜏𝑢1 (
𝑠

𝑠𝑢1
)
𝛼

    𝑖𝑓 𝑠 < 𝑠𝑢1

0.015𝑠2 − 0.15𝑠 + 0.71  𝑖𝑓 𝑠𝑢1 ≤ 𝑠 ≤ 𝑠𝑢2
 𝜏𝑢2        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 Eq. 6.50 

where the variables in the formula defined as follows: 

  𝜏𝑢1 = 0.63𝑓𝑐
1/4

 Eq. 6.51 

  𝜏𝑢2 = 0.53 × 𝜏𝑢1 Eq. 6.52 

 𝛼 = 0.15 Eq. 6.53 

 
 𝑠𝑢1 = √

𝑓𝑐
40
  𝑠𝑢2 = 5.0 Eq. 6.54 

Here, τu1 and τu2 are the maximum and residual bond strength values. su1 and su2 

are the slip values at the ultimate and residual bond strength, respectively. α is a shape 

factor. 
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(a) (b) 

Fig. 6.24. (a) Proposed bond-slip model for unconfined concrete under monotonic loading (b) schematic 

representation 

Table 6.5. Summary of the experimental results for unconfined specimens 

-Group- 

Series 

Specimen 

Name 

Bond Parameters 

Bond Stress  

(normalized to fc
1/4) 

Slip 

(mm) 

Bond 

Strength 

(τu1) 

Mean 

(μ) 

Standard 

Deviation 

(σr) 

Slip at Maximum 

Bond Strength 

(su1) 

Mean 

(μ) 

Standard 

Deviation 

(σr) 

-Monotonic- 

Unconfined 

SM1-E1 0.48 

0.63 0.11 

0.39 

0.59 0.12 

SM1-E2 0.77 0.72 

SM1-E3 0.60 0.59 

SM1-E4 0.63 0.61 

SM1-E5 0.71 0.63 

The proposed bond-slip model was compared with the available analytical 

relationships (Fig. 6.25). Unlike the available models, which are usually characterized by 

discrete curves, the proposed model has a very smooth transition. The nonlinear bond-slip 

behavior in the experimental response was closely represented by linear curves in the 

Verderame et al. [121] model. Moreover, Verderame et al. [121] and the good bond 

condition in the CEB-FIP Model Code 2010 [22] closely estimate the ultimate bond 

strength value τu1. The main difference appeared in the post-peak response. The bond 

degradation at the post-peak response was not accounted for in the CEB-FIP Model Code 

2010 [22]. The bond-slip model proposed by Verderame et al. [121] assumes a two-

segment curve with linear descending and residual parts. However, the gap was rather wide 

which results in a lower estimation of the bond stress at the post-peak response. The Xu et 

al. [122] model and the poor bond condition described in the CEB-FIP Model Code 2010 

[22] estimated lower ultimate bond strengths. A constant relationship between the slip su1, 
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corresponding the ultimate bond strength τu1, and concrete compressive strength fc was 

found in the experimental results. The slip corresponding to the ultimate bond strength 

was, therefore, evaluated in terms of concrete compressive strength (Eq. 6.54). The CEB-

FIP Model Code 2010 [22] assumes su1 is independent of the compressive strength. The 

slip of that proposed by Verderame et al. [121] also underestimated the proposed su1. 

Overall, the slip value corresponding to ultimate bond strength was higher than the 

available models’ proposals.  

 

Fig. 6.25. Comparison of proposed bond-slip relation for unconfined concrete with available models (drawn 

for fc=14.73 see Table 6.3) 

6.5.1.2 Proposed Bond Model for Confined Concrete 

The employed principle in evaluating the bond stress-slip relationship for the 

confined concrete was the same as the previous case. The three-segment curve, which was 

evaluated by data analysis (i.e., curve fitting to an average of experimental data), was also 

proposed for the confined model. The overall shape of the curve was similar to that in the 

unconfined case (Fig. 6.26a and b). On the other hand, the parameters of the proposed 

bond-slip relationship differed remarkably (Eq. 6.55). The main difference appeared in the 

ultimate bond strength τc1 and its corresponding slip value sc1; they were higher than those 

of the unconfined concrete. The residual bond stress τc2 and its corresponding slip value sc2 

were also higher in the model for confined concrete. The experimental results are 

summarized in Table 6.6. 

 
𝜏𝑐(𝑠) =

{
 

 𝛽𝑐 × [ 𝜏𝑐1 (
𝑠

𝑠𝑐1
)
𝛼

]     𝑖𝑓 𝑠 < 𝑠𝑐1

𝛽𝑐 × [0.01𝑠
2 − 0.11𝑠 + 0.782]  𝑖𝑓 𝑠𝑐1 ≤ 𝑠 ≤ 𝑠𝑐2

𝛽𝑐 × 𝜏𝑐2        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 Eq. 6.55 

where the variables in the formula defined as follows: 
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  𝜏𝑐1 = 0.69𝑓𝑐
1/4

 Eq. 6.56 

  𝜏𝑐2 = 0.70 × 𝜏𝑐1 Eq. 6.57 

 𝛼 = 0.20 Eq. 6.58 

 
 𝑠𝑐1 = √

𝑓𝑐
12
   𝑠𝑐2 = 6.0  

Eq. 6.59 

 
𝛽𝑐 = 0.855𝑒

𝑓𝑒

𝑓𝑐

2
3

⁄

 for  𝑓𝑒 ≥ 0.05 
Eq. 6.60 

Here, τc1 and τc2 are the maximum and residual bond strength values. sc1 and sc2 

are the slip values at the ultimate and residual bond strength, respectively. α is defined as a 

shape factor.  

Unlike the bond model proposed for unconfined concrete, two more variables 

were included in the confined bond-slip relation; those were fe and βc, indicating 

confinement pressure provided by transverse reinforcement and confinement factor, 

respectively. The curve can be adapted for the given confinement pressure provided by the 

transverse reinforcement. The higher confinement pressure increases the bond stress 

values. On the other hand, the slip values corresponding to ultimate and residual bond 

stresses are assumed to be the same for different confinement pressures. It is also assumed 

that the confinement pressure from the transverse reinforcement is distributed evenly over 

the concrete core. Several models are available for computing the confinement pressure in 

the literature. In this study, the effective lateral confining pressure was computed according 

to Mander et al. [134].  
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(a) (b) 

Fig. 6.26. (a) Proposed bond-slip model for confined concrete under monotonic loading (b) schematic 

representation 

Table 6.6. Summary of the experimental results for confined specimens 

-Group- 

Series 

Specimen 

Name 

Bond Parameters 

Bond Stress  

(normalized to fc
1/4) 

Slip 

(mm) 

Bond 

Strength 

(τc1) 

Mean 

(μ) 

Standard 

Deviation 

(σr) 

Slip at Maximum 

Bond Strength 

(sc1) 

Mean 

(μ) 

Standard 

Deviation 

(σr) 

-Monotonic- 

Confined 

SM2-E1 0.73 

0.71 0.09 

0.59 

0.65 0.10 

SM2-E2 0.77 0.77 

SM2-E3 0.69 0.66 

SM2-E4 0.79 0.73 

SM2-E5 0.58 0.52 

The available theoretical considerations estimated the ultimate strength lower than 

the current test results (Fig. 6.27). The effect of confinement on the concrete stress-strain 

relationship has already been discussed. It remarkably increased the concrete compressive 

strength and, thereby, positively affected the other mechanical properties (e.g., tensile 

strength). The bond failure in plain round bars usually comes out of the complete loss of 

adhesion between reinforcing steel and surrounding concrete before reaching the tensile 

strength of the concrete. On the other hand, the initiation of intensive microcracks in the 

contact area is inevitable. Contribution of the confinement on the concrete mechanical 

properties delayed, but not fully prevented microcrack initiation. This may partially 

explain the higher ultimate bond strength in the confined concrete. Even though the 

exhibited performance in the post-peak response was less steep, the difference between 

ultimate and residual bond stresses was recognizable. Similar to the bond-slip model 

proposed for the unconfined concrete, the slip corresponding to ultimate bond strength was 
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associated with the concrete compressive strength, which is the main difference from the 

other available models. The beginning of the descending branch was far from the other 

models as well.  

 

Fig. 6.27. Comparison of proposed bond-slip relation for confined concrete with available models (drawn 

for fc=12.84 see Table 6.3) 

 Bond-Slip Relation for Cyclic Loading 

6.5.2.1 Proposed Bond Model for Unconfined Concrete 

Similar to the methodology described in the previous section, the bond-slip 

relationship under cyclic loading was evaluated from experimental data. The bond stress 

was computed as the ratio between the axial force in the reinforcing bar and surface area 

(Eq. 6.4-Eq. 6.8). The specimens exhibited poor bond performance under reverse cyclic 

loading. They could not attain their resistance after reaching the ultimate bond strength. 

The imposed cyclic action resulted in a sudden bond deterioration up to a certain level of 

its strength (Fig. 6.28). Then, the bond stress was almost constant, which is henceforth 

referred to as the residual bond strength. The ultimate slip values reached in the positive 

loading direction were smaller than in the negative loading direction. Note that the 

displacement history started when the hydraulic jack lowered from above (i.e., positive 

loading direction), which creates tensile force in the reinforcing bar. Thus, the specimen 

has already undergone deformation or softened before unloading, which reduces the 

cohesion between reinforcing bar and surrounding concrete. However, the ultimate bond 

strength was higher in the negative loading direction than in the positive loading direction. 

As mentioned above, the reinforcement was in tension during positive cyclic excitations. 

During negative loading, the reinforcement bar was loaded by compression force. The 

additional resistance provided by the reinforcement under compression revealed itself 
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during the initial loading stages. However, in the subsequent displacement levels, the bond 

strength in the negative loading direction was usually lower than the positive direction. The 

possible explanation could be a violation of the interaction, thereby, causing a partial loss 

of the contact by the increasing vertical displacement.  

When the load started to be exerted in the reverse direction, the slip value did not 

change considerably. On the other hand, the bond stress changes its sign (Fig. 6.28). 

Namely, in the first steps of unloading, the slip value was almost constant while the bond 

strength changed its sign (i.e., null relative bond). Then, with the increasing slip, bond 

stress remained almost constant until the reinforcement bar reaches its initial position (i.e., 

null relative slip). It is henceforth referred to as a semi-circle phenomenon.  

   

   

Fig. 6.28. Hysteric bond stress-slip response of unconfined specimens 

The summary of the unconfined bond-slip test specimens under cyclic loading is 

presented in Table 6.7.  

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7

N
o

rm
al

iz
ed

 
B

o
nd

 S
tr

es
s 

(τ
u
/f

c1
/4

)

Slip (mm)

SC1-E1

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7

N
o

rm
al

iz
ed

 
B

o
nd

 S
tr

es
s 

(τ
u
/f

c1
/4

)

Slip (mm)

SC1-E4

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7

N
o

rm
al

iz
ed

 
B

o
nd

 S
tr

es
s 

(τ
u
/f

c1
/4

)

Slip (mm)

SC1-E5

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7

N
o
rm

al
iz

ed
 

B
o
nd

 S
tr

es
s 

(τ
u/

f c
1

/4
)

Slip (mm)

SC1-E1

SC1-E2

SC1-E3

SC1-E4

SC1-E5

Average



156 6.5 Results and Discussion  
 

Table 6.7. Summary of the experimental results for unconfined specimens 

-Group- 

Series Specimen Name 

Loading 

Direction 

Bond Parameters 

Bond Strength  

(normalized to fc
1/4) 

Slip at Ultimate Bond Strength 

(mm) 

-Cyclic- 

Unconfined 

SC1-E1 
+ 0.51 0.24 

- 0.39 0.39 

SC1-E2 
+ 0.74 0.26 

- 0.93 0.28 

SC1-E3 
+ 0.72 0.56 

- 0.77 0.42 

SC1-E4 
+ 0.49 0.19 

- 0.55 0.44 

SC1-E5 
+ 0.45 0.21 

- 0.53 0.40 

Summary 

Mean μ 
+ 0.58 0.29 

- 0.63 0.39 

Standard 

Deviation σr 

+ 0.14 0.15 

- 0.21 0.06 

The bond-slip relationship of the unconfined test specimens under cyclic loading 

was evaluated from the positive envelope curves of experimental data using a similar 

methodology described in 6.5.1. The effect of the cyclic excitation was represented by the 

envelopes of each loop. The proposed equation contains three-segments, which include 

nonlinear ascending and descending portions, and a residual part. The hysteric bond-slip 

relationship phenomenon was mathematically considered by the semi-circles in the 

residual part as per other available models [13,105,121]. After a significant bond 

degradation, the bond stress was almost constant (i.e., residual bond strength) (Fig. 6.28). 

Therefore, the first critical-inversion slip for semi-circle behavior was idealized to the slip 

value corresponding to the start of the residual bond strength. The slip at residual bond 

strength (e.g., 2.5 mm) was found from the envelope curve. The model assumed no further 

bond degradation after reaching the residual bond strength. The proposed bond model and 

its schematic diagram are depicted in Fig. 6.29a and b. The mathematical expression of the 

envelope curve is given in Eq. 6.61. This model also incorporates the Memory Bond 

Material in ATENA [13]. The theoretical relationship in the software considers positive 

and negative semi-circles during cyclic excitation. The Memory Bond Material assumes 

two different responses for loading and unloading regime. During the loading regime, the 

software follows the defined bond-slip curve. When bond stress changes its sign (i.e., 
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unloading regime), the model exhibits a semi-circular response for the defined threshold 

value (Fig. 6.29b).  

 
𝜏𝑢(𝑠) =

{
 

  𝜏𝑢1 (
𝑠

𝑠𝑢1
)
𝛼

    𝑖𝑓 𝑠 < 𝑠𝑢1

0.027𝑠2 − 0.23𝑠 + 0.65  𝑖𝑓 𝑠𝑢1 ≤ 𝑠 ≤ 𝑠𝑢2
 𝜏𝑢2        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 Eq. 6.61 

where the variables in the formula defined as follows: 

  𝜏𝑢1 = 0.56𝑓𝑐
1/4

 Eq. 6.62 

  𝜏𝑢2 = 0.43 × 𝜏𝑢𝑐1 Eq. 6.63 

 𝛼 = 0.42 Eq. 6.64 

 
 𝑠𝑢1 = √

𝑓𝑐
80
  𝑠𝑢2 = 2.5  

Eq. 6.65 

Here, τu1 and τu2 are the maximum and residual bond strength values. su1 and su2 

are the slip values at the ultimate and residual bond strength, respectively. α is a shape 

factor. 

 
 

(a) (b) 

Fig. 6.29. (a) Proposed bond-slip model for unconfined concrete under cyclic loading (b) schematic 

representation 

6.5.2.2 Proposed Bond Model for Confined Concrete 

The confined specimens under cyclic loading displayed a poor bond performance. 

The bond strength degraded suddenly and then it remained constant (i.e., residual part). 

When the load was exerted in the reverse direction, the slip value did not change 
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considerably. On the other hand, the bond stress changed its sign. The semi-circle 

phenomenon was again established under the cyclic action (Fig. 6.30).  

   

   

Fig. 6.30. Hysteric bond stress-slip response of confined specimens 

The test results summary is also provided in Table 6.8.  

Table 6.8. Summary of the experimental results for confined specimens 

-Group- 

Series Specimen Name 

Loading 

Direction 

Bond Parameters 

Bond Strength 

(normalized to fc
1/4) 

Slip at Ultimate Bond Strength 

(scc1) 

-Cyclic- 

Confined 

SC2-E1 
+ 0.64 0.10 

- 0.68 0.14 

SC2-E2 
+ 1.04 0.63 

- 1.02 0.24 

SC2-E3 
+ 0.70 0.14 

- 0.82 0.44 

SC2-E4 
+ 0.41 0.70 

- 0.58 0.58 

SC2-E5 
+ 0.34 0.63 

- 0.29 0.81 

Summary 

Mean μ 
+ 0.63 0.44 

- 0.68 0.44 

Standard 

Deviation σr 

+ 0.28 0.29 

- 0.27 0.27 
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Similar to the bond model of unconfined concrete under cyclic loading, the 

proposed model was evaluated by least squares regression. The proposed relationship was, 

yet again, obtained only for the positive loading direction. The hysteric bond-slip behavior 

was considered by the semi-circles’ phenomenon in the proposed bond-slip relationship, 

which can be implemented by Memory Bond Material in ATENA [13]. It is assumed that 

the first critical-inversion slip occurred at 3.0 mm (Fig. 6.31). This value corresponds to 

the start of the residual bond stress value. The equation of a three-segment curve was 

provided in Eq. 6.66. Similar to the bond-slip model of unconfined concrete, the different 

lateral confinement pressure was accounted for by the additional parameter βc, which is the 

confinement factor. βc is independent of the loading scheme and of monotonic and cyclic 

loading. 

 
𝜏𝑐(𝑠) =

{
 

 𝛽𝑐 ×  𝜏𝑐1 (
𝑠

𝑠𝑐1
)
𝛼

    𝑖𝑓 𝑠 < 𝑠𝑐1

𝛽𝑐 × [0.046𝑠
2 − 0.29𝑠 + 0.77]  𝑖𝑓 𝑠𝑐1 ≤ 𝑠 ≤ 𝑠𝑐2

 𝛽𝑐 × 𝜏𝑐2        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 Eq. 6.66 

where the variables in the formula defined as follows: 

  𝜏𝑐1 = 0.60𝑓𝑐
1/4

 Eq. 6.67 

  𝜏𝑐2 = 0.5 × 𝜏𝑐1 Eq. 6.68 

 𝛼 = 0.22 Eq. 6.69 

 
 𝑠𝑐1 = √

𝑓𝑐
30
  𝑠𝑐2 = 3.0  

Eq. 6.70 

 
𝛽𝑐 = 0.855𝑒

𝑓𝑒

𝑓𝑐

2
3

⁄

 𝑓𝑜𝑟  𝑓𝑒 ≥ 0.05 
Eq. 6.71 

Here, τc1 and τc2 are the maximum and residual bond strength values. sc1 and sc2 

are the slip values at the ultimate and residual bond strength, respectively. α is a shape 

factor. fe and βc indicating confinement pressure provided by transverse reinforcement and 

confinement factor, respectively. 
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(a) (b) 

Fig. 6.31. (a) Proposed bond-slip model for confined concrete under cyclic loading (b) schematic 

representation 

 Effect of Confinement on Bond-Slip Response 

The complete loss of adhesion between the plain round bar and surrounding 

concrete occurred before reaching the tensile strength of the concrete. The microcracks 

took place in the contact area, which significantly violates the cohesion. Due to lateral 

confinement provided by the transverse reinforcement, which enhanced the concrete 

mechanical properties, the microcrack initiation was delayed or somehow minimized, 

which contributes cohesion in between the reinforcing steel and surrounding concrete. 

Therefore, a higher ultimate bond strength was computed for the confined concrete (Fig. 

6.32a and b). The lateral confinement provided by the transverse reinforcement also 

changed the post-peak response. The nonlinear descending part of the bond-slip model for 

the confined concrete diminishes less steeply than the unconfined concrete. The slip 

corresponding to the bond stresses at transition zones differed as well. The residual bond 

strength formed at higher values for the confined case.  

-1.2

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7

N
o

rm
al

iz
ed

 
B

o
nd

 S
tr

es
s 

(τ
c
/f

c1
/4

)

Slip (mm)

SC2-E1

SC2-E2

SC2-E3

SC2-E4

SC2-E5

Average

Proposed

3.0 mm
 irst cyclen 

t h cycle

B
o
n
d
 S

tr
e
s
s
  
M

P
a
 

Slip  mm 



Chapter 6 - Case III: Bond Test 161  
 

  
(a) (b) 

Fig. 6.32. Comparison of bond-slip models in confined and unconfined cases (a) monotonic loading 

(b) cyclic loading 

 Effect of Loading Scheme 

The influence of the loading scheme on the response of the RC structures is 

essential as the deformation capacity of them differs under cyclic and monotonic loading. 

This partially violates the interaction between reinforcing steel and the surrounding 

concrete, which adversely affects the structural integrity. The effect of the cyclic excitation 

was mostly represented by the envelopes of each loop [105,135,136]. Thus, the envelopes 

of the hysteresis curves were compared with the monotonic curve. The monotonic and 

cyclic curves followed almost the same path in the initial loading stages while the gap 

widened remarkably at peak response. The significant bond degradation due to the nature 

of cyclic loading was more pronounced, especially in the post-peak region (Fig. 6.33a and 

b). The failure came out earlier under cyclic loading. Overall, the strength deterioration 

was more distinct in the cyclic loading in the peak and post-peak response.  
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(a) (b) 

Fig. 6.33. Effect of loading scheme (a) unconfined concrete (b) confined concrete 

6.6 Deterministic Numerical Model 

 Model Description 

In order to simulate the actual response of the tested specimens in 3D, the 

modeling approach, the constitutive law of the materials, and the parameters suitable for 

application to substandard beam-type bond specimens were selected. The geometry of RC 

members was defined by means of the hexahedral element (CCIsoBrick). The longitudinal 

reinforcing bar was defined as truss elements in a bilinear elastoplastic model considering 

the hardening behavior. The FE model was created by assembling seven parts, which 

include the right and left portions of the beam with fracture/plastic material properties and 

loading/support plates and hinge with elastic material properties. A full contact between 

these 3D geometries was defined. The boundary condition was identical with experiments. 

Generating an optimum FE model is essential to optimize the numerical solution because it 

is fairly sensitive to convergence, computational time, and accuracy. After a mesh 

sensitivity analysis, a square mesh with a size of 10 mm was employed in the places where 

there was no bond contact. On the other hand, the size of the elements was decreased to 5 

mm in the contact area. The standard Newton-Rapson method was used for solving the 

numerical problem. 40 iterations were performed in each loading step. To capture the 

response well, the error tolerances were selected as 0.015 for displacement, residual, 

absolute residual, and energy error tolerances. Those are higher than the default values 

defined in the software.  
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 FE Model for Monotonic Loading Scheme 

6.6.2.1 Unconfined Specimens 

The nonlinear behavior of beam-type bond-slip specimens is usually characterized 

by premature failure, which is challenging to predict. Refined numerical models, which are 

now available in user-friendly computer tools, can reproduce this response accurately. The 

beam type bond-slip specimen was numerically modeled using the deterministic values of 

the material parameters. The models were not calibrated but validated. The numerical 

models with proposed bond-slip and available theoretical relations were analyzed with 

software. The outcomes of the ATENA model in terms of vertical load vs. vertical 

displacement are depicted in Fig. 6.34b while the experimental results are depicted in Fig. 

6.34a.  

The initial stiffness in the deterministic model with the proposed bond-slip 

relation was steeper than the experimental result, which increases the capacity in preceding 

displacements. This inconsistency could be attributed to eventual gaps in the test setup and 

local deformations in the places where large bearing stresses occur. Therefore, a more 

oblique curve is established due to such adverse effects. The basic assumptions in the 

material models and geometry and adopted modeling strategy could not eliminate the error 

in the initial stiffness. The gap between the experimental and numerical results narrowed 

after a certain displacement, and the numerical model satisfactorily captured the load-

carrying capacity (with an approximate error of 15%). Moreover, the response in the 

softening branch was accurately characterized by the numerical model. The FE solution 

was also capable of reproducing the response even at large displacement demands, which 

is in many cases quite challenging due to excessive slip in the member, resulting in 

divergence issues.  

The good bond condition in the CEB-FIP Model Code 2010 [22] closely 

estimated the ultimate strength, while the initial stiffness was not accurately reproduced 

(Fig. 6.34b). The strength gradually deteriorated with the increasing displacement, even 

though the CEB-FIP Model Code 2010 [22] assumes a constant curve after reaching the 

ultimate bond strength (Fig. 6.11). This is due to numerical instabilities during the solution. 

Verderame et al. [121] accurately reproduced the response of the specimen in terms of 

ultimate capacity. The softening branch and almost constant load plateau were 

characterized accurately, but not as close as proposed bond-slip model. The poor bond 
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condition in the CEB-FIP Model Code 2010 [22] and the model proposed by Xu et al. 

[122] unsatisfactorily estimated the overall response (Fig. 6.34b). As seen in Fig. 6.25, the 

ultimate bond strength in these models was lower than the experimentally found value. 

Thus, it is expected that the numerical solution with these models cannot reach the ultimate 

capacity measured during the experiment.  

 
 

(a) (b) 

Fig. 6.34. Load-displacement curves-unconfined specimens (a) experimental results (b) numerical solution  

The bond failure dominated the overall response before yielding any significant 

damage in the concrete or longitudinal reinforcements (Fig. 6.35a and b). The bond failure 

was not accompanied by any wide flexural or shear cracks. Thus, the main source of the 

cracking response, which is the aggregate interlock mechanism, was not influenced by the 

cracks. Consequently, the failure resulted from a complete loss of cohesion between the 

reinforcement and surrounding concrete on one side of the specimen (Fig. 6.35c).  
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(a) (b) 

 

 

Bond distribution stress at peak 

 

Bond stress distribution at the end of the analysis 

(c) 

Fig. 6.35. Unconfined bond-slip specimen (a) before loading (b) damage state at failure (c) numerical 

solution 

6.6.2.2 Confined Specimens 

The numeric model of the proposed bond-slip relation captured the experimental 

performance of the confined specimens accurately. The bond failure dominated the overall 

response, which results in a limited peak strength. Similar to the unconfined specimens, the 

initial stiffness was overestimated by the numerical model. An almost linear response 

started to deteriorate around a vertical displacement of 2.5 mm. The peak and post-peak 

responses were accurately reproduced by the FE model of the proposed bond-slip relation 

because the software was capable of accounting for the significant slip of the smooth 

longitudinal reinforcement (Fig. 6.36a and b). The material model Reinforced Concrete 

accounts for the confinement provided by the transverse reinforcement as a smeared 

manner. Another approach could be the modeling of transverse reinforcement explicitly. 

Both approaches were employed in this study, and no big difference was found between 

the FE model with the confined concrete model (graph with label-FEM Confined Proposed 

in Fig. 6.36b) and the numerical solution with explicitly modeled stirrups (graph with 

label-FEM Stirrups in Fig. 6.36b). Modeling stirrups could underestimate the capacity if 

                                            

  
 
 

     

                                            

  
 
 

     



166 6.6 Deterministic Numerical Model  
 

the cracks took place between the stirrups while the model with confined concrete material 

exerts a uniform confinement pressure over the sample [137]. On the other hand, the bond-

slip specimens did not suffer from the severe cracks, which results in an almost equal 

capacity between these two models. 

The FE solution with the bond model of Verderame et al. [121] estimated peak 

strength with less accuracy. The strength degraded distinctly in the numerical analysis, 

while a gradual change was monitored in the experimental response. The gap became 

wider in subsequent displacement levels. The good bond condition in the CEB-FIP Model 

Code 2010 [22] simulated the actual response unsatisfactorily as well. As mentioned 

above, it assumes a constant plateau (i.e., no strength degradation) after reaching the 

ultimate bond strength. On the other hand, a gradual decrement was established in the load-

displacement curve, which may be due to numerical instability and divergence issues. 

Similar to the unconfined specimens, the accuracy in the prediction of the overall response 

was very low for the poor bond condition in the CEB-FIP Model Code 2010 [22] and 

model proposed by Xu et al. [122]. These responses can be associated with the bond-slip 

relationship, which considers a poor bond condition.  

  

(a) (b) 

Fig. 6.36. Load-displacement curves-confined specimens (a) experimental results (b) numerical solution 

No significant shear or flexural cracks appeared during the experiment (Fig. 6.37a 

and b). The peak strength of the specimen was characterized by the slip of the 

reinforcement, which, in the order of millimeters, was accurately characterized by the 

numerical solution (Fig. 6.37c).  
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(a) (b) 

 

 

Bond stress distribution at peak 

 

Bond stress distribution at the end of the analysis 

(c) 

Fig. 6.37. Confined bond-slip specimen (a) before loading (b) damage state at failure (c) numerical solution 

 FE Model for Cyclic Loading Scheme 

6.6.3.1 Unconfined Specimens 

The specimens exhibited a poor performance with distinct strength deterioration 

and stiffness degradation as they reach their bond capacity before other kinds of failure. 

During initial loading stages, the cohesion between reinforcing steel and surrounding 

concrete was not fully lost. On the other hand, with the increasing displacement, the 

specimen could not sustain the peak load as the bond failure dominated the overall 

response. The strength degradation established noticeably in cyclic loading. Namely, the 

vertical load decreased distinctly up to a certain level of displacement, and then it followed 

a constant plateau (Fig. 6.38).  
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Fig. 6.38. Hysteric response in unconfined specimens 

The modeling parameters for the interaction between reinforcement and 

surrounding concrete were adopted from the proposed bond stress-slip relationship. In 

other words, the refined numerical model was generated by the mathematical expression of 

the proposed bond stress-slip for unconfined concrete under cyclic loading. Then, the 

outcome of the model (i.e., load-displacement curve) was compared with the average of 

five likely tests. The initial stiffness in the numerical model was steeper than the 

experiment (Fig. 6.39a and b). Eventually, the gap between the force-displacement 

diagrams was decreased. However, the exhibited performance of the numerical model was 

not satisfactory. The pinching effect and distinct strength degradation were not reproduced 

accurately. The most likely reason could be the occurrence of the semi-circle phenomenon 

(see Section 6.5.2). The slip inversion occurred in each unloading stage of the experiment. 

On the other hand, the proposed bond stress-slip model assumed the start of slip inversion 

after a specific value. This adversely affected the pinching effect and caused wider hysteric 

loops in the numerical model. Overall, reproducing the performance of a bond failed 

specimen is challenging. Difficulties arise even more in reproducing the failure mode 

under cyclic loading accurately since it comprises the combination of different nonlinear 

effects.  
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(a) (b) 

Fig. 6.39. Comparison of experimental data and numerical assessment for unconfined specimens (a) hysteric 

curve (b) envelope of hysteresis  

The cohesion between reinforcing steel and surrounding concrete was 

significantly disturbed by the imposed cyclic deformation. The flexural and shear 

capacities of the tested specimens were beyond the bond capacities of the bent beams. 

Therefore, no significant flexural or shear cracks were observed (Fig. 6.40a-c). Losing 

contact between concrete and reinforcing steel was the resulting failure mode.  

  

(a) (b) 

 

 

Bond stress distribution at peak 

 

Bond stress distribution at the end of the analysis 

(c) 

Fig. 6.40. Unconfined bond-slip specimen (a) before loading (b) damage state at failure (c) numerical 

solution 
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6.6.3.2 Confined Specimens 

The bond response dominated the overall performance in a bent beam. The 

cohesion between reinforcing steel and the surrounding concrete was disturbed by the 

gradually increasing deformation. The contribution provided by the lateral confinement 

pressure revealed itself, especially after the post-peak region. The partial violation of the 

contact was delayed or somehow minimized. Therefore, the strength degradation was less 

pronounced in the confined specimens (Fig. 6.41). 

   

   

Fig. 6.41. Hysteric response in confined specimens 

Similar to the other sections, the modeling parameters related to the bond-slip 

response were adopted from proposed mathematical expressions. The numerical outcome 

in terms of load-displacement curves was compared with the mean experimental curve 

(Fig. 6.42a and b). The numerical model overestimated the initial stiffness. The capacity in 

both loading directions was accurately characterized by the numerical models. On the other 

hand, the pinching effect was not captured satisfactorily. The wider loops were observed in 

the numerical solution, which adversely influences the model accuracy and reliability. 

Reproducing the gradual strength degradation remained as another issue in the numerical 

models.  
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(a) (b) 

Fig. 6.42. Comparison of experimental data and numerical assessment for confined specimens (a) hysteric 

curve (b) envelope of hysteresis 

The failure came out with the loss of friction between contact surfaces, which 

occurred earlier than other types of failure. No significant cracks occurred on the member 

(Fig. 6.43a-c). Bond behavior dominated the overall performance of the specimen.  

  

(a) (b) 

 

 

Bond stress distribution at peak 

 

Bond stress distribution at the end of the analysis 

(c) 

Fig. 6.43. (a) Confined bond-slip specimen before loading (b) damage state at failure (c) numerical solution 
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6.7 Stochastic Assessment of Bond-Slip Response 

 Randomized Behavior under Monotonic Loading 

The stochastic approach provided the possible ranges of load-displacement 

curves. Since the stochastic model is evolved from the deterministic numerical model, the 

load-displacement curves in the stochastic analysis formed a band around the deterministic 

model. The important point in such predictions is that the experimental results that were to 

be used for the assessment of the member (i.e., the observed initial stiffness, peak load, 

post-peak response, and failure mode) could be covered by the stochastic model. The 

initial stiffness was overestimated in the stochastic model. The error in the initial stiffness 

could not be eliminated by the stochastic model. On the other hand, the peak loads 

observed in the experiments were either at the edges of the bundle or within the upper and 

lower boundaries of the stochastic assessment (Fig. 6.44a and b). The post-peak response 

was accurately captured by the stochastic approach in the confined specimen, while the 

unconfined specimen SM1-E1 imparted a significant strength deterioration. It, therefore, 

fell out of the stochastic bundle. The remaining samples in the unconfined test series were 

simulated at an acceptable level. 

 
 

(a) (b) 

Fig. 6.44. Randomized behavior under monotonic loading (a) unconfined case (b) confined case  

Basic statistical parameters related to the ultimate strength are provided in Table 

6.9. It should be noted that the best-fit curves to the series of data points (i.e., ultimate 

capacity of each analysis) were used in finding the PDFs. For the fitted distributions, Chi-

square or Kolmogorov-Smirnov tests, which measure the goodness of the fit, are satisfied 

at the 95% confidence level. The PDFs corresponding to the ultimate loads, together with 
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the mean and standard deviation, were determined from the stochastic bundle, which were 

then compared with the experimentally obtained capacities (Fig. 6.45a and b). The 

dispersion in the capacity distribution was accurately characterized by the stochastic 

model.  

  

(a) (b) 

Fig. 6.45. PDFs of ultimate load under monotonic loading (a) unconfined case (b) confined case  

Table 6.9. Comparison of stochastic model and experimental results under monotonic loading 

Series Specimen 

Ultimate Strength 

(kN) 

Experimental Stochastic 

Vmax μ σr μ σr 

μ± σr 

μ ± 2σr 

μ ± 3σr PDF 

Unconfined 

SM1-E1 4.63 

6.22 1.19 5.35 0.69 

4.66-6.04 

3.97-6.73 

3.28-7.42 

Lognormal 

(3 parameter) 

SM1-E2 7.22 

SM1-E3 5.35 

SM1-E4 6.53 

SM1-E5 7.37 

Confined 

SM2-E1 6.60 

6.59 0.77 5.57 0.69 

5.82-7.36 

4.19-6.95 

4.28-8.90 

Lognormal 

(3 parameter) 

SM2-E2 7.40 

SM2-E3 5.90 

SM2-E4 7.30 

SM2-E5 5.75 

 Randomized Behavior under Cyclic Loading 

The stochastic model was evolved from the deterministic numerical model. The 

poor performance of the numerical assessment established in the stochastic models as well. 

The numerical solutions predicted a steeper curve in the initial loading steps. The ultimate 

capacity was satisfactorily captured by the FE solution; on the other hand, the displacement 



174 6.7 Stochastic Assessment of Bond-Slip Response  
 

corresponding to the ultimate load was not accurately reproduced. The strength 

degradation was not characterized as well (Fig. 6.46a and b). As mentioned before, the 

capacity was accurately estimated by the numerical solution. Note that the PDFs of the 

ultimate load were obtained from the ultimate capacity of each FE solution (see Fig. 3.10 

for detailed explanation). Therefore, a good match in the peak response yields an accurate 

estimation of basic statistical characteristics. Those related to the sensitivity analyses also 

cooperates with the distribution of ultimate loads. Therefore, the author believes that those 

related to the sensitivity analysis were also computed accurately.  

  

(a) (b) 

Fig. 6.46. Randomized behavior under cyclic loading for (a) unconfined case (b) confined case  

Basic statistical parameters of the ultimate strength are presented in Table 6.10. 

The fitted distributions satisfy goodness tests (i.e., Chi–square or Kolmogorov–Smirnov) at 

the 95% confidence level. The PDFs of the ultimate strength were obtained from the 

stochastic bundle. Experimental capacities were then compared with the stochastic 

assessment (Fig. 6.47a and b). Note that if n likely specimens were tested nth times under 

the same conditions, assuming that n is a relatively large number, similar statistical 

outcomes of the tests (mean, standard deviation, and PDFs) would be expected. Therefore, 

it is expected that the experimental results would be within the range of the PDF if the 

scatter was accurately reproduced by the stochastic assessment. On the other hand, some of 

the test results were not covered by the PDFs. 
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Positive Loading Direction Negative Loading Direction 

(a) 

  

Positive Loading Direction Negative Loading Direction 

(b) 

Fig. 6.47. PDFs of ultimate load under cyclic loading (a) unconfined case (b) confined case  
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Table 6.10. Comparison of stochastic model and experimental results under cyclic loading 

Series Specimen 

Ultimate Strength 

(kN) 

Experimental Stochastic 

Vmax 

 

μ σr μ σr 

μ± σr 

μ ± 2σr 

μ ± 3σr PDF 

Unconfined 

SC1-E1 
5.02 

P
o

si
ti

v
e 

L
o

ad
in

g
 

5.69 1.56 6.50 0.83 

5.67-7.33 

4.84-8.16 

4.01-8.99 

Rayleigh 

-3.79 

SC1-E2 
7.47 

-9.39 

SC1-E3 
7.24 

-7.78 

N
eg

at
iv

e 
L

o
ad

in
g
 

-6.18 2.32 -5.54 0.90 

-6.44-4.64 

-7.34-3.74 

-8.24-2.84 

Rayleigh 
SC1-E4 

4.64 

-5.15 

SC1-E5 
4.08 

-4.81 

Confined 

SC2-E1 
6.50 

P
o

si
ti

v
e 

L
o

ad
in

g
 

5.92 2.72 6.79 0.95 

5.84-7.74 

4.89-8.69 

3.94-9.64 

Lognormal 

-6.89 

SC2-E2 
9.83 

-9.63 

SC2-E3 
6.62 

-7.84 

N
eg

at
iv

e 
L

o
ad

in
g
 

-6.38 2.72 -5.73 0.81 

-6.54-4.92 

-7.35-4.11 

-8.16-3.30 

Weibull 
SC2-E4 

3.59 

-5.02 

SC2-E5 
3.07 

-2.53 

 Sensitivity Analysis 

The partial correlation coefficient between the corresponding material properties 

(i.e., input variables) and the lateral load capacity in each cycle (i.e., response variables) 

was evaluated to obtain the level of impact of each material property on the global 

response. In both monotonic and cyclic loading cases, the highest correlation coefficient 

was computed for the concrete tensile strength fct (Fig. 6.48a and b). Indeed, the 

contribution of concrete tensile strength on the bond-slip response was pronounced 

previously. The strong influence of the cracking response was also established by the 

sensitivity analysis. The compressive strength of the concrete fc contributes to the overall 

response with a medium impact. The remaining material parameters had little or no 

influence on the global response as the partial correlation coefficient was nearly zero. 
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Unconfined Concrete Confined Concrete 

(a) 

  

Unconfined Concrete Confined Concrete 

(b) 

Fig. 6.48. Sensitivity analysis (a) monotonic loading (b) cyclic loading 

6.8 Conclusions 

This chapter investigated the response of beam-type RILEM bond-slip specimens 

by using experimental and numerical methods. Bond-slip models from the exhibited bond-

slip performance of the specimen were conceptually proposed. Then, the proposed bond-

slip models for unconfined and confined concrete under cyclic and monotonic loading 

were numerically implemented in the FE software. The numerical response of the 

specimens was computed by employing the available bond-slip relations in the FE model, 

and thereby compared with the experimental performance. After that, the deterministic 

numerical model of the proposed bond-slip relationship was evolved to the stochastic level 

to capture the randomness in the material mechanical properties, and thereby characterize 

the scatter in the response quantities. The distribution of the ultimate lateral load 

corresponding to each analysis was obtained from the simulated set of the curves. Finally, 

the correlation coefficient between the input variable and the response variable was 

evaluated to measure the level of impact of the material properties on the global response.  
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Based on the results obtained in this chapter, the following conclusions were 

drawn: 

• An analytical relationship was proposed by fitting a curve to the 

experimental data, which was evaluated by the method of least squares for 

unconfined and confined bond-slip specimens under cyclic and monotonic 

loading. The proposed equations contain three segments, which include 

nonlinear ascending and descending portions and a residual part. The 

proposed relationships characterized the experimental response precisely.  

• The FE solution with proposed bond-slip relationships under monotonic 

loading captured the experimental behavior in terms of ultimate capacity 

and post-peak response satisfactorily, but less accurately reproduced the 

initial stiffness. Those related to the cyclic models were not capable of 

reproducing the overall response reasonably.  

• The lateral confinement provided by the transverse reinforcement 

enhanced the bond parameters. Ultimate bond strength and its 

corresponding slip value were higher than the unconfined case.  

• The stochastic model conducted by the randomization of material 

properties highlighted the effect of variability in material mechanical 

properties on the global response. A relatively high dispersion was 

achieved in the experimental results, which was satisfactorily 

characterized by the stochastic approach.  

• The sensitivity measures show a high degree of correlation with the tensile 

strength of concrete. The remaining material properties have a weak 

influence.  
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7   CONCLUSION 

7.1 Summary 

This study mainly deals with the assessment of different failure modes in 

substandard RC members by stochastic approaches. The nonlinear FEM was combined 

with a suitable stochastic sampling technique for the realistic prediction of the structural 

response of substandard RC members. The effect of inherent uncertainties on the material 

mechanical properties was studied using an uncertainty analysis, which also leads to 

obtaining the basic statistics of response variables. The sensitivity of material properties on 

the global response was also measured by evaluating the partial correlation coefficient 

between material parameters (i.e., input variable) and the strength of the member (i.e., 

response variable). Moreover, the uneven distribution of concrete mechanical properties 

over the specimen was accurately characterized by random fields theory, which establishes 

weaker and stronger spots over the specimen.  

This research context was organized into seven main chapters. The first three 

chapters dealt with the motivation for the research, numerical modeling strategy, and 

stochastic-based analysis methods. The following three chapters introduced the 

implementation of the advanced assessment strategy on different substandard RC 

members. Each chapter was identical in terms of the method employed for stochastic 

assessment, while the test programs and resulting failure modes were different. Note that a 
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section which summarizes the relevant chapter was included at the end of each chapter. 

The first testing program dealt with the performance of over-reinforced and shear critical 

beams. The experimental behavior was accurately reproduced in the FE environment. The 

effect of inherent uncertainties at a material level for over-reinforced and shear critical 

beam and uneven distribution of concrete mechanical properties over the shear critical 

beam were handled by a stochastic approach. This led to a more accurate assessment of the 

results. The shear critical and CFRP retrofitted beam-column joints were analyzed in the 

following chapter. The experimental performances were closely estimated by the 

numerical solutions. The relative impact of each material properties on the global response 

was also provided, which remarked the most critical material parameters. The last testing 

program focused on the stochastic-based numerical prediction of beam-type RILEM bond 

specimens. Thus, the proposed bond stress-slip relationship was implemented in the FE 

software and then evaluated to the stochastic level. The variability in the identical tests was 

characterized accurately by the stochastic assessment. The experimental results were 

covered by the stochastic bundle.  

To conclude, owing to the more realistic assessment capability of the stochastic-

based nonlinear FE analysis, which is now available in user-friendly computer tools, 

reproducing the structural response of substandard members by computational stochastic 

mechanics could yield more accurate results for assessment purposes. Overall, this study 

showed the efficiency of the advanced modeling strategy in different substandard RC 

members. 
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APPENDIX I 

Appendix I-A: Unevenness in the compressive strength over the beam specimen 
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Appendix I-B: Unevenness in the tensile strength over the beam specimen 
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Appendix I-C: Unevenness in the elastic modulus over the beam specimen 

  
N1 N2 

  
N3 N4 

  
N5 N6 

  

N7 N8 

  
N9 N10 

  
N11 N12 

  

N13 N14 

  
N15 N16 

  
N17 N18 



 195 
 

  
N19 N20 

  
N21 N22 

  
N23 N24 

  
N25 N26 

  
N27 N28 

  
N29 N30 

Random distributions of elastic modulus 

 

  



196  
 

Appendix I-D: Unevenness in the fracture energy over the beam specimen 
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APPENDIX II 

Appendix II-A: Unevenness in the compressive strength over the bond specimen 
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