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Байєсівської оцінки ймовірності виникнення та смертності 

від обраних основних захворювань 

Анотація: Oнкологічні захворювання є справді серйозними, оскільки вони 

вже з’явлються в дитинстві і їх кількість швидко зростає. Дуже 

небезпечно, що від цих захворювань страждає не тільки європейське 

населення, але і населення у всьому світі. Байєсівська теорія довіри, 

зокрема біноміальна/бета-модель, може стати належним методом для 

визначення оцінки вірогідності випадків та смертності, головним чином 

у випадкак, які представляють інтерес для страхових компаній. Головна 

мета цієї статті - оцінити ці ймовірності, використовуючи 

біноміальну/бета-модель, а також порівняти переваги байєсівських 

оцінок порівняно з оцінками максимальної правдоподібності на основі 

даних про трахею, бронху та ракові легені в Чеській Республіці та Україні. 

Дані отримані з бази даних ВООЗ та ОЕСР. 
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BAYESIAN ESTIMATES OF PROBABILITY OF INCIDENCES 

AND MORTALITIES OF SELECTED SERIOUS DISEASES 

Abstract: Oncological diseases are really serious, because they are already 

occurring in childhood and their number is growing rapidly. This problem is 

very dangerous not only for the European population, but also for the 

population all over the world. The Bayesian theory of credibility, in particular 

the binomial/beta model, can be appropriate method to determine the 

probability of incidences and mortalities, especially in cases of insurance 

companies. The main aim of this article is to evaluate these probabilities using 

the binomial/beta model and compare the advantages of Bayesian estimates 

to the maximum likelihood estimations based on trachea, bronchus and lung 

cancers in the Czech Republic and Ukraine. Data are obtained from the 

databases of WHO and OECD. 
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Statement of the problem. Serious oncological diseases belong to the 

diseases which affect population all over the world. Incidences of these diseases 

have tendencies to grow, specifically in many European countries, which can be 

cause by factors such as consumption of alcohol and tobacco, obesity, stress, age 

structure of population, availability of health care, socio-economics situation, 

etc.  

It is important to find right method of estimations, mainly in case 

of institutions such as insurance companies because these companies should be 

able to estimate their risks correctly to be able to fulfil their obligations. 

 

Analysis of the previous publications. As mentioned above, oncological 

diseases are caused by certain risk factors. For instance, these publications are 

focused on revealing factors which influence health of population [2], [10], [12].  

Many publications describe possibilities of estimating of unknown parameters 

of probability distributions. For details see [1], [3], [4], [5], [7], [8], [9], [11] 

and [13]. 

Jindrová & Kopecká [3], Kopecká & Pacáková [4] and Pacáková 

& Kotlebová [11] focus on using Bayesian estimates, specifically binomial/beta 

model for insurance companies. 

 

Aim of research. The main aim of this article is to estimate probability 

of incidences and mortalities by using binomial/beta model and to focus 

on comparison of advantages of Bayesian estimates in comparison with 

maximum likelihood estimations (MLEs) based on data related to trachea, 

bronchus and lung cancers in the Czech Republic (CZE) and Ukraine (UKR). 

 

Presentation of the main research. Data which are used in this article come 

from two databases, namely database of World Health Organization (WHO) 

and Organisation for Economic Co-operation and Development (OECD). 

Specifically, data about incidences of trachea, bronchus and lung cancers 

for Czech Republic (CZE) and Ukraine (UKR) are obtained from database 

of WHO for period 1985-2014 and data related to mortalities of the same 

cancers for the same two countries are obtained for period 1985-2015. Next 

OECD database provides data about incidences of lung cancer in 2012 

and mortalities of trachea, bronchus and lung cancers in 2015. These years are 

the latest available years for OECD countries. Both databases provide data 

related to incidences and mortalities of these cancers per 100 000 population (n 

= 100 000). 



MLE belongs to the most often possibility how to estimate unknown 

parameters of probability distributions. This method of estimation of parameters 

is one of the best because of its advantageous properties. For instance, MLE has 

asymptotically normal distribution, is asymptotically unbiasedness, asymptotic 

efficient, consistent and invariant as describes [7].  

On the other hand, MLE has some serious disadvantages. The most serious 

disadvantage is complicated calculation process. In case of some probability 

distribution it must be used sophisticated programs. Next disadvantage is the 

necessity of the large sample to be reached of the advantages of MLE mentioned 

above. Another disadvantage of MLE it is considered to use information only 

from one data source. However, the last mentioned disadvantage belongs to the 

more often disadvantages of classic methods of parameters estimates. For details 

see [3], [4], [7] and [11]. 

According to Pacáková [7] MLE of unknown parameter  is vector  which 

maximizes the likelihood function  where  is vector of unknown 

parameters and  is vector of random sample specified by density function 

. In case of binomial distribution according to formula (1), MLE 

of parameter  is: 

 
 

(1) 

where x represents number of incidences or mortalities and n is state 

of population in this article. 

Next possibility how to estimate unknown parameters of probability 

distribution is to use Bayesian theory of credibility. Bayesian theory 

of estimation is bases for Bayesian theory of credibility. The fundamental 

difference between classic estimates for instance MLE and Bayesian estimates is 

unknown, estimated parameter  which is in case of classic estimates considered 

as a unknown constant but in case of Bayesian estimates the parameter  is 

considered as random variable with own probability distribution. 

Next Bayesian estimates don´t only include data from own resources 

as in case of method of classic estimates but they include data from foreign 

comparable risks (prior information) which are known before information 

from own resources. Sometimes, no information exists about prior distribution 

of estimated parameter so it must be considered that each value of estimated 

parameter is equally probable. This situation doesn´t reflect reality but it doesn´t 

happen very often. On the other hand poor prior information is gradually 

improved by information from own resources as describe [7]. 

Formula (2) shows posterior probability density function which combines 

prior information and information from random sample (data from own 

resources). For details see [5] and [7]. 



 
 

(2) 

Pacáková [7] describes important concept of statistical induction, namely 

conjugate prior distribution. When random sample comes from probability 

distribution R with unknown estimated parameter  it is considered that 

probability distribution of type F is conjugate distribution for distribution R 

if prior distribution leads to posterior distribution in the same type but 

with different parameters. For instance beta distribution is conjugate prior 

distribution for binomial distribution with unknown estimated parameter . This 

model is suitable for using in insurance companies and it is called binomial/beta 

model. Problematics related to binomial/beta model is demonstrated for example 

in following publications: [3], [4], [5], [7], [8], [9], [11] and [13]. 

Within binomial/beta model formula (3) expresses prior probability density 

function called prior beta distribution with parameters  and . Prior probability 

density function is distribution of estimated parameter  which is parameter 

of binomial distribution mentioned above. 

 
 

(3) 

First prior information of estimated parameter  has to be determined. The 

best way of determination of prior beta distribution parameters  and  is 

to employ basic characteristic of prior beta distribution, namely mean value  (4) 

and dispersion (5). 

 
 

(4) 

 

 
(5) 

Next formula (6) shows that random sample  has binomial distribution 

with estimated parameter  but for our needs the constant  is omitted.  

 
 

(6) 

As mentioned above posterior probability density function combines prior 

information and information from random sample. In this case posterior 

probability density function is called posterior beta distribution, see formula (7). 

 
 

(7) 



According to formula (8) Bayesian estimate of estimated parameter  is mean 

value of posterior beta distribution in case of minimizing squared loss function. 

 
 

(8) 

Formula (8) can be rewrite into credibility formula (9) according to [1], [4] 

and [9]. Credibility formula includes credibility factor  which shows 

degree of reliability of random sample,  is maximum likelihood estimation 

of parameter  of binomial distribution which is used within this model as well 

and  which is explained in formula (4). 

 
 

(9) 

Now construction of maximum likelihood estimations and Bayesian 

estimates, specifically binomial/beta model is described based on data about 

incidences and mortalities of trachea, bronchus and lung cancers. Next 

comparison of these two estimation methods is indicated and graphically 

illustrated. Finally, development of these diseases is observed in two European 

countries, namely CZE and UKR in period 1985-2015 in case of incidences 

and in period 1985-2016 in case of mortalities. 

As mentioned above, the first of all, it is necessary to determine prior 

information about estimated parameter  of binomial distribution by employing 

basic characteristics of prior beta distribution. It means that the parameters 

of prior beta distribution (formula 3) are determined by solving system 

of equations formula (4) and (5). The same procedure of determination of prior 

information is used in publication [4]. 

Parameters of prior beta distribution are determined separately for incidences 

and mortalities by using data from OECD database. These database provides 

data about incidences of lung cancer in 2012. By solving system of equations 

mentioned above parameters  and . After that 

OECD database provides data about mortalities of trachea, bronchus and lung 

cancers in 2015. Parameters are obtained in the same way. Parameters 

 and . 

After determination of prior beta distribution parameters Bayesian estimate 

of estimated parameter  (probability of incidences of trachea bronchus and lung 

cancers) can be constructed for the first available year 1985. For the first 

estimated year Bayesian estimate is mean value of prior beta distribution 

formula (4), specifically . This prior information is used 

for both mentioned countries. 

Next parameters of beta distribution must be recalculate for the following 

year 1986. It means that ; 



 in case 

of CZE and ; 

 in case 

of UKR. In 1986 the Bayesian estimate equals to mean value of posterior beta 

distribution, see formulas (7) and (8). 

In Fig. 1 we can see development of MLE and Bayesian estimates 

of probability of incidences of trachea, bronchus and lung cancers in CZE. 

In this Fig. 1 the advantages of Bayesian estimates are displayed in contrast 

with MLE. 

 

 

Fig. 1: Comparison of MLE and Bayesian estimates of probability 

of incidences of trachea, bronchus and lung cancers in CZE (own calculation 

based on [6], [14]) 

First advantage of Bayesian estimates is possibility of involving data from 

two databases. Bayesian estimate is determined from OECD database in 1985 

in contrast with MLE which is only stated from database of WHO. For the first 

year Bayesian estimate is very low in contrast with MLE but this poor prior 

information is gradually improved by employing information from WHO 

database. This is the reason why the estimates are still closer. Next advantage 

of Bayesian estimates is smoother course of these estimates than in case of MLE 

and finally Bayesian estimates can be determined for the year following after the 

last known year (2015). 

In Fig. 2 MLEs are displayed separately for CZE and UKR for period 1985-

2014. 

 



 

Fig. 2: Comparison of MLEs of probability of incidences of trachea, 

bronchus and lung cancers for CZE and UKR (own calculation based on [6], 

[14]) 

We can see that probability of incidences of trachea, bronchus and lung 

cancers is lower in case of UKR than in case of CZE over the whole period. 

On one hand trend of MLE is increasing within CZE in contrast with UKR 

where the trend of MLE is decreasing. It means that CZE is not only more 

affected by these diseases but the incidences are still higher. On the other hand 

Ukrainian population is in a better position in contrast with CZE. 

In Fig. 3 Bayesian estimates are displayed again separately for CZE and UKR 

for period 1985-2015. 

 

 

Fig. 3: Comparison of Bayesian estimates of probability of incidences 

of trachea, bronchus and lung cancers for CZE and UKR (own calculation 

based on [6], [14]) 

As mentioned above Bayesian estimate is determined based on prior 

information which is obtained from OECD countries (OECD database) for the 

first year (1985). We can see that this estimate of incidences of trachea, 



bronchus and lung cancers has closer to estimates of incidences in UKR than 

in CZE. It means that CZE and UKR belong to the countries which are more 

affected by these diseases in comparison with mean of OECD countries. 

As in case of incidences after determination of prior beta distribution 

parameters Bayesian estimate of estimated parameter  (probability 

of mortalities of trachea bronchus and lung cancers) can be constructed for the 

first available year 1985. For the first estimated year Bayesian estimate is mean 

value of prior beta distribution formula (4), specifically . This 

prior information is used for both mentioned countries. Calculation process 

of Bayesian estimates is the same as in case of incidences mentioned above. 

In Fig. 4 we can see MLEs which are displayed separately for CZE and UKR 

for period 1985-2015. 

 

 

Fig. 4: Comparison of MLEs of probability of mortalities of trachea, 

bronchus and lung cancers for CZE and UKR (own calculation based on [6], 

[14]) 

We can see that probability of mortalities of trachea, bronchus and lung 

cancers is lower in case of UKR than in case of CZE again over the whole 

period. However, the trends of mortalities are decreasing in case of both 

countries. It means that cure of these diseases is more and more effective. 

Ukrainian population is in a better position again, which can be connected with 

lower incidences of these diseases. 

In Fig. 5 Bayesian estimates are displayed again separately for CZE and UKR 

for period 1985-2016. 

 



 

Fig. 5: Comparison of Bayesian estimates of probability of mortalities 

of trachea, bronchus and lung cancers for CZE and UKR (own calculation 

based on [6], [14]) 

We can see that CZE has still closer to the estimate of mortalities of trachea, 

bronchus and lung cancers in comparison with mean of OECD countries 

and UKR is in better situation than OECD countries. 

 

Conclusion and perspectives of future investigations. The main aim of this 

article was to estimate probability of incidences and mortalities of trachea, 

bronchus and lung cancers by using binomial/beta model and to focus 

on comparison of advantages of Bayesian estimates in comparison with MLE 

in the CZE and UKR. Bayesian estimates appear to be suitable because of their 

advantages, mainly in case of insurance companies because these companies 

don´t have to only use data from own resources but they can focus on data 

from foreign comparable risks, which is one of reasons for employing Bayesian 

estimates. 

Despite the fact that CZE is member country of OECD and EU, UKR has 

better results of probability of incidences and mortalities of trachea, bronchus 

and lung cancers which belong to the most serious cancers in Europe. Both 

countries show decreasing trends in case of mortalities. However in case 

of UKR this decrease is slower than in CZE. On the other hand CZE shows 

increasing trend in case of incidences of these diseases in contrast with UKR 

which has decreasing trend of incidences. In case of incidences both countries 

move above the mean of OECD countries and in case of mortalities CZE is 

moving above this mean but it is still closer to mean value. 

The most of causes causing incidences or mortalities of oncological diseases 

are detected. Nevertheless the main causes making disparities in development 



of oncological disease among individual countries are not clear and this is the 

reason for the next research in this field. 
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