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Hradec Králové
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Abstract: Properties of light–harvesting (LH) pigment–protein complexes are strongly influenced by interactions
with environment. Some of these interactions could be modeled by different types of static disorder. Slow fluctu-
ations of bacteriochlorophyll’s dipole moment orientations represent one possible type of static disorder in B850
ring from LH2 complex of purple bacteria. This type of static disorder is investigated in present paper. Two
modifications of such uncorrelated static disorder type (Gaussian fluctuations of dipole moment orientations in the
ring plane and Gaussian fluctuations of dipole moment orientations in a plane which is perpendicular to the ring
one) are taking into account. The nearest neighbour transfer integral distributions for different strengths of static
disorder are presented and the most important statistical properties are calculated, discussed and compared.
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1 Introduction
Some organisms, e.g. green plants, bacteria, blue–
green algae, etc., have ability to transform energy of
light into chemical energy. This process is called pho-
tosynthesis. Photosynthesis could be divided to two
stages (light stage and dark stage). The first (light)
stage consists of photochemical reactions. Light pho-
ton is absorbed in this first stage and a series of elec-
tron transfers is driven by its energy. As the result,
adenosine triphosphate (ATP) and nicotine adenine
dinucleotide phosphate (NADPH – reduced form) are
synthesized. The ATP and NADPH formed in the
light–capturing reactions are used for reduction of car-
bon dioxide to organic carbon compounds during the
second (dark) stage [1].

Researchers have been focused on investigation
of photosynthesis for a long time. Our research
is concerned the light stage of photosynthesis in
purple bacteria. Absorption of solar photons by a
complex system of membrane–associated pigment–
proteins (light–harvesting (LH) antenna) gives exci-
tation energy (in the form of Frenkel excitons). Then
efficient transfer to a reaction center occurs. There
excitons are converted into a chemical energy [2].

Geometric structures of photosynthetic complexes
from purple bacteria are known in great detail from
X–ray crystallography. Their antenna systems (LH1,

LH2, LH3, and LH4) are arranged as ring units. A
ring–shaped structure is formed by cyclic repetition
of identical subunits. The organization of these light–
harvesting complexes is generally the same, but their
symmetry can be different.

Crystal structure of peripheral LH2 complex con-
tained in purple bacterium Rhodopseudomonas aci-
dophila was described first (McDermott et al. [3]
and then further e.g. Papiz et al. [4]). Two con-
centric rings (B850 ring and B800 one) are cre-
ated by bacteriochlorophyll (BChl) molecules. Eigh-
teen closely packed BChl molecules are arranged
in B850 ring (with absorption band at about 850
nm). B800 ring consists of nine well–separated BChl
molecules absorbing around 800 nm. Organization of
the whole LH2 complex is nonameric, i.e. it con-
sists of nine identical subunits. Dipole moments of
BChl molecules in LH2 complex are oriented approx-
imately tangentially to the ring. Arrangement of LH2
complexes from other purple bacteria is analogous.

Other types of peripheral light–harvesting com-
plexes can be also found in some purple bacteria
(B800–820 LH3 complex in Rhodopseudomonas aci-
dophila strain 7050 or LH4 complex in Rhodopseu-
domonas palustris). LH3 complex like LH2 one is
usually nonameric [5]. LH4 complex consists of eight
identical subunits, i.e. it is octameric, and it con-



sists of three concentric BChl rings [6]. Light har-
vesting complexes can also differ in orientations of
BChl dipole moments and consequently in strengths
of mutual interactions between BChl molecules. For
instance, BChl dipole moments in B–α/B–β ring from
LH4 complex are oriented approximately radially to
the ring. Interactions between the nearest neighbour
bacteriochlorophylls in B–α/B–β ring are approxi-
mately two times weaker in comparison with B850
ring from LH2 complex and they have opposite sign.

Purple bacteria contain (beside peripheral an-
tenna complexes) also core antenna complexes that
include reaction centers. For instance LH1 complex
from Rhodopseudomonas acidophila or Rhodopseu-
domonas palustris consists of approximately 16
structural subunits in which two bacteriochlorophyll
molecules are noncovalently attached to pairs of trans-
membrane polypeptides. These subunits again have
ringlike structure which surrounds reaction center [7].

The intermolecular distances under 1 nm im-
ply strong exciton couplings between corresponding
BChl molecules. Therefore an extended Frenkel ex-
citon states model can be applied in theoretical ap-
proach. The solvent and protein environment of bac-
teriochlorophyll rings fluctuates. Characteristic time
scale of these fluctuations at room temperature have
range from femtoseconds to nanoseconds. Fast fluctu-
ations can be modeled by dynamic disorder and slow
fluctuations by static disorder. Influence of static dis-
order in local excitation energies on the anisotropy of
fluorescence for LH2 complexes was studies by Kum-
ble and Hochstrasser [8] and Nagarajan et al. [9, 10].
We extended these investigations by addition of dy-
namic disorder. This effect was studied by us for
simple model systems [11–13] and then for models
of B850 ring (from LH2) [14, 15]. We also con-
sider various types of uncorrelated static disorder and
correlated one (e.g., elliptical deformation) [16–18].
Comparison of the results for B850 ring from LH2
complex and B–α/B–β ring from LH4 complex, that
have different arrangements of optical dipole mo-
ments, was also done [19–22]. Recently, our inves-
tigation has been focused on the modeling of absorp-
tion and fluorescence spectra of LH2 and LH4 com-
plexes within the nearest neighbour approximation
model [23–27] and full Hamiltonian model [28–36].

Very recently we have started to investigate the
nearest neighbour transfer integral distributions for
various types of static disorder connected with fluc-
tuations in ring geometry. Main goal of the present
paper is the investigation of transfer integral distribu-
tions for fluctuations of BChl dipole moment orienta-
tions in B850 ring from LH2 complex. The rest of the
paper is structured as follows. Section 2 introduces
the ring model with different types of static disorder.

Used units and parameters can be found in Section 3.
Results are presented and discussed in Section 4 and
conclusions are drawn in Section 5.

2 Model
We consider only one exciton on molecular ring, e.g.
B850 ring from LH2 complex. Then Hamiltonian of
the exciton consists of four terms in our model:

H = H0
ex +Hs +Hph +Hex−ph. (1)

2.1 Ideal ring

The first term in Eq. (1),

H0
ex =

N∑
m=1

E0
ma
†
mam +

N∑
m,n=1(m 6=n)

J0
mna

†
man, (2)

describes an exciton on the ideal ring, i.e. without any
disorder. Here a†m (am) are creation (annihilation) op-
erators of the exciton at site m, E0

m is the local exci-
tation energy of m–th molecule, J0

mn (for m 6= n) is
the so–called transfer integral between sites m and n.
N is the number of molecules in the ring (N = 18
for B850 ring from LH2 complex). Local excitation
energies E0

m are the same for all bacteriochlorophylls
on unperturbed ring, i.e.

E0
m = E0, m = 1, . . . , N.

The interaction strengths between the nearest neigh-
bour bacteriochlorophylls inside one subunit and be-
tween subunits are almost the same in B850 ring from
LH2 complex (see Figure 1 (B) in [6]). That is why
such ring can be modeled as homogeneous case,

J0
mn = J0

m+i,n+i. (3)

Transfer integrals Jmn in dipole–dipole approxi-
mation read

Jmn =
~dm · ~dn
|~rmn|3

− 3

(
~dm · ~rmn

) (
~dn · ~rmn

)
|~rmn|5

=

= |~dm||~dn|
cosϕmn − 3 cosϕm cosϕn

|~rmn|3
. (4)

Local dipole moments of m–th and n–th molecule
are denoted as ~dm and ~dn, the angle between these
dipole moment vectors (~dm, ~dn) is referred to as ϕmn.
~rmn represents the vector connecting m–th and n–th
molecule, ϕm (ϕn) symbolizes the angle between ~dm



(~dn) and ~rmn. In case of ideal ring (without any disor-
der) we consider the same distances rm,m+1 of neigh-
bouring bacteriochlorophyll molecules. Therefore an-
gles βm,m+1 have to be the same too (βm,m+1 =
2π/18, see Figure 1). The reason for this is the re-
quirement of correspondence between the geometric
arrangement of B850 ring and interaction strengths
between the nearest neighbour bacteriochlorophylls.

Figure 1: Geometric arrangement of ideal B850 ring
from LH2 complex (without any fluctuations – dipole
moments are oriented tangentially to the ring)

In what follows we consider that only the nearest
neighbour transfer matrix elements are nonzero, i.e.
the nearest neighbour approximation model. In this
case we have

J0
mn = J0(δm,n+1 + δm,n−1). (5)

The wave vector representation with correspond-
ing delocalized Bloch states α and energiesEα can be
used for diagonalization of the pure exciton Hamilto-
nian H0

ex. Then H0
ex reads

H0
ex =

N∑
α=1

Eαa
†
αaα, (6)

with aα (Fourier transformed excitonic operator in α–
representation). Considering homogeneous case and
the nearest neighbour approximation model, the oper-
ators aα and the energies Eα from Eq. (6) have the
form

aα =
N∑
n=1

aneiαn, α =
2π

N
l, l = 0, . . . ,±N

2
, (7)

Eα = E0 − 2J0 cosα. (8)

2.2 Static disorder

The second term in Eq. 1, Hs, corresponds to static
disorder. One of the ways to take into account such
disorder is to model it as slow fluctuations in ring ge-
ometry. Deviation in ring geometry results in changes
of transfer integrals δJmn (m 6= n),

Jmn = Jnm = J0
mn + δJmn. (9)

Static disorder in ring geometry can be consider
in two ways – fluctuations in molecular positions or
fluctuations in molecular dipole moment orientations.
We studied first type of fluctuations as only in the ideal
ring plane [37] as out of the ideal ring plane [38]. In
the present paper we investigate the second type, i.e.
deviations of molecular dipole moment orientations.

The simplest possibility is to neglect the changes
of dipole moment orientations out of the ring plane.
Then we have:

a) uncorrelated fluctuations of molecular dipole
moment orientations δθm in the plane of ideal
ring (Gaussian distribution and standard devia-
tion ∆θ),

θm = θ0m + δθm, (10)

where θ0m characterizes the dipole moment direc-
tion ofm–the molecule in the ideal ring (see Fig-
ure 2).

Figure 2: B850 ring from LH2 complex – fluctua-
tions in bacteriochlorophyll dipole moment orienta-
tions δθm in the ideal ring plane

If the dipole moment orientations are changed out
of the ideal ring plane, we get:

b) uncorrelated fluctuations of molecular dipole
moment orientations δγm – fluctuations occur
only in the plane which is perpendicular to the
ideal ring one (Gaussian distribution and stan-
dard deviation ∆γ),

γm = δγm. (11)

Here γm determines the angle between m–th
dipole moment vector and the plane of the ideal
ring. (see Figure 3).

Due to the consideration of dipole–dipole approxima-
tion the connection between disorder in geometric ar-
rangement and in transfer integrals is given by Eq. (4).

Finally, the third and fourth term in Eq (1), Hph

and Hex−ph, represents dynamic disorder, i.e. phonon
bath and exciton–phonon interaction. We consider
only static disorder and neglect these terms in this pa-
per.



Figure 3: B850 ring from LH2 complex – fluctua-
tions in bacteriochlorophyll dipole moment orienta-
tions δγm in the plane which is perpendicular to the
ideal ring one

3 Units and Parameters
Dimensionless energies normalized to the transfer in-
tegral Jm,m+1 = J0 (see Eq. (5)) have been used in
our calculations. Estimation of J0 varies in literature
between 250 cm−1 and 400 cm−1.

In our previous investigations [39] we found
from comparison with experimental results for B850
ring from the LH2 complex [40] that the possible
strength ∆J of the uncorrelated Gaussian static dis-
order in transfer integrals δJmn is approximately
∆J ≈ 0.15 J0. The strengths of above mentioned
types of static disorder in ring geometry is taken in
connection with the strength ∆J . That is why for our
types of static disorder we have taken the strengths in
following intervals:

a) uncorrelated fluctuations of molecular dipole
moment orientations δθm in the plane of ideal
ring ∆θ ∈ 〈0.02 π, 0.20 π〉,

b) uncorrelated fluctuations of molecular dipole
moment orientations δγm only in the plane
which is perpendicular to the ideal ring one ∆γ ∈
〈0.02 π, 0.20 π〉,

In both cases calculations were done for 10000 real-
izations of static disorder.

4 Results and Discussion
Static disorder connected with fluctuations in ring

geometry, namely fluctuations in molecular dipole
moment orientations, is investigated in present pa-
per. These fluctuations strongly influence Hamilto-
nian of B850 ring from LH2 complex. Distributions
of the nearest neighbour transfer integrals Jm,m+1

were calculated for above mentioned three modifi-
cations of this static disorder type. Graphical pre-
sentation of these distributions is done by contour

plots and by line plots. Values of E(Jm,m+1) and

E(Jm,m+1)±
√
D(Jm,m+1) are also included in con-

tour plots. HereE(Jm,m+1) is sample expected value,

E(Jm,m+1) =
1

n

n∑
i=1

Jm,m+1, (12)

and
√
D(Jm,m+1) is sample standard deviation,

√
D(Jm,m+1) =

√
1

(n− 1)
M2. (13)

In addition, sample skewness α3,

α3 =
n

5
2

(n− 1)(n− 2)

M3

M
3
2
2

, (14)

and sample kurtosis α4,

α4 =
n2

(n− 2)(n− 3)

[
n(n+ 1)

n− 1

M4

M2
2

− 3

]
, (15)

are calculated. Here Mk, which is given by

Mk =
n∑
i=1

[Jm,m+1 − E(Jm,m+1)]
k , (16)

denotes k–th central moment of Jm,m+1 and n is the
number of cases in our samples. Our results were cal-
culated from 10000 realizations of static disorder and
due to dimension of Hamiltonian (N = 18) the num-
ber of cases n equals 180000. Also sample coefficient
of variation c was calculated,

c =

√
D(Jm,m+1)

E(Jm,m+1)
. (17)

Both modifications of fluctuations in molecular dipole
moment orientations were compared in detail by this
coefficient.

Distributions of the nearest neighbour transfer inte-
grals Jm,m+1 for above mentioned types of static dis-
order are presented in Figure 4 and Figure 5. Distri-
butions of Jm,m+1 for Gaussian uncorrelated fluctua-
tions δθm of molecular dipole moment orientations in
the plane of ideal ring are drawn in Figure 4. Figure 5
shows the distributions of Jm,m+1 for Gaussian uncor-
related fluctuations δγm of molecular dipole moment
orientations in the plane which is perpendicular to the
ideal ring one.

Dependencies of E(Jm,m+1) and
√
D(Jm,m+1)

on corresponding static disorder strength are also pre-
sented in Figure 4 – left column (δθm) and Figure 5



Figure 4: Distributions of the nearest neighbour transfer integrals Jm,m+1 for B850 ring from LH2 complex –
uncorrelated Gaussian fluctuations δθm in molecular dipole moment directions in the plane of ideal ring; standard
deviation (the strength of static disorder) ∆θ ∈ 〈0.02 π, 0.20 π〉

∆θ expected value standard deviation skewness kurtosis coefficient of variation
E(Jm,m+1)

√
D(Jm,m+1) α3 α4 c

0.02 π 0.996 J0 0.009 J0 -0.787 0.999 0.009
0.05 π 0.976 J0 0.033 J0 -1.684 4.613 0.034
0.08 π 0.939 J0 0.073 J0 -1.954 5.827 0.078
0.11 π 0.888 J0 0.126 J0 -1.941 5.353 0.141
0.14 π 0.824 J0 0.186 J0 -1.811 4.261 0.226
0.17 π 0.752 J0 0.250 J0 -1.629 3.057 0.332
0.20 π 0.674 J0 0.312 J0 -1.428 1.965 0.463

Table 1: Expected value, standard deviation, skewness, kurtosis and coefficient of variation for the nearest neigh-
bour transfer integral Jm,m+1 distributions of uncorrelated Gaussian fluctuations of molecular dipole moment
orientations δθm in the plane of ideal ring (seven strengths ∆θ)

– left column (δγm). Additionally, Table 1 and Ta-
ble 2 contain the values of sample characteristics
E(Jm,m+1),

√
D(Jm,m+1), α3, α4 and c (see Eq. (12)

– Eq. (17)) for chosen static disorder strengths.
At the present paper we focus only on the types of

static disorder connected with deviations in molec-
ular dipole moment orientations (δθm and δγm. If
we consider Gaussian distribution of molecular dipole
moment orientations, resulting distributions of the
nearest neighbour transfer integrals Jm,m+1 are non–
Gaussian. From Figures 4, 5 and Tables 1, 2 it
is clear that the expected value E(Jm,m+1) is non–

constant and standard deviation
√
D(Jm,m+1) de-

pends on static disorder strength for both static disor-

der types. On the other hand, Gaussian distribution
of transfer integrals Jm,m+1 has constant expected
value, i.e. E(Jm,m+1) = J0, and standard deviation

equals the strength of static disorder
√
D(Jm,m+1) =

∆J . Level of deviation from Gaussian distribution
can also be assessed through skewness α3 and kur-
tosis α4. These characteristics are nonconstant for
both static disorder types connected with fluctuations
in molecular dipole moment orientations (contrary,
α3 = α4 = 0 for Gaussian distribution). As concerns
expected value E(Jm,m+1), we can see decrease of it
for increasing static disorder strength in both cases of
fluctuations (δθm and δγm) Values of E(Jm,m+1) are
practically the same for both types of static disorder.



Figure 5: Distributions of the nearest neighbour transfer integrals Jm,m+1 for B850 ring from LH2 complex
– uncorrelated Gaussian fluctuations δγm of molecular dipole moment orientations only in the plane which is
perpendicular to the ideal ring one; standard deviation (the strength of static disorder) ∆γ ∈ 〈0.02 π, 0.20 π〉

∆γ expected value standard deviation skewness kurtosis coefficient of variation
E(Jm,m+1)

√
D(Jm,m+1) α3 α4 c

0.02 π 0.996 J0 0.004 J0 -2.493 9.610 0.004
0.05 π 0.976 J0 0.027 J0 -2.419 8.879 0.028
0.08 π 0.939 J0 0.066 J0 -2.288 7.666 0.071
0.11 π 0.888 J0 0.119 J0 -2.113 6.182 0.134
0.14 π 0.824 J0 0.180 J0 -1.907 4.646 0.218
0.17 π 0.752 J0 0.244 J0 -1.685 3.231 0.324
0.20 π 0.674 J0 0.306 J0 -1.462 2.034 0.454

Table 2: Expected value, standard deviation, skewness, kurtosis and coefficient of variation for the nearest neigh-
bour transfer integral Jm,m+1 distributions of uncorrelated Gaussian fluctuations δγm of molecular dipole moment
orientations only in the plane which is perpendicular to the ideal ring one (seven strengths ∆γ)

For standard deviation
√
D(Jm,m+1) the dependen-

cies of it on static disorder strength are very similar
in case of δθm and δγm. They are nonlinear for small
static disorder strengths (∆ ∈ 〈0.02 π, 0.10 π〉) and
they become approximately linear for higher values
of ∆.

The distributions of Jm,m+1 are negatively skewed
(to the left hand side) for both static disorder types
(see Figure 4 and Figure 5, right columns). It corre-
sponds with negative values of sample skewness (see
Table 1 and Table 2). All these distributions have also
higher sample kurtosis α4 in comparison with Gaus-
sian distribution of Jm,m+1. In case of δθm the depen-
dence of α4 have maximum approximately in the mid-

dle of our interval of ∆θ. Contrary, In case of δγm the
dependence of α4 on ∆γ is monotonous. The value of
α4 is highest for the lowest value of ∆γ . Due to non-
constant expected value, influences of different types
of fluctuations to distribution of Jm,m+1 can be com-
pared using the coefficient of variation c. Our previ-
ous investigations [39] led to suitable strength of static
disorder in transfer integrals ∆J ≈ 0.15 J0 and conse-
quently c ≈ 0.15. As concerns fluctuations in molec-
ular dipole moment orientations, approximately same
value of coefficient of variation corresponds to the fol-
lowing disorder strengths: ∆θ ≈ 0.11 − 0.12 π and
∆γ ≈ 0.12π.



Figure 6: Dependence of standard deviations√
D(Jm,m+1) on static disorder strength ∆ for two

types of fluctuations δθm and δγm

5 Conclusions
Comparison of the results obtained within different

types of static disorder connected with fluctuations in
molecular dipole moment orientations can be summa-
rized as follows. Expected value of the nearest neigh-
bour transfer integral distribution depends on static
disorder strength and the dependences are practically
the same for both presented types of fluctuations. The
dependence of standard deviation on the static disor-
der strength shows the nonlinearity as for fluctuations
δθm as for δγm. For both types of static disorder the
distributions of Jm,m+1 are significantly skewed and
have nonzero kurtosis. Through the comparison of co-
efficient of variation c we are able to estimate suitable
strength of static disorder connected with fluctuations
in molecular dipole moment orientations.
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[33] P. Heřman and D. Zapletal, Computer simulation
of emission and absorption spectra for LH2 ring,
LNEE 343, 2015, pp. 221–234.
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[37] P. Heřman and D. Zapletal, B850 Ring from
Photosynthetic Complex LH2 - Comparison of
Different Static Disorder Types, Int. J. Math.
Comp. Sim. 10, 2016, pp. 361–369.
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