Mathematical model of non-stationary temperature distribution in the metal
body produced by induction heating process

Josef Rak!-2-2

U University of Pardubice, Faculty of Electrical Engineering and Informatics, Studentska 95 532 10 Pardubice, Czech

Republic

2 Some results were obtained by author’s doctoral study in Charles University in Prague, Faculty of Mathematics and

Physics, Department of Numerical Mathematics

Abstract. An induction heating problem can be described by a parabolic differential equation. For this equa-
tion, specific Joule looses must be computed. It can be done by solving the Fredholm Integral Equation of the
second kind for the eddy current of density. When we use the Nystrom method with the singularity subtraction,
the computation time is rapidly reduced. This paper shows the method for finding non-stationary temperature

distribution in the metal body with illustrative examples.
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1 Introduction

X, axis

Figure 1. Heated body and coil.

A bounded metal cuboid body @, of sizes /; X I, X
I3 is heated by an external electromagnetic field produced
by inductor €, (see figure 1). The inductor is formed by
a conductor of general shape and position that carries the
harmonic current Z,,;.

2 Eddy current of density

Computation of the temperature distribution depends on
the eddy current of density. It is a phasor

Jeddy = (Jeddy,xl s Jeddy,xz P Jeddy,X3 ).

The x; component of J,44y,x, (X) can be computed (see [4]
and [5]) by Fredholm integral equation of the second kind

Jeddy,xl (t)
LJeddy,x1 (x) — k(x) Wdtl dtrydty = I, F(x), (1)
Q
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where
3 di(s).ey,
F(x) = k(x) o) ()
2 ’
k() = w)’(T(x))ﬂo, 3)
vi¥/g

r(x,t) is the Euclidean distance, x = (x1,x»,x3) and ¢ =
(t1, 1, t3) are points in the metal body, s = (sy, 52, 53) is a
point at the inductor, /.., is harmonic current carried by the
inductor, w is angular frequency, y(T (x)) is electrical con-
ductivity, o is permeability of vacuum, e,, is unite vector
ex, = (1,0,0) and ¢ is the complex unit.

For each bounded and continuous temperature distribu-
tion T'(x), k(x) is a real, positive, bounded and continuous
function.

Formulas for the remaining components J,4q4,,,, and
Jeddy,x, can be obtained by mere interchanging of indices.

With the notation

Jr(X) = ReJeqay,x, (X) “)
Ji(x) = ImJegay x, (x) ®)
Ir = Re(Icx) (6)
I; = Im(Iex) )

we have system of integral equations

J,
Jr(x) — k(%) f r(;(tt))dt = [F(x),
Q

J
—J(x) — k(x) f r(’;—(tt))dr = xF(x). (8)
Q

The specific Joule losses at the point x in the body,
which are needed to compute the temperature distribution
are given by

1 S
w(x) = ;JE(X)Je(X), €))
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where
Jo(x) =

\/[Re]eddy,x1 (X)]Z + [ReJeddy,xz (x)]2 + [ReJeddy,x3 (x)]z +

+t \/[ImJeddy,xl (X)]2 + [Imjeddy,xz(x)]2 + [I’/"l*,eddy,xg(x)]2

and J,(x) is complex conjugate to J,(x).

3 The non-stationary temperature
distrubution

The non-stationary distribution of the temperature 7T'(x, t)
at point x and time 7 in the metal body is described by a
partial differential equation of the parabolic type

div [A(T (x, 1)) grad T(x,1)] =

= PTG, (T ) e, (10)
where A = A(T'(x, t)) denotes the thermal conductivity, p =
p(T(x,1)) the specific mass of the material, ¢ = c(T(x, ?))
specific heat and w(x, ¢) the specific Joule losses given by
(9) at time 7.

The boundary condition along the whole surface of the
body reads

-AT(x,1))

oT (x,1)
Framiakd (T@e,1) = Text) s (11
n
where a denotes the coefficient of the convective heat trans-
fer, T, the temperature of the surrounding medium and »
the direction of the outward normal.

4 Numerical solution

The metal body £ was assumed to be cuboid. Let us cover
the body by n; subsuboides in the x; direction, n, subsub-
oides in the x, direction and n3 subsuboides in the x3 di-
rection. The size of each subcuboid is /; X hy X h3, where

We need to solve integral equation (1) to get Joule losses.
Then we can put computed Joule losses to partial differen-
tial equation (10) to get the temperature distribution. The
Joule losses must be recalculated at the time when changed.

For computation of Joule losses we will apply the
Nystrom method with the compound mid-cuboid rule. For
time integration we will use the classical finite difference
method for partial differential equations of the parabolic

type.

4.1 Application of Nystrom method

The Nystrom method is based on approximation of the in-
tegral by the numerial integration rule. We will use the

compound min-point rule. Let the node points be x; de-
fined as center of sub-cuboides. For the weight let
Q
wi=w= %,j: 1,...,N,
where N = ninyns.

Here the numerical integration rule cannot be applied
directly. The reason is that the function r(x,£)~! is singular
at x = t. One way to deal with such a problem is singular-
ity subtraction. It was described in [3]. Let ry(x,¢) be an
approximation of r(x,f) which coincide outside a certain
neighborhood of x = ¢. The integrand in equation (1) is
approximated by

Jeddy,xl (t) - Jeddy,xl (t) - Jeddy,xl (x) Jeddy,x1 (x)
r(x,t) ry(x,t) r(x,1)

(12)

Since the first element of the approximation is zero
when x = ¢, the exact constructioin of ry(x,f) is imma-
terial. By using the numerical integration rule, approxima-
tion (12) and running x throung the node points we get a
system of linear equations for numerical approximation of
the x; component of the eddy current of density Iy

dtidtrdtz | —
LK(x‘)Z (x,,x]) = klx l)f tl( 62 : e+
ji/

-l F(x;),i=1,..,N. (13)
ry(xi,x j)

+LK(x,)Z wJN( ])
j#l

J~N(x,-) is complex number. Let us define foreachi =1, ..., N
TR = Redy(x;) and T = ImJy (x)). (14)

Then (13) is equivalent the real system of linear equations

N
dtidtrdt; I
T+t |y i - [t o
! jZ::‘ rn(xi X;) r(xi,t) |
Jj#i !
N jTI)
—k(x;) —— =Iml.,F(x;),i =1,.
Z rN(xta ]) '
m
4l w dtidtdt
_JD 4 K(x;) _f 1 S| TR _
! ]Z:;‘ rN(Xi, X ) rix;,t) | !
Jj#i &
N j(R)
—Kk(x — 1 —Rel,,F(x i=1,...,N. 15
( ,)Z ey - RelF @, (15)

]#z

Following Nystrom interpolation formula (for details see
for example [1]) we get the numerical solution for eddy
currents Jy outside the node points

N —
B —tlex F(x) — tk(x) El o) IV )
Ine) = ; . (16)
1 — wk(x) El ey ) Qf andt
1
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where _

T = T 4 J0.
Since ©; is a cuboid, the integral in (15) and (16) can be
computed analytically. The x, and x3 components of the
eddy current of density can be computed in an analogous
way.

5 Application of the finite difference
method

Let us use a finite difference method for the numerical so-
lution of equation (10). Since thermal conductivity is a
constant that depends on the temperature we can rewrite
equation (10) into the form

oT(x,t) 1
ot p(T@, 1)e(T(x,1) (AT e, D) -
(T PT.n) (’)ZT(x,[)) }
( ax2 9 a2 ) rewnl 4D

Let the coordinates of the node point be
()C]l., ij, X3k),i = 1, cees nl,j = 1, ...ny, k= 1, ., n3.
With the notation

Xijk = Xl1;5 X2;5 X3,

T jx(@®) = T(xi js 1)
Wi jx (1) = W(xij, 1)

the x1, x», x3 derivatives are approximated by

0T (x,1)  Tis1 @) = 2Tijp(0) + Ty ju(0)

6x% h%
PTx,0)  Tijerx(® = 2Ti(®) + T jo1 4(8)
0x3 "
PTx,t)  Tijkr1(®) = 2T 5() + Tj j-1 (1)
>~ > . (18)
0x; h;

Now let us approximate of the derivation by difference in
the boudary condition (11) to define T;jy fori = 0,7 =
n+1,j=0,j=m+1,k=0andk=n3+1as

hla
To @) =T jk — ——T1jk — Text)
’ MEAT ) ’
ha
Tp1,k(D) = Ty i — m(Tz11,_j,k —Text)
n,Jy
hza
Tiop® =Titx — ——=Ti1x — Tex
0k(D) Lk ﬂ(Ti,l,k(f))( Lk )
hha
Tiny+16() = Tipyk = m(’rﬁnz,k —Tex)
hsa
Tiio(t) = Tij — —— (i1 — T,
,],0( ) L)1 /I(Ti,j,l(t))( g1 ext)
ha
T jos1(0) = Tijn, = =T j1ny = Texr). (19)

AT 0, (1)

Let us define time step 4 and approximate time deriva-
tion by

oTx,1) Tx,t+41)-Tx, 1)

a At '

(20)

From (17), (18), (19) and (20) we have numerical formula
for temperature evolution

At

o(T; jx())e(T; i (1))
Tiv1,jk(0) = 2T j3 () + Ty jx (D)
h? *
1
T jr15(t) = 2T () + T jo1 1(2)
+ +

h2

2
N T ju1 () = 2T () + T a1 (1)

h

Ti,j,k([ +A4t) = T,‘,j,k(t) +

: [/l(Tijk(t)) (

) + w,-,jyk(t)] .

Joule losses need to be updated when time changes. The
whole calculation is started with an initial condition. It is
the starting temperature of the body and is equal to tem-
perature of the air of the surroundig medium.

6 Example 1

A brass cuboid body with the size 0.15 x 0.01 x 0.01 m
is heated with a stationary inductor starting at room tem-
perature 20 °C. The inductor has the form of a coil which
turns around the heated body in the x;-direction in 6 loops.
The radius of the coil is 0.015 m, exciting current 500 A
and frequency 150 kHz. The length of the coil is 0.15 m.
The cuboid is partitioned by 75 elements in x; direction,
10 elements in x, and x3 directions. Figures 2 - 4 show
temperature distribution during time evolution (1, 10 and
60 s) at the surface of the heating body. Figures 5 - 7 show
temperature distribution during time evolution (1, 10 and
60 s) at cuts of the body when x, = 0 and x3 = 0.

Computation was made by Matlab. The integration for
computing F(x;) is done by the Matlab’s method quad. It
uses an aplication of the adaptive Simpson quadrature. Im-
proper integral is computed analytically.

7 Example 2

To see the dependence of the parameters let us show exam-
ples with different parameters. Let the parameters be the
same as in example 1. Figure 8 shows temperature distri-
bution at 30 s. Other figures have change in one parameter.

— at figure 9 the coil rotates over the heating body
at 3 loops.

— at figure 10 the size of the body is
0.15 x 0.005 x 0.005 m.

— at figure 11 the coil is exciting current 1000 A.

— at figure 12 the angular frequency is 300 kHz.

8 Conclusion

In example 2, the temperature changed as expected. It was
shown in [5], that the time to compute the Joule losses is
reduced to approximately 10 percent compared to the col-
location method. Since the Joule losses need to be recal-
culated 3 — 10 times during time evolation to 60 s is this
method a big improovement.
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Figure 2. Example 1, t = 1 s, body Figure 5. Example 1, t = 1 s, body cut
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Figure 3. Example 1, t = 10 s, body Figure 6. Example 1, t = 10 s, body cut
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Figure 4. Example 1, t = 60 s,body Figure 7. Example 1, t = 60 s, body cut
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Figure 8. Example 2, t = 30 s, original parameters Figure 10. Example 2, t = 30 s, size 0.15 x 0.005 x 0.005 m
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Figure 9. Example 2, t = 30 s, 3 loops of the coil Figure 11. Example 2, t = 30 s, harmonic current 1000 A

References
Press, 1997) -
2. P. M. Anselone: Collectively compact operator approx-
imation theory and applications to integral equations
(Prentice-Hall, Inc., Englewood Cliffs, N.J. 1971)
3. L. V. Kantorovich, V. I. Krylov: Approximate Methods -
of Higher Analysis, (Interscience, New York, 1958) 001 Y
4. P.Solin, I. Dolezel, M. Skopek, B. Ulrych, SPETO 2001 0
0

1. K. E. Atkinson: The Numerical Solution of Integral
Equations of the Second Kind (Cambridge University

0.05

International Conference, 143-146 (2001) oo
5. J. Rak, EPJ web conf. 92, 02075 (2015) oot

o

Figure 12. Example 2, t = 30 s, angular frequency 300 kHz



