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Abstract 

Railway vehicle running behavior is mainly determined by the forces that exist 

between wheel and rail surfaces. These forces are influenced by the nonlinear wheel/rail 

contact. Furthermore, for better organization of condition monitoring and repair of railway 

vehicles, better understanding of wheel/rail contact is essential. In this study, analysis of 

wheel/rail geometrical properties is given along with a detailed explanation of search of 

contact points and solution of normal problem. The commonly used wheel/rail pair, 

S1002-UIC60E1, is given as an example. The methodology given in this work is same as 

the methodology followed by most of the commercial software for dynamical analysis of 

vehicles. 

1. INTRODUCTION 

As dynamics of railway vehicles is mainly influenced by wheel/rail contact, 

understanding of wheel/rail contact is conditio sine qua non to have faster and safer 

vehicles. Furthermore, it is known that wheel/rail contact is essential for manufacturing 

and repair technologies as these two technologies are directly related to faster and safer 

vehicles.  

In wheel/rail contact search yaw motion of the wheelset can be ignored as it does 

not have much influence on contact during the motion of wheelset on a straight track with 
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small angles (1). In this analysis of wheel/rail contact, the single point contact is given as 

a consequence of considering new theoretical S1002 and UIC60E1 rail profiles. 

Furthermore, the deformation of wheel/rail is also considered by using the quasi-elastic 

contact search method. The yaw motion is not included in this study, whereas the roll 

motion of the wheelset is included. As wheelset shifts laterally on the track, especially 

when contact with flange occurs, considerable roll angle appears and it changes the 

contact point. In order to calculate coordinates of contact points the analytical calculation 

method is given in (2) and (3). In (4) a semi-analytical method to determine contact locus 

is given based on geometrical analysis which is also explained in this study. This method 

is more computationally efficient than finding analytical solution of a set of nonlinear 

equations. 

After seminal work of Hertz (5), his theory is used for the calculation of pressure 

distribution on the contact area and solution of the wheel/rail normal problem. For fast 

calculation, approximation functions are proposed based on the tabular data consisting 

the coefficients given by Hertz (6), (7), (8). These coefficients are found by solving the 

elliptical integrals given by Hertz. Such a table which is more detailed can be found in (9). 

Whereas in this case of study, numerical solution for elliptical integrals will be given. 

2. WHEEL/RAIL GEOMETRY 

In this study, tabular data of wheel/rail surfaces are built up based on technical 

drawings of the S1002 type wheel (10) and UIC60E1 type rail (11). It should be noted that 

rail are imbedded in track with an inclination. The value of 1:40 is used here – the profile 

data are rotated about the track gauge distance measurement point by using the well-

known Euler’s rotation theorem. Track gauge is taken as 1435 mm in this work. 

 

 

Moreover, also conicity angles for wheel and rail must be found, as this 

characteristic is especially important about finding the components of contact forces. The 

conicity angle is defined as 

 𝑡𝑎𝑛𝛾𝑙 =
𝑑𝑧𝑙

𝑑𝑦𝑙
, 𝑡𝑎𝑛𝛾𝑟 =

𝑑𝑧𝑟

𝑑𝑦𝑟
 (1) 

Fig. 1 Characteristics of wheel and rail 
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where 𝛾𝑙 , 𝛾𝑟 are conicity angle of left and right contact points. It should be noted that the 

first derivatives are needed in order to find conicity angles. In this case numerical 

differentiation method of first order given by (12) is used. Results shown in Fig. 1 are 

validated by comparing the results found in (3) 

3. RIGID CONTACT SEARCH & SEMI-ANALYTICAL METHOD for CONTACT LOCUS 

In this section, wheel/rail contact parameters are given as the functions of only 

lateral displacement. Semi-analytical method given by (4) is used, for details of the 

method readers are referred to read that study. Rigid contact search method is based on 

the finding minimum distance on the z axis. Condition for the contact point is 

 min 𝑑 (𝑦, 𝑧) = 0, (2) 

where 𝑑 represents the distance between wheel/rail profiles. In other words rigid contact 

search is a numerical method based on finding the zeros of the distance function given in 

Eq. 2. Semi-analytical method given by (4) is based on the fact that the vertical distances 

at the contact points of right and left wheels are equal. As emphasized in Eq. 2 first step 

is to find vertical distance and calculate the respective minima 𝑑𝑚𝑖𝑛𝑟
, 𝑑𝑚𝑖𝑛𝑙

 for each point. 

If these two points are contact points then these minima are equal. If they are not equal 

roll angle must be adjusted. Supposing 𝑑𝑚𝑖𝑛𝑟
>  𝑑𝑚𝑖𝑛𝑙

, then the wheelset must be rotated 

clockwise with an angle 

 ∆𝜃 =  
𝑑𝑚𝑖𝑛𝑟−𝑑𝑚𝑖𝑛𝑙

𝑦𝑚𝑖𝑛𝑙
−𝑦𝑚𝑖𝑛𝑟

. (3) 

Rotation must be repeated until distances for two contact points are equal. Equality 

is satisfied in terms of tolerance 𝜀. This means 

 |𝑑𝑚𝑖𝑛𝑟
− 𝑑𝑚𝑖𝑛𝑙

| < 𝜀. (4) 

For engineering calculations 10
-4

 can be considered as enough tolerance. Finally 

roll angle can be calculated as 

 𝜃 = 𝜃0 + ∑ ∆𝜃𝑖
𝑘
𝑖=1 , (5) 

 

 Fig. 2 Characteristics related to lateral movement of wheelset 
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where 𝑘 is the number of iterations and 𝜃0 is the initial roll angle. In this work initial roll 

angle is taken as zero for all points. In Fig. 2 several characteristics obtained by lateral 

movement of wheelset are given. The last subfigure given in Fig. 2 represents the 

coefficient of contact angle difference parameter which the calculation is given in (13). 

The results obtained are validated by comparing the results given in (13). 

4. QUASI-ELASTIC CONTACT SEARCH 

Elastic contact search method is a more realistic approach, but it requires usage of 

finite element methods and computational complexity is high. Hereby, in this study, the 

quasi-elastic method, which is also given in (14), (15), (16), is presented. This method 

has lower computational complexity than elastic contact search and is more accurate 

than rigid contact search. Fig. 3 demonstrates the parameters used for quasi-elastic 

method.  

In here 𝑠 = 𝑦 − 𝑦𝑐, where 𝑦𝑐 is the coordinate of the rigid contact point on 𝑦 axis, 

𝑑(𝑠, 𝑧𝑤ℎ𝑒𝑒𝑙 , 𝑧𝑟𝑎𝑖𝑙) is the vertical distance function between the wheel and rail surfaces. 

This method uses the weighted averaging of the distance function in the area of the 

contact patch. The maximum deformation occurs at the contact patch and for other points 

become distant, deformation decreases. The assumption here is that the relationship 

between deformations of both surfaces is exponential. The weight function with respect to 

the distance function can be given as 

 𝑤(𝑠, 𝑧𝑤ℎ𝑒𝑒𝑙 , 𝑧𝑟𝑎𝑖𝑙) = 𝑒𝑥𝑝 (
−𝑑(𝑠,𝑧𝑤ℎ𝑒𝑒𝑙 ,𝑧𝑟𝑎𝑖𝑙)

𝜀
), (6) 

 

 

where 𝜀 is the regularization parameter stated in (15).It should be noted that the points far 

from contact patch are negligible as weight function increases with an increasing vertical 

distance. The regularization parameter is chosen so that vertical displacement of the 

wheel has same size as the elastic deformation in pure elastic normal contact model (16). 

For the selected S1002 wheel and UIC60E1 rail profiles it is in the range of 10−5 ⋯ 5 ×

10−5. In calculations of this work it is taken as 10−5. The contact location in terms of 𝑠 is 

given as  

Fig. 3 Wheel/rail contact model and definitions used for quasi-elastic contact search 
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 �̅� =
∫ 𝑠.𝑤(𝑠,𝑧𝑤ℎ𝑒𝑒𝑙 ,𝑧𝑟𝑎𝑖𝑙)𝑑𝑠

𝑠𝑚𝑎𝑥
𝑠𝑚𝑖𝑛

∫ 𝑤(𝑠,𝑧𝑤ℎ𝑒𝑒𝑙 ,𝑧𝑟𝑎𝑖𝑙)𝑑𝑠
𝑠𝑚𝑎𝑥

𝑠𝑚𝑖𝑛

. (7) 

Therefore �̅� is the location of the contact point. The assumption M2 of (16) is valid 

also for this study. However, also curvatures around the contact patch must also be 

averaged by using weights. The same weight function given in Eq. 6 is also used. Only if 

this approach is used, approximation of the surfaces of the wheel and rail in the contact 

patch is obtained. Like Eq. 7 curvatures can be given as 

 �̅� =
∫ 𝜅.𝑤(𝑠,𝑧𝑤ℎ𝑒𝑒𝑙 ,𝑧𝑟𝑎𝑖𝑙)𝑑𝑠

𝑠𝑚𝑎𝑥
𝑠𝑚𝑖𝑛

∫ 𝑤(𝑠,𝑧𝑤ℎ𝑒𝑒𝑙 ,𝑧𝑟𝑎𝑖𝑙)𝑑𝑠
𝑠𝑚𝑎𝑥

𝑠𝑚𝑖𝑛

. (8) 

 

 

where �̅� is the curvature about the given axis. The wheel/rail contact points can be found 

in Fig. 4. The effect of quasi-elastic contact search on the contact points can be seen 

clearly in Fig. 5, as it smooths the characteristics.  

 

 

Fig. 5 Wheel/rail contact points in case of rigid and quasi-elastic search method 

Fig. 4 Comparison of rigid and quasi-elastic contact search methods 
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5. THEORY of HERTZ 

The details of the theory of Hertz is given in (5). As in (6), (7), (8) approximation 

functions for the tabular data for the parameters consisting of solution of these integrals 

are widely used for faster calculations. In this work a numerical calculation method of 

these elliptical integrals will be given. The solution to find the shape (i.e. semi-axes of the 

contact area) requires to calculate complete elliptical integral of argument 

 𝑒 = √1 −
𝑏2

𝑎2, (9) 

where 𝑏 < 𝑎 are semi-axis of the elliptical contact patch. As pressure acting on two 

bodies is same, equivalent elasticity modulus can be written as 

 
1

𝐸∗ =
1−𝜐1

2

𝐸1
+

1−𝜐2
2

𝐸2
, (10) 

where 𝜐1, 𝜐2 are Poisson ratios of materials. The pressure distribution is semi-ellipsoidal 

and from the known volume of ellipsoid, load 𝑃 is given by 

 𝑃 = (
2

3
) 𝑝0𝜋𝑎𝑏. (11) 

Calculation of contact areas requires knowledge of some geometric constants. 

These geometric constants calculated in terms of curvatures with respect to wheel/rail 

combination are given as 

 𝐴 + 𝐵 =
1

2
(

1

𝑅1𝑥
+

1

𝑅2𝑥
+

1

𝑅1𝑦
+

1

𝑅2𝑦
) (12) 

 𝐵 − 𝐴 =
1

2
[(

1

𝑅1𝑥
−

1

𝑅1𝑦
)

2

+ (
1

𝑅2𝑥
−

1

𝑅2𝑦
)

2

+ 2 (
1

𝑅1𝑥
−

1

𝑅1𝑦
) (

1

𝑅2𝑥
−

1

𝑅2𝑦
) 𝑐𝑜𝑠2𝜓]

1

2

. (13) 

In Eq. 13 the angle 𝜓 is the angle between the axes of principal curvature of each 

surface. By using Eq. 12 and Eq. 13 𝐴 and 𝐵 can be obtained easily. The illustration of 

curvatures can be found in Fig. 4.4 of (8). In order to find shape and size of elliptical 

contact, the following expression can be written (17) 

 
𝐵

𝐴
=

(𝑎
𝑏⁄ )

2
𝑬(𝑒)−𝑲(𝑒)

𝑲(𝑒)−𝑬(𝑒)
, (14) 

where 𝑒 is the eccentricity of ellipse and 𝑲(𝑒) and 𝑬(𝑒) are first and second kind of 

elliptical integrals which are given in Appendix B of (8). Series expansion around the point 

𝑒 = 0 elliptical integrals for first and second kind can be computed as given in (18) 

 

 𝑲(𝑒) =
𝜋

2
[1 + (

1

2
)

2

𝑒2 + (
1×3

2×4
)

2

𝑒4 + ⋯ + (
(2𝑛−1)‼

2𝑛×𝑛!
)

2

𝑒2𝑛 + ⋯ ], (15) 

 𝑬(𝑒) =
𝜋

2
[1 −

1

22 𝑒2 −
12×3

22×42 𝑒4 − ⋯ − (
(2𝑛−1)‼

2𝑛×𝑛!
)

2 𝑒2𝑛

2𝑛−1
+ ⋯ ]. (16) 

In these equations 𝑛 is the number of terms to approximate elliptical integrals. A 

more appropriate calculation model can be found in (19) as 

 𝑲(𝑒) = ∑ 𝑃𝑛 𝑤ℎ𝑒𝑟𝑒: 𝑃𝑛+1 = 𝑃𝑛 (
2𝑛−1

2𝑛
)

2

𝑒2∞
𝑛=1 , (17) 
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 𝑬(𝑒) = ∑ 𝑃𝑛 𝑤ℎ𝑒𝑟𝑒: 𝑃𝑛+1 = 𝑃𝑛 (
2𝑛−1

2𝑛
)

2

𝑒2 2𝑖−3

2𝑖−1

∞
𝑛=1 . (18) 

In both cases 𝑃1 = 𝜋
2⁄ . In each iteration 𝑒 must be calculated. The initial value for 

calculation of 𝑒 is taken as 0.5 in this study and the maximum iteration number is taken 

as 103. It is stated in (18) if 𝑒 taken between the ranges 0 ≤ 𝑒 ≤ 0.99 and taking just the 

four terms of the series for practical application, maximum percentage errors of Eq. 15 

and Eq. 16 are 30 % and 6 % respectively. For the range 0 ≤ 𝑒 ≤ 0.8 these errors 

reduces to 2 % and  0.4 %. In this study if the highest term is smaller than a threshold 

(e.g. 10−3) iterations are terminated regardless of iteration number. Therefore more 

efficient and accurate calculation of elliptical integrals can be obtained. We need to 

calculate the value of eccentricity for given geometrical parameters 𝐴 and 𝐵 in each 

calculation by using the formula given below. This formula can be obtained by 

rearranging Eq. 9 and Eq. 14. 

 𝑒 = √1 −
𝑏2

𝑎2=√1 −
𝐴

𝐵

𝑬(𝑒)−(1−𝑒2)𝑲(𝑒)

𝑲(𝑒)−𝑬(𝑒)
 (19) 

After each iteration the procedure is to control absolute difference between 

eccentricity values of each step. If this absolute difference is smaller or equal to a 

threshold (e.g. 10−3) then it can be concluded that 𝑒 is the eccentricity parameter for 

given geometrical parameters 𝐴 and 𝐵. Then it is not difficult to find the shape of the 

contact patch. By rearranging Eq. 9, 10, 11 and 14 semi-axis value 𝑎 can be found as 

 𝑎 = √
3

2

𝑲(𝑒)−𝑬(𝑒)

𝑒2

𝑃

𝐸∗𝜋𝐴

3
. (20) 

 

 

Likewise semi-axis value 𝑏 can be calculated. The results obtained for vertical load 

of 70 kN vertical load and lateral shift range−15 ≤ 𝑦 ≤ 15 mm can be found in Fig. 6. 

Results found are compared with the results given by (13). 
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Fig. 6 Semi axes values (quasi-elastic contact search) 



 Altan Onat, Petr Voltr, Michael Lata: 
- 152 - Nonlinear Wheel/Rail Contact Geometry Characteristics and Determination of Hertzian contact 

2. WICKENS, A. Fundamentals of Rail vehicle Dynamics, Guidance and Stability. s.l. : Swets & 
Zeitlinger Publishers, (2003). 

3. SHEVTSOV, I. Y. Wheel/Rail Interface Optimisation. TU Delft, Delft University of Technology. 
Dissertation, (2008). 

4. LI, Z. Wheel-Rail Rolling Contact and Its Application to Wear Simulation. TU Delft, Delft 
University of Technology, Dissertation, (2002). 

5. HERTZ, H. Uber die Berührung fester elastischer Körper, (1882). 

6. SRIVASTAVA, J. P., SARKAR, P. K., RANJAN, V. An Approximate Analysis for Hertzian 
Elliptical Wheel-Rail Contact Problem. IIT Roorkee, India : National Conference on Machines 
and Mechanisms (iNaCoMM2013), (2013). 

7. SEBESAN, I., ZAKARIA, Y. Determination of Wheel-Rail Contact Characteristics by Creating a 
Special Program for Calculation. 3, Mathematical Modelling in Civil Engineering, Vol. 10, pp. 48-
59, (2014). 

8. SHABANA A. A., ZAAZAA K. E., SUGIYAMA, H. Railroad Vehicle Dynamics: A Computational 
Approach. s.l. : CRC Press, (2007). 

9. COOPER, D.H. and ILLINOIS UNIV. URBANA COORDINATED SCIENCE LAB. Tables of 
Hertzian Contact-Stress Coefficients. s.l. : Defense Technical Information Center, (1968). 

10. 510-2, UIC Code. Trailing stock: Wheels and Wheelsets. Conditions Concern, (2004). 

11. 13674-1: 2011. EN, PN. Railway applications-Track-Railpart, Vol. 1, (2011). 

12. FORNBERG, B. Generation of Finite Difference Formulas on Arbitrarily Spaced Grids. 184, 
Mathematics of computation, Vol. 51, pp. 699-706, (1988). 

13. GENSYS. Creation of a Rail Profile from a Drawing. [Online] 
http://www.gensys.se/doc_html/kpf/create_UIC60.html#. 

14. SCHUPP, G., WEIDEMANN, C., MAUER, L. Modelling the Contact Between Wheel and Rail 
within Multibody System Simulation. 5, Vehicle System Dynamics, Vol. 41, pp. 349-364, (2004). 

15. NETTER, H., SCHUPP, G., RULKA, W., SCHROEDER, K. New Aspects of Contact Modelling 
and Validation within Multibody System Simulation of Railway Vehicles. S1, Vehicle System 
Dynamics, Vol. 29, pp. 246-269, (1998). 

16. ARNOLD, M,. NETTER, H. Wear Profiles and the Dynamical Simulation of Wheel-Rail Systems. 
Progress in Industrial Mathematics at ECMI 96. s.l. : Springer, pp. 77-84, (1997). 

17. JOHNSON, K. L. Contact Mechanics. s.l. : Cambridge University Press, (1985). 

18. VATANKHAH, A. R. Approximate Solutions to Complete Elliptic Integrals for Practical Use in 
Water Engineering. 11, s.l. : American Society of Civil Engineers, Journal of Hydrologic 
Engineering, Vol. 16, pp. 942-945, (2011). 

19. MICHÁLEK, T. Namáhání v Kontaktní Ploše Mezi Kolem a Kolejnicí [Loading in the contact 
area of wheel and rail]. s.l. : University of Pardubice, (2008). 

 

 

Summary 

NONLINEAR WHEEL/RAIL CONTACT GEOMETRY CHARACTERISTICS & DETERMINATION 
OF HERTZIAN CONTACT  

Altan Onat, Petr Voltr, Michael Lata  

In this study a procedure to obtain contact points and its characteristics is given. Widely 
used S1002 and UIC60E1 profile is used as an example to illustrate the proposed methodology. 
Firstly wheel/rail geometry is presented along with the calculation of contact points by considering 
roll angle of the wheelset. Afterwards a more realistic contact search method, namely quasi-elastic 
contact search, is presented. Lastly, the determination of the Hertzian contact patch is shown in 
details by giving numerical solution to elliptical integrals. 


